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Abstract

We explore resolutions of monomial ideals supported by Baiah trees. We argue that
since simplicial trees are acyclic, the criterion of Bay@eeva and Sturmfels for checking if
a simplicial complex supports a free resolution of a monédial reduces to checking that
certain induced subcomplexes are connected. We then uskésres Peeva and Velasco to
show that every simplicial tree appears as the Scarf congdflexnonomial ideal, and hence
supports a minimal resolution. We also provide a way to gonstsmaller Scarf ideals than
those constructed by Peeva and Velasco.

1 Introduction

The purpose of this paper is to demonstrate that simplioigst have the potential to be used as
an effective tool in resolutions of monomial ideals. As finsted by Diane Taylor [T], given an
ideal I in a polynomial ringR minimally generated by monomiais,, ..., m,, a free resolution of

I can be given by the simplicial chain complex of a simplex wijthertices. Most often Taylor's
resolution is not minimal. Bayer, Peeva and Sturmfels [BRRBhed Taylor's construction: they
provided a criterion to check if the simplicial chain comptg any simplicial complex og vertices

is a (minimal) free resolution of (Theorem 3.1).

If A is a simplicial complex withy vertices, the criterion of Bayer, Peeva and Sturmfels deter
mines if A supports a free resolution éfbased on whether certain subcomplexedafre acyclic.
The goal of this note is to point out that if the simplicial qolex A being considered is a simplicial
tree (Definition 2.3), then all that needs to be checked isttiese subcomplexes are connected.
We accomplish this by proving that simplicial trees are écydheorem 2.9), and every induced
subcomplex of a simplicial tree is a simplicial forest (Thea 2.5).

We then use a result of Peeva and Velasco [PV] to concludetieay simplicial tree supports a
minimal resolution of a monomial ideal. Peeva and Velas@ssilt is that every simplicial complex
(other than the boundary of a simplex) is the Scarf complesoafe monomial ideal, and they give
a specific method to build such an ideal. We refine their réswlescribe ideals minimally resolved
by a Scarf complex, and therefore by a given simplicial tree.
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2 Simplicial trees and some of their properties

Definition 2.1 (simplicial complex) A simplicial complexA over a set of vertice® = {v,...,v,}

is a collection of subsets d&f, with the property thafv; } € A for all 7, and if I € A then all sub-
sets ofF" are also inA. An element ofA is called afaceof A, and thedimensiorof a faceF' of A

is defined as$F'| — 1, where| F'| is the number of vertices df. The faces of dimensions 0 and 1 are
calledverticesandedgesrespectively, andim () = —1. The maximal faces oA\ under inclusion
are calledfacetsof A. The dimension of the simplicial compleX is the maximal dimension of
its facets. A subcollection QA is a simplicial complex whose facets are also facetapin other
words a simplicial complex generated by a subset of the datets ofA.

SupposeA is a simplicial complex with facetsy, . . ., F;,. The simplicial complex obtained by
removing the facef; from A is the simplicial complex

AN\ (F) = (F,...,F;,..., F,).

Definition 2.2 ([F] leaf, joint). A facet F’' of a simplicial complex is called keaf if either F' is the
only facet ofA, or for some facez € A \ (F') we have

FN(A\(F)) CG.
Equivalently, a facef’ is a leaf of A if F'N (A \ (F')) is aface ofA \ (F).

Note that it follows immediately from the definition abovetla leaf ' must contain at least
onefree vertexnamely a vertex that belongs to no other facef\dfut F'.

Definition 2.3 ([F] tree, forest) A connected simplicial compled is atree if every nonempty
subcollection ofA has a leaf. IfA is not necessarily connected, but every subcollection heafa
thenA is called aforest

Definition 2.4 (induced subcomplex)SupposeA is a simplicial complex over a vertex sétand
let X C V. Theinduced subcomplex ok, denoted byA v, is defined as

Ay={FeA|FCX}.
Theorem 2.5. An induced subcomplex of a simplicial tree is a simplicia¢&b.

Proof. Let A = (F1,..., F,) be a simplicial tree and suppodé= {z1,...,z} is a subset of the
vertex set ofA. We would like to show thaf\ y is a forest. The facets dk y are clearly a subset of
{FiNX,...,F,NX}. LetI" be a subcollection oA y consisting of facet$y,, N X, ..., F,, NX.
We need to showW has a leaf. Sincé\ is a tree, the corresponding subcollectiBg, , . .., F,, of
A has aleaf,, with joint F,,. So for everyh € {1,...,r}\ {i} we have

Fo, N Fa, C Fo,

which implies that
(Fo, NX) N (Foy, NX) C (Fo; NX).

