
Chapter 9: Isentropic potential vorticity & mid-
latitude disturbances
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topics
• isentropic coordinates  

– equations of motion 
– visualizing flow on isentropic surfaces, isentropic divergence 
– isentropic analysis: meted module, by J. Moore  

• Chapter 9.1: Isentropic Potential Vorticity 
– definition of PV 
– IPV conservation 
– a more in-depth derivation can be found in Holton Chapter 4.6 (p. 109-111)  

• Chapter 9.2: PV anomalies: idealized structure and real examples 
– upper level  
– surface 
– diagnosis of vertical motion 
– Rossby waves 

• Chapter 9.3: baroclinic instability 
• Chapter 9.4: generation of low-level PV by diabatic (latent) heating 
• Chapter 9.5: additional applications 

– piecewise PV inversion 
– PV perspective of occlusion & lee cyclogenesis 
– PV superposition & attenuation 
– PV generation & break-up by friction (orography)

http://meted.ucar.edu/isen_ana/index.htm


isentropic coordinates

isentropic coordinates
isobaric coordinates



Isentropic maps: some examples  
infer vertical motion
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295 K – relative humidity suggests that storm-relative motion has an easterly component in E Montana 
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current isentropic charts showing winds, pressure, and winds

• http://weather.cod.edu/analysis/analysis.isentropic.html

296 K 850 mb

http://weather.cod.edu/analysis/analysis.isentropic.html
http://weather.cod.edu/analysis/analysis.isentropic.html


Conservation of PV

in words: the product of  
isentropic abs vorticity and static stability

Definition of PV
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In a saturated environment Pe is conserved:

P is generally conserved (DP/Dt=0)  
for adiabatic, inviscid processes.

Chapter 9.1: PV and isentropic divergence



potential vorticity on isentropic charts
try the current animations at 
 http://www.atmos.washington.edu/~hakim/tropo/310_pv.html  
courtesy of Hakim, U Washington

Units: PV = 10-6 m2 s-1 K kg-1 = 1 PV unit or 1 PVU PV >2 PVU: stratospheric air  

http://www.atmos.washington.edu/~hakim/tropo/310_pv.html


PV 
200-400 mb 

Colored 
contours at 
2, 2.5, 3, and 4 
PVU 

An example of synoptic variations of PV



300 mb height – same time



stratospheric PV 
reservoir

stratospheric PV 
reservoir

zonal-mean  
meridional transect: 

climatology of PV 
and θ

At low latitudes, the 
troposphere ranges 
from 300 to 370 K  
(70 K depth). 

Poleward of the polar 
jet, the troposphere 
ranges from 265-300 
K (35 K depth). 

units of PV: 
10-6 m2 s-1 K kg-1



solid line: 2 PVU

(Hoskins et al 1985)

320 K IPV

ECMWF T511/L60 Operational Analyses

http://www.pa.op.dlr.de/arctic/


zonal-mean meridional transect



Invertibility principle (Hoskins, McIntyre and Robinson 1985)

• Any storm system at any scale may be regarded as a superposition of IPV anomalies, 
positive or negative, at the top and bottom boundary of the troposphere. 

• The true wind is the sum of all wind fields associated with each anomaly.  

• The IPV field can be predicted (advected, deformed), and the wind and stability fields 
can be extracted from the IPV distribution at any time 

– if boundary conditions are available 
– if a balance condition exists 
e.g.: geostrophic balance 
barotropic vorticity equation 

• IPV anomalies ‘induce’ a wind field that extends beyond the IPV anomaly itself. 
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PV anomaly vertical dimensions

• the vertical influence of PV anomaly on wind field (e-folding scale), 
a.k.a. the Rossby scale height, can be estimated as follows
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which is the entire troposphere at high latitudes, and maybe half the 
troposphere at low latitudes

à the depth of influence is proportional to: 

à L (the diameter of the P’ anomaly). 

