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ABSTRACT. Higher dimensional analogs of the classical continuous wavelet
transform are developed for Euclidean spaces whose dimension is a perfect
square. For a positive integer n, the space of all n X n real matrices can be
identified with R as an additive abelian group. The group of invertible n X n
real matrices naturally acts on this abelian group by matrix multiplication.
The resulting semidirect product group forms a distinguished group of affine
transformations of R”” which may be viewed as a natural generalization of the
full group of affine transformations of R whose unique square-integrable repre-
sentation underlies the classical 0ne—dim2onsional continuous wavelet transform.
A continuous wavelet transform for R™ is derived and its specific details are
worked out for R* resulting in a 4D continuous wavelet transform. This trans-
form is discretized by introducing a geometrically intuitive tiling system for
R* and constructing discrete frames based on this tiling system.

1. INTRODUCTION

As computational power increases, researchers in a wide variety of disciplines
find value in imaging three dimensional structures in motion. Sample areas where
the resulting 4D data must be processed are dynamic NMR [20], geophysics [18§],
medical imaging [21], ultrasound images of a fetus in motion [5], and computer
graphics [23]. Our goal in this paper is to initiate the detailed investigation of
a four dimensional continuous wavelet transform that is based on the general ap-
proach developed in [2]. Besides the potential that we will eventually be able to
provide useful computational techniques for 4D data analysis, we are interested
in investigating this particular transformation because it is a direct generaliza-
tion of the now classical continuous wavelet transform on R. We identify R* with
the group of 2 x 2 real matrices, let H denote the group of invertible 2 x 2 real
matrices, and consider the elements of H as acting on R* through matrix multi-
plication. Combining translations in R* with these dilations coming from H, we
get an eight dimensional Lie group which shares some important properties with
the group that underlies the classical continuous wavelet transform. In particular,
this eight dimensional Lie group has a unique (up to unitary equivalence) square-
integrable irreducible unitary representation. The reader is directed to [1] for a
general overview of continuous wavelet-like transforms and their applications to a
variety of physical situations.

Date: August 16, 2012.

2010 Mathematics Subject Classification. Primary 42C40; Secondary 43A65.

Key words and phrases. Continuous wavelet transform, square integrable representation, dis-
crete frame.



A FOUR DIMENSIONAL CONTINUOUS WAVELET TRANSFORM 2

In [11], it was recognized that the reconstruction identity that forms the basis
for the continuous wavelet transform on R can be interpreted as a special case of
a generalized orthogonality relation for coefficient functions of a square-integrable
representation of a locally compact group. In the case of the continuous wavelet
transform, the group in question is the group of affine transformations of R and the
combination of translations and dilations provide the square-integrable representa-
tion. See [12] for a discussion of this view of the continuous wavelet transform. In
[2], a general framework for the development of higher dimension continuous wavelet
transforms was investigated. Essentially, if one has a locally compact group H act-
ing on R™ in such a manner that there exists an open subset O in R™ (actually
the Pontryagin dual version of R™) so that H acts freely and transitively on O,
then there exists an associated continuous wavelet transform theory. See [10] for a
comprehensive investigation of an abstract approach to continuous wavelet trans-
forms. The two dimensional continuous shearlet transform [14] can be viewed in
this manner. See also [19] for similar 2D transforms derived from extending the
three dimensional Heisenberg group by dilations. In [3], a higher dimensional ver-
sion of the shearlet transform is proposed. It shares the anisotropic features of the
2D shearlet transform that are useful in many situations. Note that the transform
presented in this paper is decidedly isotropic. The value of square-integrability
to the application of a continuous wavelet transform to characterizing smoothness
spaces of functions is discussed in [4].

Because the 4D transform we introduce here involves using eight variables to
move a potential wavelet around, we provide the admissibility condition and the
reconstruction formula in both the detailed form that will be necessary for applica-
tions with the precise role played by all variables evident and in an abstract form
where the underlying group provides elegance and ease of proofs. In the more ab-
stract form, it is just as easy to work with n x n real matrices, which results in a
continuous wavelet transform on R™". This transform reduces to the classical 1D
transform when n = 1 and our desired 4D transform when n = 2. After stating the
concrete 4D case as our main theorem in Section 2, the basic notation and proper-
ties we need are collected in Sections 2 and 3 and the continuous wavelet transform
on R" is given in Section 4 with the proof of Theorem 2.1 following immediately.
In Section 5, as a first step towards a useful discretization of this transform, we
introduce the concept of a tiling system in an orbit of a locally compact group and
construct an explicit tiling system for a particular GLy(R) orbit which is then used
to construct a discrete frame in R*, in Section 6.

