COMPACT OPEN SETS IN DUAL SPACES AND
PROJECTIONS IN GROUP ALGEBRAS OF [FC]” GROUPS
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ABSTRACT. The structure of a compact open set in the dual of an [FC]™
group G, a locally compact group with relatively compact conjugacy classes,
is given in terms of certain subsets which arise somewhat naturally. The
support in the dual of a projection in L!(G) is a compact open set. There-
fore, knowledge of the structure of such sets helps in identifying and con-
structing projections. We describe explicitly the compact open sets and
construct projections for some illustrative examples.

INTRODUCTION

In the theory of harmonic analysis on a nonabelian compact group G, pro-
jections (selfadjoint idempotents) in L!'(G) play an essential role and are con-
structed as appropriate coefficient functions of irreducible representations. In
[5], an explicit construction of nontrivial projections in L'(G.g), where Gag is
the group of affine transformations of R, was given. In [8], and [13], techniques
were developed by which projections could be explicitly constructed in L'(G)
for special classes of noncompact locally compact G.

The key to identitying candidate groups for the existence of nontrivial pro-
jections is that the support, in the dual space G of G, of a projection in L}(G)
must be a compact open set in G. Open points in G were studied in 2], [18]
and [19] where connections were made to projections in L'(G) and C*(G), the
group C*-algebra. Projections in C*-algebras of nilpotent groups were studied
in [12] by exploiting knowledge of the possible compact open subsets of their
duals. In [8] and [13], particular semidirect product groups were designed so
that nontrivial compact open subsets of the dual exist.

For f € L'(G), the identities which make it a projection (f x f* = f = f*)
are sufficiently strong to suggest reconstruction formulas akin to the continu-
ous wavelet transform. In [16], two-dimensional continuous wavelet transforms
arising from irreducible representations of H x R, where H is the three dimen-
sional Heisenberg group and R acts on H by automorphic dilations, were pre-
sented. This was based on techniques for constructing projections in L!(H xR)
developed in [13]. See [17] for a recent survey which includes a discussion of the
interplay between compact open sets in @, projections in L'(G), and wavelet
transforms.

Key words: Locally compact group; relatively compact conjugacy class; dual space;
compact open set; group algebra; projection.
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The main purpose of this paper is to expand the class of groups G for which
the structure of compact open sets in G is known. The problem of identifying
the compact open sets in the dual of an [FC|™ group is largely answered here.
Recall that a (discrete) group G is an FC-group if every conjugacy class in G
is finite. In analogy, a locally compact group G is said to be an [FC]™ group if
each conjugacy class in GG has a compact closure. This class of groups, which
of course includes all locally compact groups with relatively compact commu-
tator subgroup, has been thoroughly investigated in [9]. After collecting the
necessary technical preliminaries in Section 1, the main results are stated and
proven in Section 2. In Section 3 we comment on minimal compact open sub-
sets of G and determine all the compact open subsets for a class of illustrative
examples. In the final section, constructions are given for projections in L'(G)
for some examples of [FC]™ groups G.

1. PRELIMINARIES

Let G be a locally compact group. The term representation of G ~will mean a
weakly continuous unitary representation. The dual space of G is GG, the set of
equivalence classes of irreducible representations of GG. For any representation
p of GG, the same symbol will be used for the associated x-representations
of L'(G) and C*(G). Then ker p denotes its kernel in C*(G). An ideal in
C*(@) is called primitive if it is the kernel of an irreducible representation and
Prim(C*(G)) denotes the space of such ideals. It is endowed with the hull-
kernel topology. The map p — kerp is used to pull this topology back to G.
Both [4] and [7] are good general references for these topics.

If H is a closed subgroup of G and 7 is a representation of G, then 7|y
denotes the restriction of m to H. If o is a representation of H, then indfl o
denotes the representation of G induced from o (see [7]). If 7 is a representation
of G and S is some set of representations, then 7@ S ={r®p:p € S}.