         ! N (the Brunt-Vaissalla freq):  
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Chapter 9.2: PV anomalies  
idealized depiction of upper-level PV anomalies: positive anomaly

wind in 
thermal wind balance



Upper-level PV anomalies: positive anomaly

Positive PV’



Upper-level PV anomalies: negative anomaly



 
UL positive PV’                                        UL negative PV’

Isentropes and winds
CA OH NE MA

examples



x

warm

cold



Positive PV’

Negative PV’

P and θ contours











⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

∂

∂
−++

∂

∂

∂

∂
−

∂

∂

∂

∂
=

p
f

yp
u

xp
v

PV e
g

egeg
e

θ
ζ

θθ )( (see Martin, p. 226)



southwest northeast



Positive PV’

Negative PV’

Low-level PV 
anomalies

x.

.x



Low-level positive 
PV anomaly





Diagnosis of vertical motion

• in general, consider both UL and LL forcing 
• assume a stationary pattern – locally temperature and vorticity 

remain unchanged 
• uplift is due to a parcel’s adjustment to vorticity or temperature 

advection.

UL positive PV anomaly moves in 
from the west (left) 

“storm”-relative adiabatic 
motion is shown 

u

z



Cross section 
west-east

300 mb height

eastwest

solid: θ
dashed: wind speed 
normal to x-section



Upper-level +PV’

Low-level +PV’

Vorticity conservation Temperature conservation

consistency with QG thinking
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assume a IPV anomaly-relative frame of reference 
the local PV (and abs vort) remain unchanged 
then look at the QG vort eqn 
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Motion of upper-level trofs & ridges

Motion of low-level PV anomalies

see Fig. 9.8 in Martin (2006)

see Fig. 9.9 in Martin (2006)

find the 
anomaly 

propagation 
direction



             Lateral (or vertical) Rossby wave propagation

energy is dispersed laterally 
- wave energy created to the side 
- local wave energy decreases

time 1

time 2



Motion of low-level PV anomalies near a mountain range

find the 
anomaly 

propagation 
direction



Chapter 9.3: baroclinic instability in terms of IPV thinking 

UL-LL PV’ interaction

step 1: UL positive PV anomaly induces circulation in LL baroclinic region
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UL-LL PV’ interaction: baroclinic instability

step 2: this circulation creates a LL pos PV anomaly, due to WAA 



UL-LL PV’ interaction: baroclinic instability

step 3: LL pos PV anomaly strengthens, and influence is felt aloft 



UL-LL PV’ interaction: baroclinic instability

step 4: LL pos PV anomaly induces circulation aloft, which intensifies UL pos PV 
anomaly. This two-way interaction is baroclinic instability in terms of PV.



a b

c d

Baroclinic instability & lifecycle



UL-LL PV’ interaction: baroclinic instability

➔Westward tilt with height is baroclinically unstable 
➔ Surface and UL anomalies may “lock” on to each other 

oP

θp∇

UL 
trof

UL 
ridge

red: UL PV anomaly affecting low-levels    blue: LL PV anomaly affecting upper-levels



Baroclinic wave evolution (non-linear effects)
If a number of baroclinic developments occur close 
together, with surface and UL systems well locked, then a 
low-index flow (u small) regime develops, as if the P’ was 
blocked by ‘walls’ to N & S. Remember that baroclinic 
energy tends to spread meriodionally.