2. THE FOUR DIMENSIONAL TRANSFORM

Before describing the somewhat abstract background necessary, it may be useful
to present the wavelet condition and reconstruction formula as it appears in the
four dimensional case.

For v € L?(R*) and parameters = (1, 22, %3,74), h = (h1,h2, h3, hy) € R*,
define ¢, € L*(R*) by, for (y1,v2,y3,ys1) € RY,

1
x 9 ) 9 = T3 L 1 b7b7b7b )
Va,n (Y1, Y2, Y3, Ya) |h1h4—h2h3|¢(1 2,b3,b4)
where

" haha — hohg

h .
b, (i — ;) — m (Yj+2 — jt2), when j € {1,2},
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po— M ks

7 hihs — hohs hihy — hohs

Our main theorem characterizes those 1) which can serve as a wavelet in the 4D
continuous wavelet transform.

(y; — z5) (yj—2 —j—2), when j € {3,4}.

Theorem 2.1. Let ¢ € L*(R*). If

2 dhidhaodhsdhy

D(hy. ha. hs, b ‘ A dhahs@he 1
RZ‘U)( 1, h2, b, ha) ks — haha2 (1)

then, for any f € L*(R%),

x1 - drgdhy---dhg
|hihy — hohs|?

f= [ [tanyian®

R4 R4

weakly in L*(R*).
Conversely, if (2) holds for every f € L*(R*), then 1 satisfies (1).

Theorem 2.1 will follow immediately from the general formulation in Section 4.

3. NOTATION AND DEFINITIONS

If X is a locally compact space, Cy(X) denotes the Banach space of continuous
complex-valued functions on X which vanish at infinity, equipped with the supre-
mum norm, and C.(X) denotes the dense subspace consisting of the continuous
functions with compact support. If there is a distinguished regular Borel measure
won X, then LP(X) = LP(X, u) denotes the usual Lebesgue space, for 1 < p < 0.
Note that C.(X) is dense in LP(X), for 1 < p < co. The Hilbert space structure of
L?(X) has inner product (f,g) = [ f(z)g(z) du(z), for f,g € L*(X).

Let n be a positive integer. The set of nxn real matrices M, (R) is an algebra over
R when equipped with matrix addition, matrix multiplication and multiplication
by scalars. It is a topological algebra when given the topology of R™ under the
obvious identification. For z € M,,(R), the determinant of =, det(x), is a polynomial
in the coordinates of  and GL,(R) = {z € M,(R) : det(x) # 0} is a dense open
subset of M, (R). When considering M, (R) as an abelian group under addition,
we will denote it as A. Note A is just R™. We also introduce the notation H
for GL,(R), considered as a locally compact group which naturally acts on A by
matrix multiplication. Whenn =1, A=R and H =R* = {h€R: h #0}. The
reader will notice the classical theory of the continuous wavelet transform on R in
the following.

For x € A and h € H let [z, h] denote the affine transformation of A given by
[z, h]z = hz + x, for z € A, where hz is the simple product of the matrices h and
z. By composing transformations, we get a product operation,

[z, h][y, k] = [z + hy, hk]. (3)

Let Ax H = {[z,h] : x € A,h € H} equipped with the product (3). Then Ax H
is a locally compact group when given the product topology. If I denotes the n x n
identity matrix, then [0, ] is the identity in A x H and [z,h]”! = [-h ™12, h71],
for [z,h] € Ax H.
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We equip A with Lebesgue measure under the identification with R™ and / o f(x)dx

will denote Lebesgue integration. For h € H, let §(h) = |det(h)|™. Then for any
integrable function g on A,

Ag(m)dwzé(h)Ag(hx)dw. (4)

We also need integration over H. Any locally compact group G carries a regular
Borel measure which is invariant under left translation called left Haar measure.
This measure is unique up to a constant multiple. This measure can be specified by
the positive linear functional it defines on C.(G). See [13] or [9] for the properties
of Haar measure and the Haar integral. We will denote the integral with respect
to the left Haar measure on H by [}, g(h)dh for any function g € C.(H) or for
any function g for which this integral makes sense. In [13] one finds that, since

In

hii hiza ... - P " "
/g(h)dh://”./g 11412 ... |1get(21)|n nl - Ahpn
" B N hnl h/nQ . e

hnn
()
where h = (hy;);;_ is a generic element of H. It turns out that left Haar measure

on GL,(R) is also right invariant and, hence, inversion invariant. That is, for any
K € H and g € C.(H),

g(Wh)dh= [ g(hh'Ydh= | g(h"Y)dh= [ g(h)dh.
H H H H

Now we can describe left Haar integration on A x H. For f € C.(A x H),

/ £(le, b)) dl, ] = /H /A £(Le, B)3(h) e . (6)

AxH

It is a routine calculation to show that the integral given on the right hand side of
(6) is invariant under left translations.

