Math 3120 Mid Term Test Solutions

1. Short Answer Questions
(a) Consider the following homogeneous partial differential equation with inhomoge-

neous boundary conditions:

r<1, t>0,
(1,t) =5, wu(z,0)=

Ut = Ugy , OS
u

u(0,t) =1,

i. Find a function ¢(z,t) such that v(x,t) = u(z,t) — ¢(x) will satisfy homoge-
neous boundary conditions.
o(r) =1+4x

ii. The function v will then satisfy the partial differential equation with initial
conditions given by:

v(z,0) =u(z,0) — p(x) =1 — (1 +4z) = —4x
(b) Consider the following Sturm-Liouville eigenvalue problem,
(2°¢'(2)) + xg(x) = —2*Ad(2) ,
¢(1) = ¢(2) = 0.

The eigenfunctions of this problem are orthogonal under the dot product

2
< u,v >= fl wva? dx

(c) Consider the function

y(x):{o r <1,

5 z>1,

The Fourier series of y(z) will converge to what at z = 1.

3]
(d) The series solution about = = 1 for the differential equation

1 'y x
1+4227 "1tz

yl/ _'_

has what radius of convergence?

(2]
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2. Find the first two non-zero terms in a series solution, centred at x = 0, for the differential

equation
d?y
(e +2)—5 —y=0,
y(0) =0,
y'(0)=3.

Discuss the radius of convergence.

Solution: The point x = 0 is a regular point, so we may set,

[e%¢)
_ 2 n
y - nT 9
n=0
[e%¢)

y/ — E :annx”_l,

n=1

y"' = Zann(n —1)a"”
n=2

Substituting in

iannn—l "1+22an n—1)x ianx7

n=2 n=2 n=0
Zanﬂnn—i—lz +22an+2n+1)(n+2$ —Zan ,
n=1 n=0 n=0

Z(an+1n(n + 1) + 2ap42(n 4+ 1)(n + 2) — a,) 2" + 2a2(2) — aq -
n=1

From the initial conditions and the expansion, we have

CL():O,
a1:37
a2:O,

ap — Appn(n + 1)
2(n+1)(n+2)

Apt2 =

Using the recurrence relation we have as = 1 and the first two non zero terms of the

4
expansion are given by
3

T
=3 2o,
Y x+4+
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and since the only singular point is at x = —2, the series must converge in —2 < x <
2.

3. Consider the differential equation
4ay” + 2y +y=0.

(a) Show z = 0 is a regular singular point.
(b) Find the roots of the indicial equation.

(c) Give the forms of the series expansion for two independent solutions.

Solution:

(a) Here p(z) = 5= and ¢(x) = 4=, since lim,_op(z) = lim,_oq(z) = 00, z =01is a
singular point. Since pg = lim, .o xp(x) = % and gy = lim,_o2%q(x) =0, x = 0
is a regular singular point.

(b) To find the roots of the indicial equation, we solve

r(r—=1)+por+q =0,

9 r
r"—r+-=0,
2

0 1
r=0, orr=—
’ 2
(c) Since the two roots are distinct and don’t differ by an integer, the forms of the

solutions are
o0 o
n n—i—l
Y1 = a,x" and yo = b,x" "2 .
n=0 n=0

4. The equation of motion for a damped vibrating string is given by
U + Bup = gy

where (3 is a damping constant.
(a) Use separation of variables to turn this partial differential equations into two ordi-
nary differential equations.
(b) If the sting is fixed at * = 0 and =z = 1 (i.e. w(0,t) = u(l,t) = 0), find the
eigenvalues and eigenfunctions for the problem found in (a) .
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Solution:

(a) We let u(z,t) = X (x)T'(t) and plug into the equation,

X(2)T"(t) + X (2)T'(t) = X" (2)T(t),
X(@)T"(t) + X (2)T'(t) _ A X"(2)T(t)
X(2)T(t) X(@)T(@)
T"(t) + BT'(t) _ ~ X"()
2T(t) X(x)

:—0"

(b) First we note that we will require o > 0 for a nontrivial solution. If o < 0, we
set i = y/—o and the solution for X is

X(z) = Aet® + Be™#*
Applying the first boundary condition implies A = —B then the second gives
Alet —e™) =0

This implies © = 0 and X (x) is then a constant. The boundary conditions imply
this constant is 0. If ¢ = 0, then the solution is a straight line. The only line
going through (0,0) and (1,0) is again identically 0. So the solution must be
given by

X (x) = Acos(y/oz) + Bsin(y/ox)

Applying the first boundary condition gives A = 0 and the second implies
Vo =nm, n=1,2, ... The eigenpairs are then given by {n’n? sin(nrz)} "

n=1
I will just add a little note for interest. Given the eigenvalues, the equation for
T(t) is

T"(t) + BT'(t) + (nme)*T =0

If m is the integer such that 4mmc < § < 4(m + 1)mc, then the general solution
to the equation is given by.

m
—5+V/BT A )Z, —p-V/BTamno?, \
E ane z + bue z sin(nmx)
n=1

+ i e P2 (a,, cos < 4(nme)? — 52/215) + b, sin < 4(nme)? — 52/215) sin(nmx)

n=m-+1

The first m modes decay immediately. The remaining modes decay in an oscil-
lating fashion.
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5. Consider the non-Sturm Liouville eigenvalue problem

d*¢ do

2 _ _ _
:de2+xdx+/\¢—0, o(1)=0¢(2) =0, (1)
(a) Write (1) in standard Sturm-Liouville form.

(b) Equation (1) is an Euler type equation and has solutions of the form ¢ = z" for
some values of r. Find the eigenvalues and eigenfunctions of (1).

(¢) For any given a function f(x) which is continuous on [1,2], write the eigenfunction
expansion for f (be sure and include all the formulae for any constants in the
expansion).

Solution:

(a) We first multiply by r% to get the equation in the form

1 1
¢+ ¢ = =)0,
T T

To put this equation into standard Sturm-Liouville form, we multiply by e/ & =
x. We then have,

1
¢+ ¢ = -2,
1
(ﬂb/), = —)\Eﬁb-

The important thing to note at this stage is the weight function r(z) =

8] =

(b) If we plug in y = 2" as a solution, we get the following equation
rr—=1)4+r+A=0

Which means » = £1/—\. We can consider the case A = —pu < 0 which means
the general solution is of the form

y = Ael" + Be M.

¢(1) = 0 implies that A = —B and ¢(2) = 0 implies that A(2* —27#) = 0 which
is only possible if ;4 = 0. This would make the solution a constant which must
be zero to satisfy the boundary condition. If we consider A = 0 again we get a
constant solution which must be 0. The only possible solution is A > 0 which
means:

y = Az
_ Aeiﬁln(x) :
— A(cos(VAIn(z)) + isin(vAln(z))) .
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So we may construct a general solution of the form
y = Acos(VAIn(x)) + Bsin(vVAIn(z))

The condition y(1) = 0 implies A = 0 and the condition y(2) = 0 implies
VAIn(2) = nm where n = 1,2,... . So the eigenpairs are given by

_n27r2 sin | 0 In(x) b
1H<2) 7 111(2) n=1
(c) Given any reasonable function f, we may write
f = Z an¢n(x) )
n=1

Where ¢,(x) are the eigenfunctions given above. The coefficients a,, are given
by

14
x

. = <f7¢n fl )
b <0 > f1 ¢n %
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