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Abstract

Using the existence of a good leaf in every simplicial tree order the facets of a simplicial
tree in order to find combinatorial information about thetBatimbers of its facet ideal. Appli-
cations include an Eliahou-Kervaire splitting of the idee well as a refinement of a recursive
formula of Ha and Van Tuyl for computing the graded Betti hoers of simplicial trees.

1 Introduction

Given a monomial ideal in a polynomial ringR = k[z1,...,z,] over a fieldk, aminimal free
resolution of I is an exact sequence of fré&modules

0— PR(-d)’rt — - = PR(=d)"* — T -0
d d

of R/I in which R(—d) denotes the graded free module obtained by shifting thesdegf elements
in R by d. The numbers; 4, which we shall refer to as theth N-graded Betti numbersof degree
d of R/I, are independent of the choice of graded minimal finite feselution.

Questions about Betti numbers - including when they vanishvenen they do not, what bounds
they have, how they relate to the base figléind what are the most effective ways to compute
them - are of particular interest in combinatorial commuétlgebra. Via a method called po-
larization [Fr], it turns out that it is enough to considecklguestions for square-free monomial
ideals [GPW]; i.e. a monomial ideal in which the generatoessgiuare-free monomials.

To a square-free monomial idelbne can associate a unique simplicial complex called ietfac
complex. Conversely, every simplicial complex has a unimo@omial ideal assigned to it called its
facet ideal [F1]. Simplicial tress [F1] and related struetuwere developed as a class of simplicial
complexes that generalize graph-trees, so that their fdeats have similar properties to those of
edge ideals of graphs discovered in a series of works byrkéié and his coauthors [V].

This paper offers an order on the monomials generating tbet fideal of a simplicial tree
which uses the existence of a “good leaf” in every simplitiak [HHZ]. This order in itself is
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combinatorially interesting and useful, but it turns ouwtth also produces a “splitting” [EK] of the
facet ideal of a tree which gives bounds on the Betti numbktiseoideal.

Our good leaf order also makes it possible to refine a reaifsivnula of Ha and Van Tuyl [HV]
for computing Betti numbers of facet ideals of simpliciads, and to apply it to classes of trees
with strict good leaf orders. The idea here is that a gooddeadr will split an ideal to some extent,
and within each one of these split pieces, one can apply H&an Tuyl’s formula quite efficiently
if the order is strict.

2 Simplicial complexes, trees and forests

Definition 2.1 (simplicial complexes) A simplicial complex A over a set of vertice¥ (A) =
{v1,...,v,} is a collection of subsets df (A), with the property thafv;} € A for all 7, and
if ' € A then all subsets of are also inA. An element ofA is called aface of A, and the
dimension of a face F' of A is defined a§F'| — 1, where|F| is the number of vertices of'.
The faces of dimensions 0 and 1 are caledtices and edges respectively, andlim () = —1.
The maximal faces ofA under inclusion are callefhcetsof A. The dimension of the simplicial
complexA is the maximal dimension of its facets. SAibcollectionof A is a simplicial complex
whose facets are also facets/df

A simplicial complexA is connectedif for every pair of facetsF', G of A, there exists a
sequence of facets,, ..., F. of Asuchthatt; = F, F, = GandF; N Fs,1 # 0 for1 <s <.

We use the notatioQF, . . ., F,) to denote the simplicial complex with facef, . .., I, and
we call it the simplicial complegenerated byF7, ..., F,. By removing the facetF; from A we
mean the simplicial comple \ (F;) which is generated byF, ..., F,} \ {Fi}.

Definition 2.2 (Leaf, joint, simplicial trees and forests [F1]A facet F' of a simplicial complexA
is called deafif either F is the only facet ofA or for some facet: € A\ (F') we haveFNH C G
for all facetsH € A\ (F'). Such a face€ is called goint of F.

A simplicial complexA is asimplicial forest if every nonempty subcollection & has a leaf.
A connected simplicial forest is calledsanplicial tree.

It follows easily from the definition that a leaf must alwaystain at least onfree vertex, that
is a vertex that belongs to no other facetXof

Example 2.3. The facetsty, F> and Fy are all leaves of the simplicial tree in Figure 1. The first
two haveF as a joint andr, hasF3s as a joint.

Definition 2.4 (Good leaf [Z, CFS]) A facet F' of a simplicial complexA is called agood leafof
A if F'is aleaf of every subcollection & which containsF'.

