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ABsTRACT. For a graded domain R = k[Xo,...,Xm]/J over an arbitrary
domain k, it is shown that the ideal generated by elements of degree > mA,
where A is the least common multiple of the weights of the X, is a normal
ideal.

1. INTRODUCTION

In the theory of resolution of singularities, one wishes to be able to blow
up a singular variety along a closed subscheme and obtain a smooth variety
birational to the original one. One question that comes up is the existence
of such resolutions; it is known for varieties over fields of characteristic zero
[H], and is conjectured in the prime characteristic case. Another question
is describing the closed subschemes that give smooth blowups. Translating
this problem into the language of algebra, one is interested in ideals I of a
ring R such that Proj R[It] is a smooth variety, where R[[t] = ®penI"t" is
the Rees ring of R along I. This leads one to focus on the Rees ring and
its properties. In particular one would like to know when the Rees ring is
normal. If R is a normal domain, R[It] is normal if and only if I is a normal
ideal, where by normal ideal we mean an ideal all of whose positive powers
are integrally closed. Normal ideals have been studied in different cases, and
in some special cases necessary and sufficient conditions have been given for
an ideal to be normal; see for example [G], [O], and [HS].
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In general given a ring, finding an ideal whose blowup is regular has proven
to be a difficult problem. The same is true even for finding normal ideals.
In this paper we will construct a normal ideal I for a general graded domain
R = k[Xy,..., X;]/J which depends only on the weights of the variables
Xo, .-y X, and is thus very simple to construct. We will begin by recalling
some necessary definitions. For more on the construction of Rees rings see

Let R be any N-graded domain, which is a quotient of a polynomial ring
k[Xo, ..., X;n] modulo a homogeneous ideal J, where k = Ry is an arbitrary
domain and Xy, ..., X,,, are variables of positive weights Ay, ..., A,,. In prac-
tice, k is usually a field. Let m = (X, ...., X,,) be the irrelevant ideal of
R. By abuse of notation, by Xy, ..., X,,, we will mean the images of the vari-
ables X, ..., X;, in R. Throughout this paper R, refers to the ideal of R
generated by the elements of degree at least « in the graded ring R.

We begin our search for normal ideals by reviewing some basic facts about
them.

Definition 1. For Noetherian domains S C T' the integral closure of S in
T, denoted by S, is defined as all z € T that satisfy an equation of the form
" +az" '+ ...+ ap_1z+a, =0 wherea; € S, fori=1,...,n.

Definition 2. For a Noetherian domain S and an ideal J of S, the integral
closure of J in S, denoted by J, is defined as

all z € S that satisfy an equation of the form z” +a12" '+ ...+ ap_12+
an = 0 where a; € J%, i = 1,...,n; or equivalently,

all x € S for which there exists a nonzero ¢ € S such that cx™ € J™ for
all positive integers n (see [Ho]).

Note. These definitions also hold in the nondomain case; we just have to
choose ¢ not in any minimal prime of S in the second statement.

Here are a few well-known facts that we shall use:

Theorem 1. If Sis a normal domain, then S[It] is normal iff I™ is integrally
closed for every positive integer n.

Theorem 2. In an N-graded domain (S,n), for any positive integer «, the
n-primary ideal I = S> is integrally closed.

Using Theorems 1 and 2, we will be looking for an (m-primary) ideal I of
the form R>, with the property that I" = R>,,, for all integers n > 1. Note
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that from Lemma (2.1.6) in [EGA] one can deduce that such an « always
exists. Theorem 3 gives an explicit value for a.

2. MAIN THEOREM

Theorem 3. Let R be a graded domain, which is a quotient of a polynomial
ring k[Xo, ..., Xm] modulo a homogeneous ideal J, where k is an arbitrary
domain and Xy, ..., X,, are variables of positive weights Ay, ..., Am. Let A
be the least common multiple of Ay, ..., Ap,. Then the ideal I = R>p,4 is a
normal ideal. In particular, if R is normal, the Rees ring R[It] is normal.

We will show that for all positive integers p, I = R>p,4. By Theorem
2, this will complete the proof.