For the purpose of Fourier analysis on R”Q, identified with A, there are many
ways to pair A with /Al, the group of characters on A. To exploit the notational
advantage of matrix multiplication we chose the following identification. For b =
(bij); j—1 € A, define x € A by

Yo(z) = 200 for x € A. (7)

We have, A = {y,: be A}. Thus, A can also be identified with R" and Haar
integration on A is simply the Lebesgue integral. That is

where we are thinking of b as an n?—vector. For f € L'(A), the Fourier transform
f: A = Cis given by f(y) = Sy f@)x(z)dx, for all x € A. Then f € Co(A).
For f € LY(A) N L*(A), f € L2(A) and ||f|l2 = ||f||2. There is a unitary map
P: L*(A) — LQ(E), the Plancherel transform, such that Pf = f, for all f €
LY(A) N L*(A).

3
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The action H on A determines an action of H on A by, for h € H, x € A\, (h
X)(x) = x(h~!-x), for all z € A. Then, h-xp = Xpn-1, for b€ A and h € H. This

action scales Lebesgue measure, so that, for any £ € C. (,Z)

/s ) dx = 6(h /shxdx, (3)

which can be verified by direct computation. As usual, (8) holds for any function
¢ for which the integrals make sense. There are special features of the H-orbit
structure in A that are critical to the existence of a continuous wavelet transform
strongly connected to the group structure. Let O = {h-x; : h € H}. We gather
the properties of this H-orbit together in a proposition.

Proposition 3.1. With the above notation,
(i) O={xp—r:heH}={xn:heHj}.
(ii) O is a dense open subset of A.
(i) A\ O is a null set with respect to Lebesgue measure on A.
(iv) The map h — h - XI s a homeomorphism of H with O.
(v) For any & € Cc(0), [7E6(x)dx = [; &(h - x1)6(h)~ dh.
(vi) For any & € L2(A) and any two elements x,w € O, [, |E(h™" - x)[*dh =
€0 w) P,

Proof. Assertion (i) is simply because H is a group. Assertion (iii) follows from (ii)
and for (ii), we note that GL,(R) is a dense open subset of M, (R) and GL,(R)
maps onto O under the parametrization of A given by (7). Assertion (iv) is obvious.

For (v), let £ € C.(O). Recall §(h) = |det(h)|", for h € H, and that the Haar
integral on H, given in (5), is inversion invariant. Then

| ewxnstran= [ ctosttin= [ stopsman= [ e = [ enax

Now, let £ € L2(A),X,w € O. There exists a h’ € H such that w = k' - x, so
X = k7! - w. Then, left invariance of the Haar integral on H implies

—1. 298 — 1= ) 2dh — / 2
[ o topan= [ et wpan = [ e twPan = [ et Pan

Thus, (vi) holds. O

4. A SQUARE-INTEGRABLE IRREDUCIBLE REPRESENTATION

In this section, we provide three equivalent versions of the distinguished irre-
ducible representation of A x H that underlies the continuous wavelet transform
introduced in the next section. Let G be a locally compact group and H a Hilbert
space. Let U(H) denote the group of unitary operators on H. A representation
of G on H is a homomorphism o: G — U(H) which is continuous if U(H) carries
the weak operator topology. The representation ¢ is called irreducible if {0} and
‘H are the only closed subspaces of H invariant under . For any &, € H, define
¢ (@) = (n,0(x)€), for all z € G. The requirement that o be continuous when
U(H) is equipped with the weak operator topology means ©¢ ,, 1s a continuous func-
tion on G. The representation o is irreducible if and only if ¢¢, = 0 implies at
least one of £ or n is 0. If 01 and oy are two representations of G on H; and Ha,
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respectively, we say o7 is (unitarily) equivalent to o9 if there exists a unitary trans-
formation U: H; — Hy such that Uoy(z) = o2(2)U, for all # € G. Let G denote
the space of equivalence classes of irreducible representations of G. An introduction
to the representation theory of locally compact groups can be found in [9)].