All leaves of the simplicial tree in Figure 1 are good leavégure 2 contains an example of a
leaf F' in a simplicial tree which is not a good leaf: if we remove thedtG then F' is no longer a
leaf.

Good leaves were studied in [Z] and then independently inSIChere they were called
“reducible leaves”). In both sources the existence of sutéafin every tree was conjectured
but not proved; the proof came later, using incidence megric

2



Figure 1: Good leaves

F G
Figure 2: A leaf that is not a good leaf

Theorem 2.5([HHZ]). Every simplicial tree contains a good leaf.

Definition 2.6 (Facet ideal, facet complex [F1]Let A be a simplicial complex with vertex set
{z1,...,2,}, and letR = k[z1,...,x,] be a polynomial ring over a fielél with variables cor-
responding to the vertices d&f. Thefacet ideal of A, denoted byF(A), is an ideal ofR whose
generators are monomials, each of which is the productseo¥dhiables labeling the vertices of a
facet of A. Given a square-free monomial ideain R, the facet complex of is the simplicial
complex whose facets are the set of variables appearingmrmaanomial generator df.

Example 2.7.If I = (xy,yzu,xz) is a monomial ideal iR = k[x,y, z, u|, its facet complex is
the simplicial complexA = ({z, y},{y, z,u}, {z, z}). Similarly I is the facet ideal ofA.

It is clear from the definition and example that every squdeee-monomial ideal has a unique
facet complex, and every simplicial complex has a uniquetfideal. Because of this one-to-
one correspondence we often abuse notation and use facktaaromials interchangeably. For
example we say’ UG = lem(F, G) to imply the union of two facet$” andG or the least common
multiple of two monomials [corresponding to the facdishndG.

Trees behave well under localization:

Lemma 2.8 (Localization of a tree is a forest [F1]Let A be a simplicial tree with vertices
x1,...,%n, and let! be the facet ideal ofA in the polynomial ringR = k[x1,...,z,] wherek
is a field. Then for any prime idealof R, I, is the facet ideal of a simplicial forest.

For a simplicial complexA with a facetF, we use the notatiorh for facet complex of the
localizationF(A) at the ideal generated by the the complement of the féicet



3 Good leaf orders

From its definition it is immediate that a good Ief&f of a treeA induces an ordefy, F, ..., F;
on the facets oA\ so that
FoNFEDEFNE,D--- QFoﬂFq.

Our goal in this section is to demonstrate that this ordetbearefined so thah is built leaf by leaf
starting from the good ledf). In other words, the order can be written so thatifet ¢, F; is a leaf
of A; = (Fy,. .., F;). Such an order on the facets Afwill be called agood leaf orderon A.

Example 3.1. Let A be the simplicial tree in Figure 1. Thdr, is a good leaf and the labeling of
facetsky, ..., Fy is a good leaf order o\, sinceFy N Fy O --- D Fy N Fy. Note that even though
FoNFy O FyNnFy D FyNFy O FyN F3, this latter orderFy, £, Fs, Fy.F3 is not a good leaf order
sinceF3 is not a leaf ofA.

We show that every simplicial tree (forest) has a good ledéor

Lemma 3.2. Suppose\ = (F, G, H) is a simplicial tree with NG € H and F N H Z G. Then
G and H are the leaves of the tre& and F' is the common joint soth&t N H C F.

Proof. If F'is a leaf, then eitheF" "G C H or ' N H C . Either case is a contradiction, so
the two leaves of the tree have to beand H. If H is a joint of the leafG then FN G C H
which is again a contradiction, 96 is the joint of G. Similarly, F' is the joint of H, and we have
GNHCF. O

Proposition 3.3(First step to build good leaf order).et A be a simplicial tree with a good led;
and good leaf order
FoNFy D FgNFyD--- QFoﬁFq.

Letl <a<gand0 <b<aand
FoNFyp 12 FNF,p=---=FyNky
Thenone of,_y, ..., F, is aleaf of(Fy,..., F,).

Proof. LetT" = (Fy,..., F,). The subcollectiof? = (Fy,...,F,_,_1) of I is connected as all
facets have nonempty intersection with. If I is disconnected2 will be contained in one of the
connected components Bf and there will be another connected comporieénwhose facets are
from F,_,, ..., F,. SinceX is a subcollection of a tree, it must have a leaf, and thatidlhbe a
leaf of " as well. Soone of,_,, ..., F, will be a leaf ofl".