Let L and H be locally compact groups and G = L x H. If o, respectively
p, is a representation of L, resp. H, on the Hilbert space H,, resp. H,, then
(0 x p)(l,h) = o(l) @ p(h), for (I,h) € G, defines a representation of G on

~

H, ® H,. If m € G and if L is a Type I group, then there exist o € L and

p € H such that m = o x p (see [4], 13.1.8).

If S and T are sets of unitary representations of GG, then S is weakly con-
tained in 7' (S < T) if Nyeskero O Nyerkerr, and S and T are weakly
equivalent (S ~ T) if S < T and T' < S. For a representation m of G, the
support of 7 is the closed subset suppm = {p € G - p < m} of G. Let N
be a closed normal subgroup of G. The action of G on representations of N
(in particular on N) is written as (z,7) — x - 7, where z - 7(n) = 7(2 " 'nz)
for x € G and n € N, and G(7) and G, will denote the G-orbit under this
action and the stability group of 7, respectively. Representations of G/N will
frequently be viewed as representations of GG, by composing with the quotient

homomorphism G — G/N. In particular, in this manner the dual space CT/]\V
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of G/N will be regarded as a closed subset of G. IfKis a compact normal
subgroup of G and 7 is a representation of G, let

Grr=1{p€G:plx ~7lx}.

Since K is discrete, supp(7|x) is open. Thus G k.« 1s an open subset of G by
continuity of restriction [6].

Let G be an [FC]™ group. Then it is known (see [9]) that (i) the set G°
of compact elements, that is, elements x of G such that the closed subgroup
generated by z is compact, form a closed normal subgroup of G; (ii) G/G° is
abelian and (G/G)¢ = {G“}; (iii) each compact subset of G is contained in a
compact, conjugation invariant set; and (iv) if G is compactly generated, then
G* is compact. Moreover, Prim(C*(G)) is a Hausdorff space (see [15] and [11]).
It is worth mentioning that, conversely, if G is a connected locally compact
group and G is a Hausdorff space then G is an extension of a vector group by
a compact connected group [1].

Example 1.1. A motivating family of examples is formed as follows. Let A
be any abelian locally compact group and let its dual group Aacton T x A
by x - (z,a) = (x(a)z,a), for (z,a) € Tx Aand y € A. Let G = (T x A) x A.
Elements of G are written as (z,a, x) with group product

(2’1,G1,X1)(22,a27>(2) = (Xl(a2)2122,a1a2,X1X2)-

If A =R, then G is isomorphic to the reduced Heisenberg group obtained by
taking the three dimensional Heisenberg group modulo a nontrivial discrete
central subgroup. Note also that, by Pontryagin duality, there is complete
symmetry in the roles of A and A In particular, (T x A) x Ais isomorphic
to (T x g) x A. The commutator subgroup of G is T. Thus, G is an [FC]~

group.
Since T is a compact normal subgroup of G, T C G¢ and

G°JT = (G/T)° = A° x (A)°.

Thus, G¢ = {(z,a,x) : z € T,a € A% x € (/Al)c} It is known that (/T)C =
A/Ap, where Ay is the connected component of the identity in A (see Theorem
(24.17) of [10]).

2. COMPACT OPEN SETS IN GG

To a certain extent, sets of the form G &~ are the building blocks of arbitrary

compact open sets in G when G is an [FC]~ group. This is formulated precisely
in two theorems.

Theorem 2.1. Let G be an [FC|~ group and S a compact open subset of G.
Then S is closed in G and there exist a compact normal subgroup K of G which
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1s open in G° and finitely many elements my, ..., T, ofé such that
S=JCkn,
j=1

Let K and N be closed normal subgroups of an [FC|™ group G such that K
is compact, K C N and N/K is connected and contained in the centre of

G/K. Then, as we shall see in Lemma 2.4, the G-orbit closures m, T E N,
are minimal closed G-invariant subsets of N. We can therefore define an
equivalence relation ~ on N by setting w; ~ ws if and only if G (w1) = G(ws).
Let N /G denote the quotlent space and equip it with the quotient topology
Moreover, for each p € G, the support supp(p|y) equals G( ) for some 7 € N

(Lemma 2.5) and hence can be regarded as an element of N/G.