An irreducible representation of G, say o acting on H, is called square—integrable
if there exist nonzero ,n € H such that g, € L?(G). See Chapter 14 of [6] for the
basic theory of square—integrable representations. With £ € H \ {0} fixed, if there
exists one nonzero ' € H with ¢Z,, € L*(G), then ¢ € L*(G) for any 1 € H.
Such a vector £ is called admissible and the set of admissible vectors is dense in H.

For the group A x H, we will give explicit definitions of three representations
p, mand 7 of A x H, all of which turn out to be mutually equivalent.

The Hilbert space of p is L?(A) and p is the natural combination of translation
on A with dilation by members of H. For [z,h] € A x H, define plx, h] on L%(A)
by, for g € L?(A),

ple, Rlg(y) = 5(h)~2g(h ™ (y — w)), (9)
for all y € A.
The Hilbert space of 7 is L2(A). For [z,h] € A x H and ¢ € L2(A),
mla, hE(0) = 6(h) 2 x(2)E(h™" - ), (10)

for all x € A.
The Hilbert space of 7 is L?(H). For [z,h] € Ax H and f € L?(H),

rla, W f(k) = (k- x1) (@) f(h™" - k), (11)

for all £ € H. We leave the routine checks that each of p, 7 and 7 satisfies all the
properties of a representation of A x H to the reader.

Proposition 4.1. The three representations p,m and 7, defined in (9), (10) and
(11) are pairwise mutually equivalent representations of A x H.

Proof. 1t is a simple matter to show that
w[x, h] = Pplx, NP,

for all [x,h] € A x H, where P: L%(A) — L2(A) is the Plancherel transform. Since
‘P is a unitary map, 7 is equivalent to p.

By Proposition 3.1 (ii) and (iii), C.(O) is dense in L%(A). For ¢ € C,(O), define
W¢ on H by

WeE(h) = o(h) =& (h - xa),

for h € H. Then W is a linear map of C.(O) onto C.(H) by Proposition 3.1
(iv). Moreover, [|[W¢|[12(q) = HSHL%Z) by Proposition 3.1 (v). Thus, W extends
to a unitary map of L2(A) onto L2(H). One directly computes that 7[z,h] =
Wz, )W =1, for all [z,h] € A x H.

Thus, any pair from {p, 7,7} are equivalent. O

Proposition 4.2. Each of p, m or T is a square—integrable irreducible representation

of Ax H.

Proof. This is Theorem 1 in [2]. However, the insight of Proposition 3.1 allows us
to avoid introducing the Radon-Nikodym derivative that moves integration over H
to Lebesgue integration on the H-orbit.
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Since all three representations are equivalent, we will work with w. Let &, n €
L?*(A). Note that [ ’5 (71 X) ‘2 dh is independent of x € O by (vi) of Proposition
H

3.1. Moreover, h™' - x; = xs, for all h € H, so [ |¢ (h71 -X)|2dh = [1€ (xn)|? dh,
H H

for almost all y € A. The following calculation is similar to (2.13) in [2]. Let

wr(x) = n(x)E(R™ - x), for almost all x € A and let w), denote its inverse Fourier
transform. Then

T ([ 2 dle. hl = 120 E(hL .
A /H ol 1)) dlz, ] /H /A /A ()62 @) E(h - ) dx
/A wn () X(@) dx

2
:// dzdh://|w,3(a:)|2dxdh
HJAIJA HJA

_ 2 _ 5 S a2
_/H/EW’L(X” dxdh—/gln(x)I /H|§(h X)[2dx dh
— [ /H € (xn) P dh.

2
§(h)"tdx dh

(12)

If £ # 0, then [, [¢ (Xh)|2dh # 0 by Proposition 3.1 (iv). Thus, ¢f , # 0 if { and
1 are both nonzero. Therefore, 7 is irreducible.
Moreover, if £ € C.(0), then [, [¢ (xn)[* dh < 00. So [ |¢F, ([z, h])[*d[z, h] <

AxH
o0, for any ¢ € C.(0), and n € L? (21\) Thus, 7 is square-integrable. O
Remark 4.3. Using the equivalence of p with 7, (12) says that, for f,g € L*(A),
[ 1ol e, = 1718 [ 0ol b (13)
AxH H

5. THE GENERAL CONTINUOUS WAVELET TRANSFORM
As usual, (13) forms the basis of a continuous wavelet transform (CWT) for

which we now provide the details.