We now assume thatis connected and proceed by induction«oto prove our claim. s = 1
then clearlyF is a leaf of the tre&" = (I}, F1). If a = 2 then sinceF, N Fy C F}, the facetF,
must be a leaf with joinf}.

Now suppose that > 2 and the statement is true up to tfie— 1)-st step. Ifa — b = 1 then

FobNFr=KNEkk=---=FNE,.



By [F2] Lemma 4.1 we know thdf must have two leaves, and so one of the faégts. ., F, is a

leaf.

We assume that— b > 2 and neither one of,, ..., F,_; is aleaf ofl". There are two possible

cases.

1. Thecaséd = 0. ThenFy N F,_1 2 FoNF,. f TV = (Fy,...,F,_2, F,) then are two
scenarios.

=

(a) If T" is disconnected, then the facE} alone is a connected componentIdf(since

(b)

all other facets intersecky) and thereforeF, is a leaf ofI” and F, N F; = () for

1 =0,...,a — 2. Sincel is connectedF,_; N F, # (), and thereford", is a leaf ofl"
with joint F,_1.

If I is connected, we apply the induction hypothesis to thefegith good leafFy.

In the ordering of the facets df’, F, can only be at the right end of the sequence
(sinceFy N Fu—g 2 Fy N F,). SoF, is a leaf ofl” and hence there is a joitR;
{Fo, ..., Fa—o} such thatF, N F}, C F; forall Fj, € {Fy, ..., F,—2}.

If F, is not a leaf ofl" thenF,, N F,,_; £ F}. Italso follows thatF, N F; £ F,_1, as
otherwiseF,_; would be a joint off,. Therefore, we can now apply Lemma 3.2 to the
tree(F;, F,—1, F,) to conclude that; N F,_; C F,. It follows that

FoﬁF’jﬁFa_l ChNbty, = FNF, 1 CkyNFk, CF,_ 1NFk

which is a contradiction. Sé, has to be a leaf df and we are done.

2. The casé > 0. We keep the good ledf, and generate complex&s = I"\ (F;) fori €

,.

A~

..,a}. By induction hypothesis eadh has a leaf,,, whereu; € {a —b,...,7,...,a}.

Since there are a total of+ 1 facets that can be leaves of the and there are > b + 1
of the complexed’; (recall that we are assuming— b > 2), we must havel; = u; = u
for some distincti,j € {1,...,a}. Supposé,, andF,, are the joints off, in I'; andT’y;,
respectively. So we have

F,.NF, CF,ifh#i

FuNF, CF, if h#j. @

These two embeddings imply that
FumF}' ngL ﬁ*Fu ngj if Vi 75.7
F,NFCF,NE, CFE,ifv#i. (2

Supposev; # j. Then from (1) and (2) we can see that is a leaf of " with joint F;,.
Similarly F,, is a leaf ofl" if v; # 7. SoF,, is a leaf ofl" unlessy; = j andv; = i are the only
possible joints forF, in I'; andI';, respectively. In this case (1) turns into

F,NF, CFifh#i
F,NF, CFifh#j. 3)



Now considerl’, = A\ (F,), which by induction hypothesis must have a Id&f with
ve{a—b,...,a}\ {u} and ajointF;. SinceF;, F; € I',,, we must have

F,NF, CFifv#i
F;NF, CFifv#j. (4)
Once again, we consider two cases.
(a) If v can be selected outside, j}, we combine (4) with (3) to get
F,NF,CFNF,CF

meaning thaf, is a leaf ofT".

(b) If v must be in{7, j}, then the only leaves df, areF; andF;. As F, € T, is a good
leaf of A, one ofi andj must be0, say; = 0. But now we have

F,NF;=F,NFk CF
which together with (3) implies thdt, is a leaf ofl” with joint F;.

O

Our main theorem is now just a direct consequence of Praposdt3, with a bit more added to
it.

Theorem 3.4(Main theorem: good leaf orders)et A be a simplicial tree with a good ledf.
Then there is an ordeFy, Fi, . .., F, on the facets ofA such that

1. FoﬁFlQFoﬁFQQ---QFoﬂFq,and
2. The facett; is a leaf ofA; = (Fp, ..., F;) for0 <i < q.

3. The facet;_; is a either a leaf of\; with the same joint as it has i;_1, oritis the unique
joint of 5 in A;, for1 <i < gq.