If the mean flow U varies with latitude, the 
PV anomalies become tilted  
(here we are south of the main jet, or du/
dy>0 ! tilt >0)



Baroclinic instability – an IPV perspective

• An upper level PV anomaly approaches a low-level baroclinic band. 
• The circulation associated with the upper level PV anomaly is felt throughout the troposphere so that a low-

level circulation begins along the low-level baroclinic band (induction) 
• The low-level circulation produces and enhances regions of warm and cold advection in the lower levels. 
• A surface low pressure area forms in the warm pool, in a region with a history of low-level warm air advection  

– Warm air advection produces a + PV anomaly and the largest surface pressure falls . 
– Hydrostatically, the resulting low pressure center is more a result of low-level tropospheric warming versus upper-level 

stratospheric warming. 
• The circulation associated with this low-level +PV anomaly is felt through the entire troposphere.   The upper 

portion of this effect helps to amplify the upper level +PV anomaly and to slow its progress. 
• This strengthening upper PV anomaly, in turn, strengthens the surface anomaly and so on (mutual 

amplification). 
• As the upper level PV anomaly strengthens, the upper level stratospheric warm air advection begins to 

dominate the lower level warm advection region in terms of net column warming.  Thus, the surface low begins 
to fall back into the cold tropospheric air underneath the warm column. 

• Eventually the surface low falls directly beneath the upper level warm pool.  The system slowly fills and the 
process is complete.



Meridional PV’ interaction: barotropic instability

Subtropical 
ridge (UL or 
LL)

U

U

Both normal and inverted trofs move in opposite direction to the mean flow. They 
may become locked and amplify each other (barotropic instability on equatorward 
side) if the trof tilts westward with latitude (negative tilt) across the subtropical 
ridge.



Chapter 9.4: Generation of low-level PV by diabatic (latent) heating 
  

How are PV anomalies generated?

• UL PV anomalies are due primarily to differential advection 
(separation from a PV reservoir) 

• LL PV anomalies can be created by: 
– Differential diabatic heating  

• tropical cyclones, marine extratropical cyclones … 
– Friction 

• this includes orography ! linkage with lee cyclogenesis  
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diabatic heating



Rapid cyclogenesis and LL diabatic PV generation

Stoelinga 1996, MWR





Stoelinga 1996

obs

model

5-day mean 
P and θ pattern



975 mb θ’

Low-level PV

400 mb PV

‘anomalies’ are defined here as 
departures from the 5-day mean

Stoelinga 1996
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Chapter 9.5: additional applications 
(a) piecewise PV inversion

total 950 mb perturbation height contribution from UL PV anomalies

contribution from LL PV anomaliescontribution from diabatically 
generated PV anomalies



(b) IPV perspective of the occlusion process

• “treble-clef” PV structure aloft 

• “notch” is due to advection of LL low-
PV air into upper levels (warm conveyor 
belt, trowal) 

• tropopause fold possible

trowal

notch

cold cold



(b) IPV perspective of the occlusion process
tropopause boundary (2 PVU)

330 K surface

region of diabatic PV decay

surface cold & warm fronts

surface low

note PV decay in the notch in (c) by 
both diabatic heating and advection

open wave stage

early occlusion

late occlusion



(Hirschberg and Fritsch 1991)

(b) IPV perspective of the occlusion 
process 

strong + PV anomaly aloft produces deep 
tropopause depression & warm air

cold

+

+

+

+

region of 
diabatic PV 

decay

open wave stage

early occlusion

UL + PV 
anomaly

LL + PV 
anomaly

interpret the surface pressure changes as 
due to temperature changes aloft (each 
level is weighted equally, since dln p ~dz)

(from hydrostatic balance)

latent 
heating



(c) PV superposition & attenuation



IPV perspective of lee cyclogenesis



Rocky Mtn lee cyclogenesis climatology
(source: Sanders et al 1985)

lee cyclogenesis and PV generation 
 

first some background about lee cyclogenesis

Dashed lines: prevailing tracks of 
surface lows in winter

Alpine lee cyclogenesis



Theory: PV conservation and lee troughing

Conserve 

assumption: PV is uniformly 
distributed over the depth of the 
troposphere
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lee troughing can be explained by subsidence

Assume adiabatic heating, no horizontal advection  
! warming is due to subsidence alone

∂T/ ∂t = (T/θ) ∂θ/∂p ω
∼ (T/θ) ∂θ/∂z w 

 ~ (1)*3.5K/km*dz/dt   (assume typical values) 

à δT (in K) ~ 3.5*subsidence depth (in km) 

à this warming over the depth of the subsidence layer causes cyclogenesis:



QG explanation 
(Alpine cyclogenesis!)