Definition 5.1. A function v € L?*(A) is said to satisfy the wavelet condition if
| 1tapan=1. (14)
H
If ¢ € L%(A) is a fixed function satisfying the wavelet condition, define the linear
transformation Vi : L2(A) — L?(A x H) by

for f € L*(A),[z,h] € Ax H. By (13), Vj, is an isometry of L?(A) into L*(A x H).
Thus, Vy is a unitary map onto its range. This implies that

(g) = [ (5. plo 1) (plo. bl g) dlo, )
AxH
for any f,g € L?(A). For a fixed f, g is an arbitrary element of L?(A), resulting

in the forward implication in the following proposition. The reverse implication is
immediate from (13).
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Proposition 5.2. Let 1 € L?*(A). Then v satisfies the wavelet condition if and
only if, for any f € L?(A),

;= / (f. pler, W) ple, Wlep dle, 1] (16)

AxH
weakly in L*(A).

To put Proposition 5.2 more in the style of wavelet analysis, introduce the no-
tation

%h( ) = ple, he(y) = [ det(h)| "2 (h™ (y — @),
for y,z € M,(R) and h € GL,(R). The wavelet condition (14) becomes

2 dhy1dhyg - - - dhpn
// / ’1/} hll;h12 nn) 11| deltz(h”" = 1, (17)

where h = (h;;);';—;. Proposition 5.2 says ¢ € L2(R") satisfies (17) if and only if,
for any f € L2(R™)

/= /R/RM/R </R/R"'/R<f, Va,n) Va,h dI11d$12--~daznn> dhlﬁﬁéfﬁﬂéghmv
(18)

weakly in L? (R"z), where both z and h in R are indexed as if they are arranged
as a square matrix.

. _ il _ 1 X2 _ h1 hg
Letting n = 2, writing x = ( w5 1y ) h = ( hs g

matrix inversion and products yields Theorem 2.1.

) and computing the

6. A DISCRETE FRAME

In this section, we construct a discrete frame in L?(R*) based on the recon-
struction formula of Theorem 2.1. For this, we follow the method presented in [2],
modified to take advantage of detailed structural knowledge of H = GL2(R).

We begin with a decomposition for GLg(R), which is an extension of the Iwasawa
decomposition for SLa(R) (see [15]). To be self-contained, we include a proof in this
article. Let K = Z:z _Cslsnee :0 €0, 27T)} denote the compact subgroup

of GLa(R) consisting of rotations and define two abelian subgroups D and N by

D:{(T 0>;reR+,seR*}, and N:{(l “’):xeR},
0 s 0 1

where Rt ={t e R: ¢ >0} and R* = {t e R: t # 0}.

Proposition 6.1. Every element of GL2(R) can be uniquely decomposed as an
ordered product of elements in K, D, and N. That is, GL2(R) = KDN.

a b
Proof. Let ( e d

equation
a b cos —sinb r 0 1 =z
(c d)_<sin9 cos@)(() s)(()l)' (19)

) € GL2(R) be given. We will find the unique solution to the
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Indeed, multiplying both sides of the equation by < (1)

we get 7 = Va2 + ¢2, which is greater than zero as ad — bc # 0. Moreover, we can
write Equation (19) as

cosf sinf a b\ (r rz
—sinf cosf c d) \0 s )’

which implies that

) and computing the norms,

r =acosf + csinf
0= —asinf + ccosf
rr =bcosf + dsinf
s = —bsinf + dcosf

Thus,
/2 ifa=0andc>0
3m/2 ifa=0and c<0
o — 0 ifc=0anda>0
- T ifc=0anda<0

tan~!(c/a) if a #0,c+# 0, and acos(tan™!(c/a)) + csin(tan=*(c/a)) > 0
tan~!(c/a) + 7 ifa#0,c#0, and acos(tan™!(c/a)) + csin(tan~!(c¢/a)) < 0,

where tan™! is the inverse function of tan in the interval [0,7) \ {5}. It is easy to
check that 6 defined in Equation (20) and r = va? + ¢? satisfy r = a cosf + csin 6.