4. A; = (Fy,. .., F;)is connected fob < i < g.

Proof. The good leaffy induces an order on the facets &fthat satisfies the first property. We

need to refine this order to achieve the second property.i leet{1,...,q}. Starting from the
beginning, here is how we proceed. kFaf {1,...,q} letc; be the largest nonnegative integer such
thatF; N Iy = E+ci N Fy wherei + ¢; < gq.

Seti = 1.

Step 1 Ife; = 0then set := i + 1 and go back to Step 1.



Step 2 Ife; > 0 then we reordef, . .., Fi, ., as follows. By Proposition 3.3 there is a Iel@gf% €

{Fi,...,Fite,} of I' = (Fy,..., Fii.,). Applying the same proposition again there is a leaf
Fy, _€{F;, ..., Fite,} \{Fp, }of T'\ (Fy, ). We continue this way; + 1 times and in the
end we have a sequence Z Z

Fooi Fopyo o B

<

which is areordering of the facels, . . ., F, that satisfies both properties (1) and (2) in the
statement of the theorem. We relasg]. . ., F; ., with this new order and sét= i +c¢; + 1.

Step 3 Ifi > ¢ we stop and otherwise we go back to Step 1.

At the end of this algorithm, the facets Af have the desired order.
To prove the third part of the theorem, note thatfas; is a leaf inA;_4, it has a set of free
vertices inA;_; which we callA. There are two scenarios.

If F; N A # (), thenF;_; has to be the unique joint d@f; in A;, as no other facet ak; would
contain any element od.

If ;NA=0,thenF;NF,_y CA,_sNF,_; CF,, whereF, is the joint of F;_; in A;_1.
Therefore,F;_; is a leaf of A;.

Finally to see that\; is connected for every, we consider two situations.

1.
2.

F; N Fy # 0. In this case); is connected as all facets 4f; intersectry,.

F,NFy=0.If i = gthenA; = A which is connected. Now we assume that the smallest
index with F; N Fy = ), and¢; > 0, and we consider hod,, ..., A, = A are built in Step

2. We start fromA, and pick a leaf for\ from F;, . . ., Fi,. We call this facet, and we know
already that\, = A must be connected. To pick,_; we remove the leaf, from A, and so
A,—1 has to be connected. To buildl,_, we again remove a leaf from\,_;, which forces
A4—2 to be connected, and so on until we reat)) which by the same reasoning has to be
connected.

O

4 The effect of good leaf orders on resolutions

Recall that for a monomial idedl the notationg () denotes the unique minimal monomial gener-
ating set forl.

Definition 4.1 (Splitting [EK]). A monomial ideall is calledsplittable if one can writel = J+ K
for two nonzero monomial ideals and K, such that

1. G(I) is the disjoint union ofj(J) andG(K);



2. There is asplitting functionG(J N K) — G(J) x G(K) taking eachw € G(J N K) to
(¢(w), ¢ (w)) satisfying

(a) Foreachv € G(J N K), w = lem(p(w), (w))
(b) ForeachS C G(J N K), lem(¢(S)) andlem(z)(.5)) strictly dividelem(.S).

If a monomial ideal is splittable, then its Betti numbers tanbroken down into those of sub-
ideals.

Theorem 4.2([EK, Fa]). If I is a monomial ideal with a splitting = J + K, then for alli, j > 0
Bii(I) = Bij(J) + Bij(K) + Bi—1,;(J N K).

Our next observation is that a goof leaf order on a simplice# provides a basic splitting of its
facet ideal.

Theorem 4.3(Splitting using a good leaf order)f I is the facet ideal of a simplicial treA with a
good leafFy and good leaf order

FyNFy QF(]QFQ2...QFQOFtQFQOFt_,_l:...:FoﬂFq:@
andJ = (Fo,...,Fy) andK = (Fi11,..., Fy), thenl = J 4+ K is a splitting of!.

Proof. Itis clear thatl = J+ K. We number the vertices @Y, . .., F; in some order asy, .. . , Ty,.
We will build ¢ and) as in Definition 4.1. Supposke € G(J N K). Then there are facefs and F;
such that < ¢t < j such thatl = lem(F;, F};). Of all choices of suclt; we pick one minimal with
respect to lex order and calld, and there is only one choice féf; (since each¥; adds one or
more new vertices to the sequeriGg . . ., F;j_1); call this facetf/;,. So we havd. = lem (G, Hr).
Leto(L) = G andy(L) = Hy, so that we have a map

G(JNK) = G(J) x G(K)L — (¢(L), (L)) = (GL, Hy).