Theorem 2.2. Let G be an [FC]™ group and let K be a compact normal
subgroup of G such that K is open in G°. Then, for m € G the set GK,T 8
compact if and only if there exist closed subgroups N and M of G with the
following properties:

(i) K C M C N, N is open in G, N/K is a vector group and contained in
the centre of G/K, and M/K is discrete.

(ii) There exists a homeomorphism between M/K and the subset of N/G

consisting of all elements supp(p|n), p € GK,W'

Proof. (Of Theorem 2.1) We observe first that S is closed in G. To see this,
consider the mapping k : G — Prim(C*(G)) defined by k(o) = ker o, and recall
that G carries the weak topology with respect to k. Hence S = k=1 (k(9)) as
S is open. Moreover, k(S) is compact and hence closed in Prim(C*(G)) since
Prim(C*(@G)) is a Hausdorff space [11]. Consequently, S = k~1(k(S)) is closed
in G. -

Notice next that if 7 € S, then T®@ G/G¢ C S. In fact, since G/G€ is abelian
and compact-free, G//a is connected and hence so is ™ ® 5/@ Since S is
open and closed in @, the statement follows.

Let K denote the collection of all compact normal subgroups of G which are
open in G° Since every compact subset of GG is contained in a G-invariant
compact set and since a compact set consisting of compact elements generates
a compact subgroup, it follows that G¢ = | J{K : K € K}.

We claim that given o € S, there exists K € K such that G ko © 5. Towards
a contradiction, assume that for each K € IC there exists ox € G such that
0k|k ~ 0|k, but nevertheless ox € S. Then, by the above, (ox ®5/-@) nsS =
() for each K € K. Now

o ® 5/@ ~ ox ®ind%, 1ge = ind. (ox

GC)7

so that, since S is open in G,

supp (indge (ox|ge)) NS =0
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for each K € K. On the other hand, since any compact subset of G¢ is
contained in K, for some K € K,

Co(G°) C | J{C*(K) : K e K}
Thus, |J{C*(K) : K € K} is dense in C*(G®). Since o|x ~ ok|x for every
K € I, it follows that
olge < {ok|ge : K € K}.
This in turn implies, by continuity of inducing and since GG/G¢ is amenable,
o < ind%. (o|ge) < {indS.(ox|e) : K € K}.

Now, for each K € K, ind$.(ok
open, we conclude that o € G \S.

Thls contradiction shows that given any o € S there exists K € K such
that G ko C 5. Since the sets GKU are open in G and S is compact, we find
K, ....K,,e Kand oy,...,0,, € G such that S = U 1GK o

Let now K denote the subgroup generated by (J;", K;. Then K is compact
and open in G¢ and each K; has finite index in K. Let K, be any one of the
K; and 0 = 0;. There exist finitely many 7, ..., 7. € G such that

o) is weakly contained in G\ S. Since S is

indgo(crh(o) ~ {ind%(ﬁh(), . ,ind%(nh()}.

For any 7 € G, we then have 7|k, ~ 0|k, if and only if 7|k ~ 7i|x for some
ie{l,...r,}. Thus

-
GKOJ = U GK,Ti'
i=1

Since S = ", G K,.0:, it follows that there exist finitely many my,...m, € G
such that S = |J;_; Gk,. This finishes the proof of Theorem 2.1. O

The proof of Theorem 2.2 is much more involved and requires a number of
preliminary results.