: bcos O+dsin 6 :
Finally, we have x = % and s = —bsinf + dcosf. Clearly, s # 0. From
the above discussion, it is clear that this solution is unique. (|

Let GL3 (R) (respectively GL; (R)) denote the subset of elements of GLa(R) with
positive (respectively negative) determinants. Note that GL3 (R) is the connected
component of the identity in GL2(R) and, as such, is a closed normal subgroup.
Define the following additional three closed subgroups of GL3(R) :

B:{(g a“’1>;aeR+, xER},

T:{(g i);reﬂv,sew, xeR}:DN,

T+—{<g i)ZT,SERJF,IGR}.

Since, for r,s € RT, x € R, A Rl Y r/s @/ \rs , we have TT =
0 s 0 \/s/r
1 0

0 -1 > . Then TF and uT* are the two cosets of TF in T. So

T =T+ UuTt and by Proposition 6.1, GL2(R) = KT and K N T consists of the
identity only.

Where it is notationally convenient, we continue to use A for R* with elements
arranged as 2 x 2 matrices, H = GL3(R), and A x H, and O as defined in Section
3. Recall that O is an H-orbit in A and, by Proposition 3.1(i), O = {xs : h € H}.

and

RTB. Let u =

(20)
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Definition 6.2. Let P be a countable subset of H, and let F be a measurable
relatively compact subset of O. The pair (F, P) is called a tiling system for the
orbit O if the following two conditions are satisfied:

(i) p-F(q-F =0 for every pair p # q in P.
(i) O=U{p-F:pe P}.
Let (F, P) be a tiling system for O. For each p € P, let L?*(p - F') denote the

closed subspace of L?(A) consisting of functions that are zero almost everywhere
on A\ p- F. Noting that O is a co-null subset of A, we have that

L*(A) =Y &L p F).

peEP
2l+k 2l+kj
Proposition 6.3. Let P = {< 0 ol > 2kl g€ Z},

. cos@ —sinf aw ay '
E_{(SM cos ) )( 0 :I:aw1>'0§9<27T71§w<271§a<2,0§y<w}

and F={xp :b € E}. Then (F,P) forms a tiling system for O.

Proof. For every subset L C H, let Op denote the set {x, : h € L}. Clearly
p-Op = Opp-1 for every L C H and p € H. Thus, to find a tiling system (Og, P)
for O it is enough to find a countable subset P of H and a relatively compact subset
E of H such that

(i) Ep"*NEq =0 foral p,qge Pp+#q,

(i) H=U,ep Ep~ L.
We will use the decomposition stated in Proposition 6.1 to construct a tiling system
of O in three steps.

ko ok
Claim 6.4. Let P, = {< 20 S_Zg ) kjEZY and By = {< 7“5 wy,l ) :1§w<2,0§y<w}.
Then E7 is a relatively compact subset of H such that
(i) Exp ' Eiq ! =0 for every p # q in Py.
(i) B=U,ep Erp".
Proof of claim. Clearly E; is relatively compact. To prove (i) and (ii), we show

that for every in B, the equation

a
0 a !

a T _(w oy 27k _9kj
0 a' )"\ 0 wt 0 2k

has a unique solution with constraints k,7 € Z, 1 < w < 2, and 0 < y < w.

Indeed, k = —|log, a] and w = a2~ leg2 ] are uniquely determined. Finally, since
R = Ujez[—wi, —w(i — 1)), there exist unique j € Z and y € [0,w) such that
227% = —wj + y. Thus the above matrix equation has a unique solution, which

finishes the proof of the claim.

Let Ey = JE;, where J = {( a 0

0 a ) 1<a< 2} . Note that RT = |, 2'[1,2),
which is a disjoint union.

Claim 6.5. With P as in Proposition 6.3,
(i) Eap N Eyq~t =0 for every p # q in P.
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(i) T+ = UpeP E,p~ 1.
Proof of claim. Note that Ey = {( ) 1 <a<2, 1<w<?2, 0<y <w}.
T
0

We need to show that, for any ( i > € T, the equation

rx\ (a0 w oy P ot @ Y 2=k _9kj
0s ) 0 « 0 wt 0 g-itk ) =@ 0 w 0 2k
has a unique solution with, 1 <a <2, 1 <w <2, 0<y<w, l,k,j € Z. By taking
determinants we get \/7s = a2~! which implies [ = —|log, 1/75] and a = /rs2~!
The unique determination of w,y,j and k follows from Claim 6.4.
The set E as defined in the statement of the Proposition is K(Fy U uEs;). By
Claim 6.5, the fact that an element of GL2(R) factors uniquely as the product of
an element of K times an element of T, and T =TT UuT T, we have that
(i) Ep*NEq =0 foral p,qge Pp+#q,
(i) GL2(R) = U,ep Ep~"
This completes the proof that (F, P) forms a tiling system for the orbit O, where
F={xy:beFE}. O