We only need to show that Condition (b) in Definition 4.1 hol8sipposeS = {L4,..., L.} C
G(J N K). Suppose, as before, for eactve can writeL; = lem(Gy,, Hy,) = G, U Hr, where
Gr, € G(K)andH, € G(K). We need to show

1. G, U---UGL, CL1U---UL,.

=

This is clear since each of thg contains vertices that are §( k) but not inG(.J).

2. HL1U---UHLT,QL1U"'ULT

Each of theL; has a nonempty intersection wiffy, but H;, N Fy, = 0, which makes the
inclusion above strict.

So we have shown that we have a splitting which completesribe.p O

As a result, we can use good leaf orders to bound invariatatedeto resolutions of trees. The
following statement is a direct application of theoremsahd 4.3.
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Corollary 4.4 (Bounds on Betti numbers of treespupposeA is a simplicial tree that can be

partitioned into subcollectiong\, ..., A, each of which is a tree, and such that for each-
0,...,s, settingag = 0 we have:
1. Al = <FaiaFai+1> - >Fai+1—1> with gOOd IeafFai.

2. Fpy1 NF,, 2 ... 2 Fy -1 N Fy, # 0is agood leaf order om\;

3. Iy, ﬂF}' = @fOI’j Z it

Then
Bij(A) = Bij(Ao) + -+ Bij(As).
In particular
projdim(A) > max{projdim(Ay), ..., projdim(A;)}
and

reg(A) > max{reg(Ao),...,reg(As)}.

4.1 Recursive calculations of Betti numbers

In [HV] Ha and Van Tuyl used Eliahou-Kervaire splittings reduce the computation of the Betti
numbers of a given simplicial forest to that of smaller on€sir goal here is to show that their
formula can be refined certain cases and be used to compuBettiaumbers of a given simplicial
tree in terms of intersections of the faces. The method wseddentially a repeated application of
a splitting formula due to Ha and Van Tuyl [HV] to a good leafler on a given tree, along with an
argument that, at every stage, we know what the next sgjitbrconsider should be.

Definition 4.5 ([HV] Definition 5.1). Let F' be a facet of a simplicial compleA. The con-
nected component ofF’ in A, denoted conr(F), is defined to be the connected component of
A containingF. If conna (F') = (Gq,...,Gp), then we define theeduced connected compo-
nent of F'in A, denoted byconm (F'), to be the simplicial complex whose facets are a subset of
{Gi1\F,...,G),\ F}, chosen so that if there exi&; andG; such that) # G; \ F C G; \ F, then

we shall disregard the bigger faggt \ F' in conm (F).

Note that in the Definition 4.550nm (F') is the localization of conr(F') at the ideal generated
by the complement of the facét. Therefore ifA is a tree thetonm, (F) is always a forest ([F1]).
Ha and Van Tuyl ([HV] Lemma 5.7) prove this directly in th@aper.

A facet I’ of A is called asplitting facet of A if F(A) = (F) + F(A \ (F)) is a splitting of
F(A) (here we are thinking of’ as a monomial).

Theorem 4.6([HV] Theorem 5.5) If F'is a splitting facet of a simplicial compleX, then for all
1> 1landj > 0 we have

i J—|F]

Bij(F(A)) = Bij (FANFEN) + Y > By (F(COMMW(F))Bi—t, —1,j— -1, (F(A \ conma (F)).

11=0 l2=0
()



So now the question is what is a good choice for a splittingtfatn their paper ([HV] Theo-
rem 5.6) Ha and Van Tuyl show that a leaf of a simplicial coemgk a splitting facet. Their proof
(which we repeat below for the sake of having a written praofdur claim) in fact only requires
the facet to have a free vertex.

Proposition 4.7. Let A be a simplicial complex. IF is a facet ofA with a free vertex, thel' is a
splitting facet ofA.

Proof. We need to show that(A) = (F) + F(A \ (F)) is a splitting. Let/ = (F) andK =
F(A\ (F)). Without loss of generality, we may assume thhat= z; ... z;. We shall construct
a splitting functions : G(J N K) — G(J) x G(K) for F(A). SupposeL € G(J N K). Let
My ={G € G(K) |lem(F,G) = L}. For eachZ € M, we order the elements 6f N F' by the
increasing order of their indices and viewn F' as an ordered word of the alphaHjet;, ..., z;}.
Let G € My be such thatzy N F' is minimal with respect to the lexicographic word order.
Clearly, GG, is uniquely determined by.. Our splitting functions is defined as follows. For each
LegG(JNK),

s(L) = (6(L), (L)) = (F.GL).