Lemma 2.3. Let N be an open normal subgroup of the locally compact group
G and let T € N such that {T} is open in N. Then the set

S, ={reG:mly AN\G(1)}
15 open and compact in G.
Proof. Since {7} is open in N, there exists f € L'(N) such that o(f) = 0 for

alo € N, o # 1, and 7(f) # 0. Let g denote the trivial extension of f to all

of G. If € G is such that 7|y < N\ G(7), then since G(7) is open in N,
7(g) = w|n(f) = 0. On the other hand, if 7 € S, then G(7) N supp(7w|n) # 0

and hence 7 € supp(m|y) since supp(m|y) is G-invariant. As {7} is open in N,
7 < m|y and therefore ||7(g)|| = |7\~ (f)]| = ||7(f)|]- So

S, ={m e G |m(9) = 7N},
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which is a compact set. Clearly, S, is open in G since G(7) is open in N , and
hence the set of all 7 € G such that 7|y < N\ G(7) is closed in G. O

The proof of the following lemma is inspired by and similar to the proof of
Lemma 3 of [11].

Lemma 2.4. Let K and N be closed normal subgroups of the locally compact
group G such that K is compact, K C N and N/K is connected and contained

in the centre of G/K. Given T € N there exist o € K and a closed subgroup
M of G such that K C M C N and

G()—T@N/M and G(7) UaG
acA
where A denotes a representative system for the left cosets of G, in G. More-
over, the sets a - G,(T) are pairwise disjoint and open in G(7), and G(T) is a
minimal closed G-invariant set.

Proof. Since K is compact and N/K is connected, each o € Kis N -invariant,
and the sets Nk, = {m € N : w|x ~ o}, 0 € K, are open and closed in N

and cover N. Moreover, since N/K is an abelian connected group, it is the
direct product of a vector group and a compact group. So N is an extension
of a compact group by a vector group and as such is type I (see [14], proof of

Theorem 3.7). Theorem 2 of [11] now implies that N Ko =7 ® N/K, for each
e ]v Ko-

Since K is discrete and N /K is connected, N-orbits in K are simply single-
tons. Thus 7| ~ 0 € K for some o € K. If x,a € G, then

ZE-TEJ/\\TK@.U — (a7'2) -T|]g~0 <= x€aG,.

) = Ugeaa - G,(7) and hence, since the sets ]/\7;(7,1.0 are open and

mzu(mnﬁK,a_g):Ua.G

acA a€A

Now, let I' = {vy € ]V/?( :7®7 =7}. Then I' is a closed subgroup of ]V/?(

If x € G,, then x -7 =7 ® 7, for some ~, € ]V/?( For each x € GG,, fix such
a Y. Then, for x,y € G,, since N/K is contained in the centre of G/K and

Thus G(7
closed in N,

hence every v € N/K is G-invariant,
TRV =z) T=y- (- 7T)=y- (TOV) =y - TOV =T VyVs

This shows that v,7.7,, ~1 ¢ T". Thus the set UxeGU%F is a subgroup of ]V/?( .

S0 A = Ugeg, V.l is a closed subgroup of N / K and therefore A = W for
some closed subgroup M of G with K C M C N. Since G, ( )I'= G,(7) and

7® A is closed in N, it follows that G, (1) =7 ® A = T®N/M
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Finally, to show that G(7) is a minimal closed G-invariant set, let p € G(7).
Then p = a-(T®x) = a-T®x for some a € Aand x € W Since a™'-plg ~ o,
Golat-p)=a' p® W and this implies that 7 = a™! - p @Y € G,(p),
whence G(7) C G(p). O

Lemma 2.5. Let G, N and K be as in Lemma 2.4. Let m € GandT €N
such that w|y ~ G(1), and for T let o, M and A be as in Lemma 2.4. For

each § € MK, choose vs € N/K with ~s|pr = 0. Then the map

5= G (ro i) - o Golr

ac€A

is a bijection between M/\K and the collection of all sets supp(p|y), where
P € GK,T("