SoF,, N X is aleaf ofl" and therefore\ y is a forest. O
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One property of simplicial trees that we will need is thatytlaee acyclic. While this can be
shown via a direct calculation of homological cycles andrataries, we show more: simplicial
trees are collapsible, hence contractible, and therefryelia. We refer the reader to [B] for more
details on these concepts.

Definition 2.6 (collapsible simplicial complex)Let A be a simplicial complex anf’” be a maximal
proper face of exactly one facétof A. The complex” = A\ {F, F'} is said to be obtained from
A using arelementary collapsdf a sequence of elementary collapses redukds a single point,
thenA is calledcollapsible

Below we use the phraseX‘ collapses toA’” to imply that the complexA’ can be obtained
from A via a sequence of elementary collapses.

Proposition 2.7. Let A be a simplex with facef’ and letF’ be a proper nonempty face 8t Then
A collapses td F”). In particular, every simplex is collapsible.

Proof. Suppose’’ = {z1,...,x,}. We use induction on. The case: = 2 is clear, sincg”’ would
be a point, sayfz, }, and the edgéz,, x2} clearly collapses tdz }.
Supposen > 2 and letFy, ..., F,, be the maximal proper faces éf where for each, F; =

F\ {x;}. Suppose, without loss of generalitty/ C F,. We perform the following elementary
collapse omA:
AN\{F, F1} = (Fy,..., F,).

Claim 2.8. Fori > 2 there is a series of elementary collapses taking the complex. ., F,) to
the complexX F; 1, ..., Fy).

Proof of Claim 2.8.1f i = 2, then the compleX\, = (F5, ..., F,) hasF> N F; as a maximal proper
face of Fy (note thatF, N Fy = {x3,...,z,} ¢ F; if i > 2). Now we do the elementary collapse

A2\{F27F10F2}:<F37"'>Fn>

and we are done.
Now suppose that we have arrivedsf = (Fj, ..., F,). In what follows we will repeatedly
use two basic observations.

(1) The maximal proper subfaces of afdce . ;, = F;, N F;, N...N F;, are of the form
Fi . inj=FaNF,Nn...NF, NF;wherej ¢ {i1,...,i} C{1,...,n}.
(2) Supposer > i1 > i > --- >ig = 1landn > j; > jo > --- > j; > 1. Then we have
Fi . i CFj. 5, <= {ir,...,is} 2 {j1,..., gt}
So the maximal proper faces 6f that are not contained in any &4, ..., F,, are

Fri, Fojy. .. Fi1;.



LetA;11 = (Fiy1,..., ). Using (1) and (2) above we perform the repeated elementdigpses

Ajp= AN{F, iy = (Fia, ..., Fiic1) UAin

ANjo1= A \{Fi2, Fip1} = (Fiz, .., Fii—1) UAi
Aizr= A1 \{Fi3, Fiz1} = (Fizo Fia,--- Fiio1) UAi
Aisar= Aig1\{Fis2 Fiso1}t=(Fia,....Fii1)UAin

ANjair= Dizoi \{Fia, Fian} = (Fiaz, Fias, Fis, ..., Fiic1) Ui

ANio1= Aiicti—2. 31 \{Fi,..2Fi 1} =0
O

It now follows from repeated applications of Claim 2.8 tiatollapses ta\,, = (F},), which
is a simplex om — 1 vertices. IfF” = F,,, we are done, and if not the induction hypothesis implies
thatA,, collapses tqF’) via a series of elementary collapses. O

Theorem 2.9. Simplicial trees are collapsible, and therefore contralgiand acyclic.

Proof. We prove this by induction on the numbgof facets of a simplicial treé\. If ¢ = 1 the
statement follows from Proposition 2.7. Suppgse 1 and letF" be a leaf ofA with joint G. Let
F' = F N G. We know by Proposition 2.7 thdf") reduces to(F’) via a series of elementary
collapses. Moreover, the faces being eliminated in in e&tieocollapses are not facesAf\ (F),
since they are not faces & = FF N A\ (F). Therefore, all the elementary collapses that reduce
(F') to (F') are elementary collapses dnthat reduceA to A \ (F'). The latter is a tree with — 1
facets, and hence collapsible by the induction hypothesis.