Inductive Step. Let R, I, and A be as in Theorem 3. For p > 2, if
-1 = RZ(p—l)mA then IP = RmeA-

It is obvious that I? C R>p,,4. We have to show that the other inclusion
holds. Also, observe that elements in R>p,4 are sums of monomials in the
X; with coefficients in k, whose degrees are larger than or equal to pmA, and
therefore we notice that R>p,m 4 is generated by such monomials. Hence it is
enough to show that every monomial of k[Xy, ..., X,,] which lies in R>pma
also lies in IP.

Lemma. With notation as above, let X°... X € R>pma, where ¢, ...,Cm,
are nonnegative integers, and let ag,...,a,, be positive integers such that
a;A; = A for all i. Assume IP~! = R>(p—1)yma- Fizn such that 1 <n < m,
and suppose that a; < ¢; for 0 < ¢ < n. For each ¢ smaller than n, let k; be
the unique positive integer such that k;a; < ¢; < (k; + 1)a;. Then:
1) ifko+ ...+ kn—1 <m—1, then for some a; (n < j <m), a; <c;;
2)if ko + ...+ kn—1 > m, then X°..X5m € IP.

Proof of Lemma. 1) If ¢; < a; for all n < i < m, then

pmA < cogAg + ... + cmAm
< (ko+ 1)agAo+ ... + (kn-1+ D)apn—14n—1+ anAp + ... + amAnm
=(ko+ ...+ kn_1)A+nA+(m—-—n+1)A
<(m-1)A+nA+(m-n+1)A
= 2mA.
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It follows that p < 2, contrary to the hypothesis.

2) Choose nonnegative integers sy, ..., S,—1 such that s; < k; for all 0 <
1<n-—1,and sg+ ... + s,_1 = m. We see that

Co Cm Soap Sn—-10n—1 co—Spao Cn—1—8n—-10n—1 c C
XO ...Xmm — XO ...X,n_l * XO ...Xn_l Xnn...Xmm.

Now

spagp Sp—1An—1
deg X;°%°.. X,

= S()A + ...+ Sn—lA
=mA,

which implies that Xj°%...X"7"*"~" € I. On the other hand

A q

co—Spap Cn—1—"8n—-10n—1 c c
deg X . ¢ XomXom

.o n_l
=deg X°...X" —mA
> pmA —mA
= (p — 1)mA.
Therefore X 0—%0%, X 7' 14"t Xen  Xm € P71 50 X§0.. XS €
1P, |

Proof of Inductive Step. We have X{°...X5™ € R>pma, where ¢, ..., ¢y, are
nonnegative integers, and we want to show that it lies in IP as well. Let
ao, ---, Gy be positive integers such that a; A; = A for all 4.

If ¢; > ma; for any 1, say if cg > mag, then we will get

Co C — maop Co—maqg C
XO ...Xmm — XO * XO ...Xmm.

Now, deg XJ"*° = magAp = mA, and so X;** € I. On the other hand,

deg XG0 ™M . Xm =deg X°... X —mA > pmA —mA = (p—1)mA.

So X§o~m® . Xtm € IP~! by our assumption. Therefore X°...XSm € IP,
and we are done.

So let us look at the case where ¢; < ma; for all <.



NORMAL IDEALS OF GRADED RINGS

Now, we cannot have ¢; < a; for all 7, because in that case we get

pmA < coAp+ ... + cpAm < apAo+ ... + amAm = (m+ 1)A,

and so .
pm<m+l=p<l4+ — <2
m

which is a contradiction.

So without loss of generality let cg > ag, and let kg be the positive integer
(0 < ko < m) such that kgag < co < (ko + 1)ap.

Hereafter, we proceed by induction: Having chosen ky, ..., k,—_1, if ko +
.+ kn_1 > m, then X°...X5™ € I? by the above lemma, and hence we are
done.