Proof. Let § € M/\K and choose any p € supp(ind$ (7 ® 75)). Then
plx < ind§ (7 @ 75) |k ~ G(7]x) ~ G(o) ~ 7k
and hence p € G K.x oimilarly,
plv < G(T @ 75) = G(T) ® 7

and therefore, since G(7) is a minimal closed G-invariant set,

supp(p|n) = G(17) @ 75 = G(7 @ 7, N/M).
If 61,09 € W are such that
G <T®751m> =G <T®’752W> ,

then, for some a € G and 1, € W/l, a-T=TQ® 75175_21771. This implies that

a € G, and hence there exists 1y € W such that T =7® 75175_21771772. This
shows that

Y =57, mn2 € T € N/M,

where ' is as in the proof of Lemma 2.4. It follows that
0185 " = (3,75, )ar = 7w = 1,

so that 9; = d,. It remains to show that given p € G K., there exists 6 € M /K
such that

supp(p|n) = G (T ® %N//M) -
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There exists w € N such that w|x ~ ¢ and p|y ~ G(w). Then w = 7 ® n for
some 7 € N/K and
supp(ply) = Gw)=G(r)®@n=1nN/M

= T Vyu (77;\]1\477) N/M

= T Ylu N/M
since (777_‘]1\477)|M = 1y O

Recall that the quotient space as N /G of N defined by the equivalence

relation wy ~ wy if and only if G(wy) = G(wg) for wy,wy € N, is equipped with
the quotient topology.

LemmaA2.6. Retai@ the assumptions and notation of Lemmas 2.4 and 2.5.
Let m € G and 7 € N such that w|n ~ G(7), and let

Q= {supp(p|n) : p € Gx} € N/G.

Then the map § — G(T ® fygm) of Lemma 2.5 is a homeomorphism from
M/K onto Q.

Proof. Let (d4)a be a net in W converging to some § € M/\K and put
Yo = 75, and v = 5. Then ind}; 6, — ind}; d, and since v < ind}; §, there

exist 1, € N/M such that v,1m, — v in N/K. This implies 7 ® 4o — T ® 7
in N and therefore G(7 ® Y41.) — G(T7 ® ) in Q.
Conversely, suppose that

Glr @ ¥N/M) — G(r®yN/M).

Then, since Nk, is open in N,

GU(T®%W) = G(T@%W)OJ\A/KJ
= G(

T®’}/W> HNK,T
= G, <T®’ym).

Since G,(7) =7 ® W , restricting representations to M gives
{7l ® ba} = Go(7|ir @ 6a) = Go(T|m @ §) = {7|ar @ 6}

Since M/K is a closed subgroup of a vector group, M/K = D x R¢, where
d € Ny and D is discrete. Let L be the pullback of D x Z¢ in G. It suffices
to show that (d,), contains a subnet which converges pointwise on L/K to
d|r/k- Indeed, because characters of vector groups are linear, it then follows
that the subnet converges to ¢ uniformly on compact subsets of M /K.
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Now, since L / K is compact after passmg to a subnet if necessary, we can
assume that d,|, — 1 in L/K for some 7 € L/K Then

T|L®5|L:h£n(7—|L®5a|L) =T7|L®n

and therefore 7|, = 7|, ® (8|, - n~'). Since ]VLJ =T7Q® ﬁ/\L, it follows that

7 =7 ®uw for some w € N/K extending d|;, -n~!. Sow € T' C W and
consequently, as L C M, 6|, = n = lim,(d4|z). This completes the proof. [

Corollary 2.7. If @K,,T is compact, then M/K 1is discrete.

Proof. 1t follows from continuity of restricting representations that the map
p — supp(p|y) from Gk, onto @, is continuous. Thus @, is compact, and

hence so is W by Lemma 2.6. Consequently, M /K is discrete. O

Lemma 2.8. Let G be an [FC|~ group and let K and N be normal subgroups
of G such that K is compact, N is open, K C N and N/K is contained in the

centre of G/K. Let m € G and o € N be such that 7|y ~ G(c). Then @K,,, is
compact if either Nk , or the subset

S = {supp(pln) : p € Grcn}
of N/G is compact.