All collapsible complexes are contractible so the rest efgtatement follows directly. O

3 Resolutions by trees

We now review monomial resolutions as described by Bayay#and Sturmfels [BPS] and show
how simplicial trees fit in that picture. The constructionfBPS] considers a monomial idealin

a polynomial ringS over a field, wherd is minimally generated by monomiats,, ..., m;. If A

is a simplicial complex ort vertices, once can label each vertex/fwith one of the generators
of mq, ..., m; and each face with the least common multiple of the labelssofértices. Ifm is a
monomial inS, let A,, be the subcomplex ok induced on the vertices df whose labels divide
m.

Theorem 3.1(Bayer, Peeva, Sturmfels [BPS])et A be a simplicial complex labeled by monomials
mi,...,my € S, and letl = (mq,...,m;) be the ideal inS generated by the vertex labels.
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The chain comple€(A) = C(A;S) of A is a free resolution o5/ if and only if the induced
subcomplex\,,, is empty or acyclic for every monomiad € S. MoreoverC(A) is a minimal free
resolution if and only ifn 4 # m 4 for every proper subfacd’ of a faceA.

Note that we can determine whetlitHIA) is a resolution just by checking the vanishing condi-
tion for monomials that are least common multiples of setgeotfex labels.

Combinatorially what Theorem 3.1 is saying that the Bettitue of S/I is bounded by the
f-vector of an eligibleA:

B(S/T) = (Bo(S/1), -, B(S/T)) < (fo(A), ..., fo(A)) = £(A). (1)

with equality holding if some extra conditions are satisfied
We now turn our attention back to simplicial trees. If thainder consideration in Theorem 3.1
is a tree, then we can show the following.

Theorem 3.2(Resolutions via simplicial trees).et A be a simplicial tree labeled by monomials
mq,...,my € S,and letl = (mq,...,m;) be the ideal inS generated by the vertex labels. The
chain complexC(A) = C(A;S) is a free resolution of/I if and only if the induced subcomplex
A, is connected for every monomial.

Proof. By Theorem 2.5 every induced subcomplexfis a forest. By Theorem 2.9 forests are
acyclic in all but possibly thé@-th reduced homology, that is they may not be connected. This
proves the theorem. O

The strength of Theorem 3.2 is in that it reduces the questiavhether a simplicial complex
resolves an ideal to checking whether some of its inducedosuplexes are connected.

One type of question one could then ask is given afxeerhat ideals could it resolve? Our first
example displays this line of questioning.

Example 3.3. Let A be the simplicial tree below ofivertices, which we have labeled with mono-
mialsmg, ..., my.

m1 2

The only induced subcomplex & that is not connected is the one induced on the vertices
labeledm, andmg, so by Theorem 3.2 fof = (mq, m2, mg, m4) to be resolved byA we need to
have

mal|lem(mq, ms) or myllem(my, ms).

A more concrete example using the same complex comes next.



Example 3.4. The ideall = (zy?,yz, z22, zu) can be resolved bs.

Xy §

xyzzu = XZ

Howevers(S/I) = (4,4,1) < (4,5,2) = £f(A) so the resolution is not minimal. We try to make it
minimal by removing the faces with equal labels.

xy2 Yz

XZ
U

Note that the resulting complex is also a simplicial treésfzahg the conditions of Theorem 3.2
and whosef-vector is(4, 4, 1). It therefore minimally resolveS/I.

4 Scarf complexes and Scarf ideals

We now come to the question of which monomial ideals can beifnailly) resolved by a simpli-
cial tree. It is known from work of Velasco [V] that there arasses of monomial ideals whose
resolutions are not supported by any simplicial complexweler, most simplicial complexes, and
all simplicial trees do appear &arf complexesf some monomial ideal. Given a monomial ideal
its Scarf complex is a subcomplex of its Taylor complex with same labeling and with the added
condition that if a face has the same label as another fatbenéace can appear in the Scarf com-
plex. The last simplicial complex appearing in Example 8.4 Scarf complex of the idedlin that
example.

By construction, if the Scarf complex resolves an idealogsiso minimally. Moreover most
simplicial complexes appear as the Scarf complex of someomii ideal.