We need to verify that satisfies conditions (a) and (b) of Definition 4.1. Indeed)dition
(a) follows obviously from the definition of the function SupposeS C G(J N K). The facet
F has a free vertex, and therefore: does not dividdcm(¢(.S)). Yet, sinceu is in F', u divides
lem(S). Thus,lem((.S)) strictly divideslem(S). On the other hand, it is also clear that for any
G € §(K), F strictly divideslem(F, G), solem(¢(S)) = F strictly divideslem(S). The statement
is proved. O

We use the convention that for any iddal

(1 =0
fory(D) = { 0 otherwise ©)

Suppose we have a simplicial tréewith good leaf order described as in Theorem 3.4. We
apply (5) toA = (Fy, ..., Fy) peeling off leaves in the following ordef,, F;,_1, ..., Fy.

Suppose we are in step peeling off the leafF,, from the treeA, = (Fy,...,F,). Then
conm,, (F,) = A, and saF (A, \ conm,, (F,)) = 0 and therefore

1 a=-1,b=0

Ba,b(f(Au \ conm,, (F)) = { 0 otherwise

Applying this to (5), we solvé—1; —1 = —1andj — |F,| —l; = 0tofindl; = i andly = j — |Fy|.
Moreover, we haveonm, (F,) = (Au_l)F—u, that isA,_1 localized at the ideal generated by
the complement of the facét, using notation as in Lemma 2.8. So (5) turns into
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Bii(F(A)) = Bij(F(Ag-1)) + 5i—1,j—|Fq|(]:((Aq—1)?))
= Bii(F(Ag-2)) + Bi1,j— 17, 1| (F(Bg-2) 7)) + Bim1,j— 15y (F((Ag-1) 7))

= ﬁz,] _|_ Zﬁz 1,7— \Fu AV 1)E))
Note that we did not use the fact th&$ us a good leaf here, just that eaghis a leaf if A,,.
We have therefore justified the following statement.

Proposition 4.8. Let A be a simplicial tree with a good leaf orddf, F1, ..., F; such that each
F, is aleaf ofA, = (Fy,..., Fy,) foru < ¢. Thenforalli > 1andj > 0

Bij(F(A)) = Bij(F +Zﬁz Lj—|Fu| (F((Au—1)70)- (7

By introducing and appropriatéd™ function we can say

BFUED) =S ={ o omomiee @

So now we focus on the structure @h,_;)z—. The main point that we would like to make
is that (A1) behaves well, in other words, |t satisfies the same kind dtigien sequence
enforced in Theorem 3.4, and the same “leaf-peeling” ptgpd&lote that thoughty need not even
survive the localization, its role is that of a virtual gluet forces facets to always stick together
and have an appropriate order.

Proposition 4.9. Let A be a simplicial tree with a good ledf, and good leaf order
FENEy D FFNE D - QFoﬁFq.

Suppose: € {1,...,q} andA, = (Fi,..., F,), and sUppos€A,_1 )z has facetdy, \ Fy, ...,
F,,\F,with0<a; <...<as <u-—1.Then

.as=u—1,

(FoNF )\ Fu2...2 (FgNE,)\ Fu,

1

2

3. (Ay-1)g; is asimplicial tree,

4. If F,isajoint of £, in A, thenF, \ F, € (Au_l)F—u,
5

F,_1\ F, has a free vertex iI(IAu_l)F—u

11



Proof. To prove 1, suppose there isar u— 1 such tha( F; \ F,) C (F,—1\ F.,). By assumption
there existy € (Fo N E;) \ (FoNF,—1). As(FoNF,—1) D (FoNF,), itfollows thaty € (F;\ Fy,)
andy ¢ (F,_1 \ F,), which contradicts the inclusiof¥; \ F,,) C (Fy—1 \ Fy).

The strict inclusions in 2 follow from the same observatithvat for every: there is always an
element infy N F,, whichis notinF,,, or F,.

Since(Au_l)F—u is a localization of the tred\,,_1, it is clear that it is a forest, and by 2, since
(Fy N F,,) \ F, # 0, it must be connected and therefore a simplicial tree. Tétites 3.