(mature system over western Europe)

from Bluestein (1993)



Mattocks and Bleck, MWR 1986

The upward motion in the lee of the mountains is 
QG-forced because the jet is supergeostrophic. This 
updraft cools the cold side of the jet, and the 
secondary circulation will also decelerate it.

Further QG explanation 
(Alpine cyclogenesis!)

thickness ridge

Vg < V
Va



Alpine lee cyclogenesis and LL PV generation: a modelling study

Aebisher and Schar 1998



Solid: pressure height (bold=700 mb);      dash: montgomery streamfunction 

700

750

800
850

900

Note the counter-rotating vortices on the SW and E side of Alps. Fr=U/(HN) <1

C
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850 mb 
Z, T

315 K 
wind, 
PV

T dash/ 
shade





model obs

Surface 
analysis

24 hr 
rainfall

" 850 mb relative humidity



850 mb 
Z, T 850 mb 

wind, 
PVT dash/ 

shade

Hi-res model run produces 
LL +PV ‘streamers’ in lee of 
Alps

Shaded: >0.6 pvu 

Light-shaded & 
dashed contours: 
PV<0 
(symmetrically 
unstable)

L

L

L

Max 2.2 PVU



300 mb

pvu

PVU

Note the shear vorticity, suggesting 
that the PV is generated by friction 
along orography

Some PV is not generated but 
advected down from UL in 
downslope wind storm (note slope 
of isentropes)

Next: use model to isolate the effects of latent heating, friction, and terrain complexity



850 mb 
Z, T 850 mb 

wind, 
PVT dash/ 

shade

Shaded: >0.6 pvu 
Light-shaded: PV<0

Dry simulation still produces PV streamers, but not the PV max near the heavy rain (lee cyclone) 

dry run: 
weaker lee cyclone 
less PV

with latent heating



Reduced friction (half the roughness length)

850 mb 
Z, T

850 mb 
wind, 
PV

T dash/ 
shade

Lee-side PV streamers are proportionally fed more by downward transport than by friction-generated shear

largely 
diabatically 
generated PV



850 mb 
Z, T 850 mb 

wind, 
PVT dash/ 

shade

Simplified topography 

One main friction-generated 
PV streamer  

plus  

a largely diabatically-generated 
PV core



PV and wind, 850 mb, showing PV banners in other circumstances

Föhn

Prefrontal southerly 
flow  
(PV genesis by the 
Pyrenees??)

mistral



Low-level PV generation mechanisms 
 (Aebisher and Schar 1998) 

• diabatic processes (low- to mid-level latent heat release) 
• downward transfer of high PV 

– downslope windstorms 
– deep tropopause folds 

• orography 
– PV streamers (or banners) tend to form when 850 mb wind crosses steep terrain 
– Banner pairs (+/-) are associated with topographic edges/gaps 
– Banners are due to flow splitting (Fr=U/NH < 1) 
– The ability for a model to capture this PV generation is very resolution-dependent 
– The smaller banners tend to dissipate faster than the bigger ones (L < LR, the Rossby Radius 

of deformation)  

• alpine lee cyclogenesis 
– The first stage is mainly due to the main banner shedding off SW tip of the Alps. This 

anomaly is due to flow splitting. Some high PV may be advected from aloft.  
– These banners combine to become large (and thus long-lived) enough to generate ‘balanced 

flow’. 
– This balanced vortex is large enough to interact with UL PV anomaly and to start baroclinic 

cyclogenesis. Thus latent heating further enhances PV in the lee cyclone.   
– Banners likely to form also in lee of the Front Range, and the main PV banner may explain 

location/strength of Colorado low (in its pre-baroclinic stage).
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