Theorem 4.1([PV], [Ph]). Let A be a simplicial complex on vertices.

1. A is the Scarf complex of a monomial ideal if and onlAifs not the boundary of a simplex
onr vertices.

2. A minimally resolves a monomial ideal if and onlyAfis acyclic.
Since simplicial trees are acyclic, it immediately follothsit

Corollary 4.2. Every simplicial tree is the Scarf complex of a monomial ideand supports a
minimal resolution off.



An ideal (minimally) resolved by its Scarf complex is callaécarf ideal Given an eligible
simplicial complexA with vertices labeled, . .., n, Peeva and Velasco in [PV] build a Scarf ideal
Ja using the following steps. Define a variahig corresponding to each faeeof A. In the poly-
nomial ring generated by all these variables, define thd ideavhose generators are enumerated
by the vertices ofA, and for every given vertex of A, the corresponding monomial generator is
the product of allz, wherev ¢ o. In short

Ja=Jaslv=1,...,n) = (m1,...,my). 2)
ogEA
véo
The idealJa defined above is generated by rather large monomials. In fehatvs we will
demonstrate that one can shave off some variables in eacbmignto reduce the size of the
generator and still have a Scarf idealf
SupposeA is a simplicial complex with vertices labeldd. .., n. And for each vertex let
Aa(v) be the set of facets ak that do not contaim, and letBa(v) be the set of facets ak that
do containv. With variables labeled as described above, define the ideal

Jy = (ml,...,ml)

where

GeBA(v) FeAna(v) ‘U‘Z‘CI;‘“‘71

m; = J H TG\ {v} H TR H z, for v=1,... n. 3

It is clear that then!, | m,, for all v.

Proposition 4.3. Let A be a simplicial complex which is not the boundary ofragimplex and let
J\ be the ideal described in (3).

1. A'is the Scarf complex fof}, .
2. If Alis acyclic (and in particular ifA is a simplicial tree) ther/), is a Scarf ideal.

Proof. We first show tha/, has no redundant generators. Suppose that werhaye; andi # ;.
Clearly Aa(i) € Aa(j). If G € Ba(i), thenG \ {i} can only be a maximal proper face of a
facetinAa(j); otherwiseH = {j} UG\ {i} € Ba(j) andi ¢ H, thereforeH € Aa(i) C AA(j)
which is a contradiction sincee H. In particularG € A (j).
We have shown that
An (1) U Ba(i) € Aa(j)-

This implies that all facets oA belong toAa (j) and hencg is not in any facet of\; a contradic-
tion.

So we can label the vertices &f with the monomialsn|,. .., m/, where the labeling is con-
sistent withm, ..., m,, as in (2). Next we have to make sure thats a Scarf complex of . For
this purpose and what follows, the next claim will be useful.



Claim 4.4. Supposes = {uq,...,us} and7 = {vy,...,v;} are two faces of the simplex on
{1,...,n}. Then

/ /
wyr e My,

) =lem(my,,...,m,,) <= lem(my,,...,my,) =lem(my,, ..., my,).

lem(m , My,

Proof of Claim 4.4.For ease of argument we label the abduas from the left to right with the
symbolsM!, M!, M, and M., respectively. Now suppos¥e! = M’. Then it follows directly that
M, = M,. Conversely, supposkl, = M.. Then, in particular, we have
s t

U Aa(u) = Aa(wi)

i=1 i=1
so all the factors: whereF' is a facet ofA are the same in both monomialg, and M., as well
as allz,, for maximal proper faces of suchF'. So we only have to worry about terms of the form
r\ () for a facetG of A that containgj. Supposerq qu,} | M!. If z¢ appears inM!, we are
done, as7 \ {u;} is a maximal proper face @ which appears as a label ¥ as well. If not, we
conclude thatuq, ..., us,v1,...,v: € G, which means that andr are both faces ofA with the
samelcms; a contradiction aA is a Scarf complex ofa. O

The statement we just proved implies thatis the Scarf complex off},, as it is the Scarf
complex ofJa.
We now show that ifA is acyclic, then it supports a (minimal) resolution.8§. So we need to

show that for any set of vertices, ..., u; of A, the induced subcomplex on the vertex set
X ={j|m|lem(my,,,...,m, )}

u? ? Us

is acyclic. Notice that
lem(m’; | j € X) =lem(my,, ..., my,)
which by Claim 4.4 is equivalent to
lem(m; | j € X) =lem(my,,...,my,) andX = {j | m; | lem(my,, ..., my,)}.