For 4, suppose for some< u we haveF; \ F, C F, \ F,. Then we will have

F}:(ijFu)U(F}\Fu)ng

which implies thatF; = F,.

Finally to prove 5 we use induction an If u = 1 or 2, then(A,,_1 )z will have one or two
facets, and in each ca$g_, \ F, clearly must have a free vertex.df= 3 thenF; is a leaf of A,
with a joint F; for somei < 2. If F; \ F € (Az);, thenitacts as a joint af; \ F3 sof3 \ Fyis a
leaf and must therefore have a free vertextiif, £5 ¢ (Az)4;, then(Az)z; has at most two facets
including F» \ F3, each of which must have a free vertex. This settles the tmssdor induction.

Now suppose: > 4 andF,,_; \ F, has no free vertex iUAu—l)F—u

By induction hypothesis, if we considér = A\ (F,_2), thenF,_; \ F, will have a free
vertexx in (I'y—1)7 If = is not a free vertex ifA, - 1)F , then for somej < v — 1 we have
€ Fj\ Fy € (Ay—1)g, andF; \ Fy, ¢ (I'y—1)7, The only possible such indexis j = u — 2.
In other wordsy: € F,,_1 N Fy,_9 andx ¢ F; for any otheri < .

Similarly, if we removeF;,_3 from A we will find a vertexy € F,_; N F,_3 andy ¢ F; for
any otheri < .

By Lemma 3.2, we must then havg,_s N F,,_o C F,,_1. Intersecting both sides withy we
obtain

FoaNbkyCFyoNky=F, 3Nk,_oNF CF,1NFE

which means thaf,,_; N Fy = F,_o N Fy; a contradiction. O

Proposition 4.9 now allows us to continue solving (7) by gpg Theorem 4.6 once again,
since we have a splitting facet for ea@h, ;). Consider the treé as described above with the
good leaf order described in Theorem 3.4 and for same {1,...,q}, let (Au—1)p = (Fuy \
Fy, ..., Fo, \ Fy) where0 < ap < ... < as < u. By Proposition 4.9A, )% is a simplicial tree
with an order of the facets induced by the good leaf ordek ogdnd with splitting facet,, \ F,.

We continue in the same spirit. Let = u, us = a5 and

Curur = ((Aul_l)Ful)Fu2\Fu1 = (Fay \ (Fuy U Fup), -, Fy, \ (Fuy U Fy,))

wherel < d; < ... < dy < ug < uj.
Similarly, we can buildC,, ... ., Which is the localization of

Cul,...,um,1 = <Fcl \ (Ful u...u Fu'rnfl)? te 7FC7‘ \ (Ful u...u Furnfl)> (9)
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at the ideal generated by the complement of the fatet\ (F,, U...UF,,, ,) whereu,, = ¢,.
So we have

Currotimy, = (Fpy \ (Fuy U...UFy,), o Fy, \ (B, UL UF,)) (20)
whereby, ... b € {c1,...,¢,—1}, and
0 < <...<by < =Up < Upa1 < ... < U
Proposition 4.10. Let A be a simplicial tree with a good ledf, and good leaf order
FENF2RNEB2D---2FNF,

With notation as in (9) and (10) above, we have

1 b =cr,

2. (FoNFy )\ (Fy,U...UF, )2 ...2(FyNFy,)\ (Fy, U...UF,,),

3. Cuy,...un, 1S @ simplicial tree,

4. Fy, \ (Fy, U...UF,,) has a free vertex i€, . ,,, and is therefore a splitting facet of
Culr“:“h’b'

Proof. Let A = F,,, U...UF,, . To show 1, suppose there is arc r — 1 such thatF,, \ A C
F.. .\ A. By the strict inclusions assumed there exists (Fo N F,,) \ (FoN F,. ,). As

IhnNF,  2DkhNF,, 6 2...2 FpNE,,

=

it follows thaty € F,, \ Aandy ¢ F., , \ A, which is a contradiction.
For 2 itis easy to see that

(FoNFy, )\AD...D(FyNEp,) \ A
To show that these inclusions are strict pickl ¢ < j < ¢, we know that
FoNFy, QF()ﬂFbj 2QkNE, 2FNE,, ,2...2 FNE,,

and therefore there exists € (Fy, N Fo) \ (Fp, U Fyy U ... U F,, ), which means thay €
(Fon Fy,)\ (Fuy U...UF,,)andy & (Fo N Fy,) \ (Fu, U...UF,, ), proving 2.
Suppos€) = (F,,, F.,, ..., F,,) is the subcollection ofA consisting of those facets that are
not contained imd with
O=wy<w <...<wp.