However, if kg + ... + k,_1 < m — 1, by part 1 of the lemma there exists
a j > n for which a; < ¢;. We can without loss of generality assume that
j = n, and repeat the same cycle. Thus we are reduced to considering the
case where a; < ¢; for 1 =0, ..., m. Let the ko, ..., k,,, be the unique positive
integers for which k;a; < ¢; < (ki + 1)a;, (0 < i < m). We can easily see
that kg + ... + k,, > m, because otherwise

pmA < cogAy+ ... + cmAm
< (ko + 1apgAo + -.(km + 1)amAm
=(ko+..+kn)A+(m+ 1A
<(m-1)A+(m+1)A
=2maA,

which implies that p < 2, contrary to our assumption. It follows then from
part 2 of the same lemma that X°...X¢m € IP. This completes the proof of
the inductive step. [ |

Conclusion of Proof of Theorem 3. We need I? to be integrally closed for all
p > 1. By Theorem 2, it suffices to have I? = Ry, 4 for p > 1. We prove
this by induction. The case p = 1 is the definition of I. If I* = R>kma for
all 1 <k <p—1, then from the inductive step it follows that I? = R>p, 4.
If R is normal, it follows from Theorem 1 that R[I?] is a normal ring. n
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3. EXAMPLES

Example 1. Let k be a field, and R = k[z, y, 2]/(2% +y3 — 2°), where z,y, 2
have weights 15,10, and 6, respectively. the least common multiple of these
variables is 30, and therefore by theorem 3,

4 3.2 3 3.3 23 222 2 4
I:Rzgoz(a:,a:y,a:yz,a:z,a:y,a:yz,xyz,x

8

2,5 .5
Z7wy7
4 3,3 ,..2.05 6 0 ,,9 ,2,7 35 44 52 6
I A T A A T AN N AN I AN I A T R Ar S Th

is a normal ideal for this ring.

Example 2. In general, if k is a field, and R = k[z,y, 2]/ (2% + y® + 2°) is a
domain, where the variables x, y, z have weights bc, ac, and ab, respectively,
the ideal I = R>24pc Will be a normal ideal of R.

Example 3. For the polynomial ring R = k[z,y, 2] over a field k, one can
find many normal ideals by assigning different weights to the variables z, y
and z. For example, if we set degax = 1, degy = 1 and degz = 2 we find
that the ideal I = R4 = (2%, 23y, 2%y?, 2z, zy3, zyz, y*, y?2, 2%) is a normal
ideal.

Remark 1. The method described in Example 3 above for finding normal
ideals of polynomial rings is not as interesting in the case of two variables.
It is a theorem due to Zariski (see [Z]), that the set of integrally closed
ideals in a regular local ring of dimension two is closed under multiplication.
Therefore, in the ring R = k[z, y], all integrally closed ideals are normal. In
particular, all ideals of the form I = R>,, where « is a positive integer, are
normal (all powers of I are integrally closed).

Remark 2. Looking at Theorems 1 and 2, it is natural to wonder whether
for an N-graded normal ring R and all positive integers «, one can say that
(R>a)™ = R>nq for n € N. The answer in general is no. For example, con-
sider the ring R = k[z, y] where k is a field, degx = 2, and degy = 3. Let I =
(R>7)3. We will check if T is equal to R>91. Since R>7 = (2%, yz?, zy?, y®),
we can calculate I = (212, 210, 28y, 26y3, 25y*, 24y5, 2396 22y", xyB, ¢°). If
T is the set of pairs (a,b) corresponding to generators z%y® of I, we plot the
points in I on the R? plane, and we see that there are no pairs of positive in-
tegers (¢, d) in the convex hull of the region I‘—I—R2+, besides those in T+R2™"
itself. This implies that I is an integrally closed ideal (see [E]). On the other
hand z'' € R>91, but ' does not belong to I = I. Therefore R>9; cannot
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be the integral closure of I. (Note that it also follows from Zariski’s theorem
mentioned in Remark 1 that I is an integrally closed ideal.)

Remark 3. One might ask if all ideals of the form I = R>,, a € N, in
a normal graded ring are normal. The answer is no. A counterexample is
the ring R = k[z,y, 2]/(x% + y32z + 2*), where z, y and z have degrees 2, 1
and 1, respectively. The ideal I = R>, = (z,y, 2) is integrally closed, but

I? = (2%, 2y, 22,y% yz,2°) is not: (2)* + (y*)(yz) + (2*)> = 0, and hence

x € I2, but z is not in I2. This, by the way, is an example of a ring whose
test ideal is not normal, given by Hara and Smith in [HSm|. For more on
test ideals and tight closure theory in general, see [HH].
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