So the induced subcompleXy is the same under both labelings (B and.J},), and is therefore
acyclic. O

We demonstrate all this via an example.
Example 4.5. For the complexA below, 5(Ja) = (4,4,1) = B(J4) = f(A).

1

4

JA = (X2333$4X23X24X34X2347 X1T3L4X34,X1X2T4X12X24, X1X2333X12X23)

!
Jn = (2w930240342 234, T1 T34, T1T2T12T24, T1L2T12223)



Computational evidence has shown that many ideals “in-®eti./o and.J), can be resolved
by A, though not all of them, as indicated in Example 4.7. Giveerexv of A, we know that

My = H To = mom) (4)
cEA
véo
where bym!/ we are denoting the product of the that do not appear im,.

Proposition 4.6. Let A be a simplicial complex on vertices which is not the boundary of a simplex.
For a vertexv of A, let the monomialsn,,, m,, andm! be as defined in (2), (3) and (4), respectively,
and suppose,, is a monomial such that, | m!. Let] be the monomial ideal

1= (hlmll, ‘e ,hnm/n)
Then the Scarf compléxof I hasn vertices and containa as a subcomplex.

Proof. First we have to show thdt has no redundant generators. Consider two monorhjalg
andhjm; for somei # j. We have proved before that] /fm;-, so there there are two possibilities:

1. There isF € A(7) such thatF" ¢ Aa(j) (thereforej € F), in which casecrr /m; , and
thereforeh;m; fh;m’; a contradiction.

2. Aa(i) € Aa(j), in which case there i& € Ba(i) suchzg\ () fm}, SOG ¢ Aa(j) and
thereforej € G which implies thatj € G\ {i} S0z (i3 fmy, and therefordym; fhym;.

This shows thab,m/, ..., h,m!, is a minimal generating set fdr

LetT" be the Scarf complex of and suppose = {u1,...,us} andr = {vq,...,v;} are two
faces of the simplex ofil, ..., n} with the same labels:

lem(hy,myy, - .. hugmy,,) = lem(hy,mi, ..o hy,m,).
Supposeu; ¢ {v1,...,v;} for somei, then we havéw,,m;,. | lem(hy,my ..., hy,m;,). So all
variables labeled by facets ia (u;), their maximal proper faces, and B\ {u;} for G € Ba(u;)
already appear item(hy, m;, , ..., hy,my,) | lem(my,, ..., m,,). Therefore
My, | lem(my,, ... ,my,) = lem(my,, My, , ..., My, ) = lem(my,, ..., my,).

Since A is the Scarf complex foda, this implies thatr ¢ A. Similarly we haves ¢ A. This
proves that the Scarf compléxof I containsA.
]

Below is an example demonstrating thhamay not be equal td\, even though they are quite
often equal.



Example 4.7. For the complexA below

1 2 ;
4
3
we haveJa = (my,...,ms) andJy = (m},...,my) where
!/ !/
mip = T2x3my my = T23724T34T234L4T5L45
!/ !/
M2 = T1T3My Mg = T13734T4T5T45
!/ !/
m3 = X1T2M;g M3 = T12T24T4T5T45
/ /
my = T1T223My My = T12213223T12375
!/ !/
ms = T1X2X3My My = T12X13T23T123L24L34L234L4

In this case,3(S/Ja) = B(S/Jy) = f(A) = (5,6,2) as expected (thougtin and .J, have
different graded Betti numbers).

Now consider the ideal = (m), mf, mj, zym/, m}). We haves(S/I) = (5,7,3) and the
(acyclic) Scarf complex of is
2 5

which containsA as a subcomplex.

It is worth noting that only very low degree choices/of will give strictly larger Scarf com-
plexes. That is, given an acyclic simplicial complex, one fiad a whole class of Scarf ideals for
it by making appropriate (large enough) choices for the maats /..

There are many questions that naturally follow from thiskyanswers to which would greatly
contribute to understanding monomial resolutions. Formg{a, can one describe classes of mono-
mial ideals resolved by a given tree? What role do localiratremoval of facets and other such
operations that preserve forests play on Scarf ideals? @adescribe classes of complexes (trees)
resolving a given monomial ideal?
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