Because of the strict good leaf ordeiis a connected forest and hence a tree.

We claim thatC,,, .. .,, is the localization of the tre€ at the ideal generated hy. This
follows from two observations. One is that if at tlie step when building’,,, .. ., there are facets
F,,Fz € A not containingF,,, U ... U F,,, thenF,, Fj do not containd and therefore are also

13



facets ofQ2. Moreover ifFi, \ (Fy,, U...UF,,) C Fg\ (F,, U...UF,,), thenF, \ A C Fz\ A
and therefore we can conclude tidaf, ., is a localization2 and{b; ...b:} C {wo, ... ,wp}.

SoCy, ..., Must be a forest, and since it is connected by 2, it must be lisial tree. This
settles 3.

By the discussion above we can assume= b, and we will still haveC',, . ,,,. is alocalization
of Q. Also note thatFy = F,,, is a good leaf of2 with a strict good leaf order induced by that on
A.

To prove 4 we use induction gn If p = 1 or 2 thenC,, . ,,, Will have one or two facets,
and in each casé;, \ A clearly must have a free vertex. jf = 3 then F,,, is a leaf ofQ,, =
(Fuy, Fior » Fusp) With a joint £, for somei < 2. If F,, \ A € Cy,, . 4,., then it acts as a joint of
F,, \ AsoF,, \ Ais a leaf and must therefore have a free vertexti Jf\ A ¢ C,, . ..., then
Cl,....um has at most two facets including,, \ A each of which must have a free vertex. This
settles the base cases for induction.

Now suppose > 4 andF;, \ A has no free vertex i, . .-

By the induction hypothesis, if we consider= Q2 \ (F,,_,) thenF,,, will have a free vertex:
in I'. If = is not a free vertex i thenz € F,,_, \ A € I'g. In other wordsy € F,,, N F,,,_,
andz ¢ F,, for any otheri < p.

Similarly, if we removerf,,_, from Q we will find a vertexy € F, N F,, _, andy ¢ F; for
any otheri < p.

By Lemma 3.2, we must then ha\IQH NF,,_, CF,,. Intersecting both sides with, we
obtain

pr N Fy C pr—l NFky = prfz N pr—l NFy C pr N Fy

which means thapr Nky=F,,_,NFkya contradiction. This proves 4 and we are done. [

Proposition 4.10 replaces Proposition 4.9 as a more gewmeralon. Back to (7), we start
computing Betti numbers of (A) for a given treeA with good leafF;, and strict good leaf order

FOﬂFlQFOﬂFQQ"'QFOﬂFq.

The formula
Bii(F(A)) = Biy(FUF)) + Y Bic1jojp (F(Au1)7)
u=1

becomes recursive, since in each step after localizatioagae have a simplicial tree with a strict
induced order on the facets where the last facet remainiagjsitting facet.

To close, we apply the formula to examine some low Betti numbe

Leti = 0. By (7) and (6) we have

Bo(F(A) =6 m-
u=0
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Leti > 1. Because of (7) and (8) we can write

q
Big(F(A) = Bictjmipu (F(Au1) ) (11)
u=1
From Proposition 4.10 and (11) we can see that we need theagerseof each\ , in order to
produce a formula for the first graded Betti numbers. To thd; eve start fromA,, = (Fp, ..., F,)
so that

(Ay1)gy = (Fi\ Fu |0 <i <wand(F; \ Fy) € (F; \ Fy) for j # i)

lem(F}, Fy,)
F,

lem(F;, Fy,)
F,

= (F;\F, |0<i<wuand A for j # i)

= (F;\ F,, | 0 <4 <wandlem(Fj, Fy,) flem(F;, Fy,) for j # i)

So we can make our “delta-function” to have thax condition built into it. We define

[ 1 a=|F)|, lem(Fy, Fe) flem(Fy, F,)for0 < d < ¢
) =1 0 otherwise

So (11) becomes

Bri(F(A)) =D Boj—ir (F(Au-1)5))

> Oj—| Pyl | F|

1 F facetof (Ay—1 )F_u

M=

S
Il
—

I
M=

u

q u—1

=D iRl

u=1v=0

By building appropriate delta functions, one can continughis manner to build further Betti
numbers based on thens of the facets.
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