2,2)

1,1)

\

1,0) 2,0)

/

FI1GURE 1. Tiles of the form Fjp sharing a boundary point with E

In Figure 1, the trapezoid with vertices (1,0),(2,0),(1,1) and (2,2) in w — y
space is F defined in the proof of Proposition 6.3.
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Let Bp={peP:p-FNF#0}={pe€ P:Ep 'NE #0}. Then {p-F :p € Py}
consists of F' and the shifts of F' by elements of P that are contiguous to F. Figure
1 shows that 11 matrices from P; are needed to move E; to all adjacent positions
(counting the identity matrix). Once the o dimension is added one needs to factor
in three intervals of a (1/2 < a < 1,1 < a < 2 and 2 < a < 4) for each of the
tiles in Figure 1 to get 33 members of P, in total. Forming E = K(Es UuFE>) and
its adjacent pieces does not add to Fy. For future use, we list Py in the following
lemma.

Lemma 6.6. Let
I ={(0,0),(0,-1),(0,1),(1,0),(1,1),(-1,-4),(-1,-3),(-1,-2),(-1,-1),(-1,0),(-1,1)}.

2l+k 2l+kj
Then Po—{( 0 2l_k ) ZlE{—l,O,l},(kJ,j)EF}-

Let D=U{p-F:p € Py}. Let D° denote the interior of D. This compact set
D has a somewhat irregular boundary but F' C D°. Let

Mzcard{peP:Doﬂp-DO;é(Z)}. (21)
It is clear that M < oo.

by b2

Lemma 6.7. For each b =
b3 ba

1< <4,

) € My(R),x» € D implies |b;| < 88, for

Proof. If xp € D, then

by by \ [ cosf —sind ow oy 2-l=k  _o=ltk;

bs by /] \ sinf cosd 0 Zdow™! 0 Q- itk ’
with the ranges of a, y, w, 7, k, and [ given in Proposition 6.3 and Lemma 6.6. Thus,
for example,

|bo| = | cos 827 F (—jaw+ay) Fsin 27 Faw ™t < 2171 (4.2.242.2)+ 2112 = 88,
A similar estimate applies to |bs| while |b1| and |b3| are in fact bounded by 16. O
Let R = {Xb b= ( 21 22 ) ,|bil <88,1<i< 4}. Then the Lebesgue vol-

3 by
ume of R in A is |R| = 176%. Let L%(R) = {¢ € L2(A) : 1z¢ = ¢}, where 1 is
the characteristic function of R. That is, L?(R) is the closed subspace of L?(A)

consisting of all the elements supported on R. We can construct an orthonormal

basis of L2(R) by letting A = { \ = A t M\ € =%=7,1<i<4}% and, for
DDV 176

each A € A, defining
0 if ye A\ R

ex(x) = { IRI=Y2y(\)  if x € R.

It is straightforward to show that {e) : A € A} is an orthonormal basis of L?(R).
That is, for any n € L?(A) such that (x) = 0 almost everywhere on A\ R,

> = 3" [exm? = Inll3 (23)

AEA AEA

(22)

/g RI™Y2x (A0 dx
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The concept of a discrete frame was introduced in [7] and provides the appro-
priate setting for the discretization of the 4D CWT.

Definition 6.8. A discrete frame in a Hilbert space H, with frame bounds 0 <
C1 < Cy < 00, is a subset F of H such that, for all n € H,

Crllnll* < Y1 &F < Callnl*,
EeF

Note that the pair (P, F) forms a frame generator in the sense of [2]. As a result,
Theorem 3 of [2] yields the following.

Proposition 6.9. Let g € L?(A) satisfy 1r < g < 1p. Then {p(A\,p)~tg: (\,p) €
A x P} is a discrete frame in L?(A) with frame bounds Cy = |R| and Co = |R|M.

Although M is quite large, so the frame bounds are far from tight, we note that
a discrete frame as in Proposition 6.9 can be extremely useful in characterizing
function spaces via the methods of [8]. In this regard, observe that there exist
Schwartz class functions g satisfying the hypothesis of Proposition 6.9.
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