Proof. Let s denote the map 7 — G(7) from N onto N/G Let 7 € NKU

and choose p € G such that p|y ~ G(r). Since G(7) is a minimal closed
G-invariant set, p can be taken to be any element of supp(ind% 7). Then

ple ~ G(1|x) ~ G(o|k) ~ G(o)|x ~ 7|k,

and hence p € G rxn and s(7) € S. Conversely, if p € G K., then since N/K is
contained in the centre of G/K, there exists x € N/K such that

piv ~ 7y @ x ~G(o) @ x = G(o® ).

Since 0 ® x € ]/\7;(70, it follows that supp(p|y) € s(]/\\fK,,,). Thus we have seen
that s maps N K, continuously onto S, and therefore compactness of N Ko
implies that S is compact.

It remains to show that if S is compact, then G K. 1S compact. Since N
is locally compact and s : N> N /G is continuous and open, there exists a
relatively compact open subset U of N such that U N supp(p|n) # 0 for each
pE GK7r As U is compact, we find f € L*(N) such that [|w(f)|| > & > 0 for
all w € U and hence ||p|x(f)|| > & for each p € @KJ. Since N is open in G, we
can view f as an element of L'(G), and we then have ||p(f)|| = |lpI~n(f)|| > 6

forall p € G K, Thus G K,x 1s contained in a compact set and hence is compact
since it is closed. [
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In some of the preceding lemmas we have consigered irreducible representa-
tions 7 of G such that 7|y ~ G(7) for some 7 € N. Such 7 always exist when
the normal subgroup N is second countable (see Lemma 1 of [11]). In passing
we mention that the same is true in our context even though N need not be
second countable.

Lemma 2.9. Let K and N be normal subgroups of G such that K is compact,
K C N, N is open in G and N/K 1s connected and second countable. Then,

given 7 € G, there exists T € N such that 7|y ~ G(7).

Proof. Choose o € supp(7|x) and note that G, 2 N since N/K is connected
and K is discrete. There exists p e G such that m ~ 1ndG p. Let C' denote
the kernel of o in K. Then C is normal in G, and N/C is second countable
since both K/C and N/K are second countable. As p|x ~ o, p can be viewed
as an irreducible representation of G,/C. Then there exists 7 € N / CCN
such that p|y ~ G,(7). Using that N is open in G and realizing ind_p in the
Hilbert space (*(G /Gy, H,), it is now straightforward to verify that

(S p) I ~ {z - (plx) : = € G}.
This shows that |y ~ G(p|n) ~ G(7), as required. O

After all this preparation, a proof can be given to Theorem 2.2.

Proof. (Of Theorem 2.2) Note first that G/K is a Lie group. In fact, G°/K
is discrete and G/G¢ is a compact-free abelian group, hence also a Lie group.
We now define a normal subgroup N of G by

N={xeG:zK € (G/K)y}.

Then N is open in G. Observe next that N/K is compact-free because, since
N/K is connected and G°/K is discrete,

(N/K) = (G/K)* N N/K = G°/K N N/K = {K}.

Being a compact-free connected [FC|~ group, N/K is a vector group (see [9]).
Moreover, for each x € G, the set [xK, N/K] consisting of all commutators
ryr~ly71K, y € N, is connected and contained in the discrete group G¢/K
because G/G° is abelian. Consequently, N/K is contained in the centre of
G/K.

Now suppose that G K, 1s compact. By Lemma 2.9 there exists 7 € N such
that 7|y ~ G(7). By Lemma 2.4 there exist o € K and a closed subgroup M
of G such that the properties of Lemma 2.4 hold. Thus, by Lemma 2.6 and
Corollary 2.7, conditions (i) and (ii) of Theorem 2.2 are satisfied.

Conversely, let 7 € G and let N and M be closed subgroups of G such that
(i) and (ii) are satisfied. Then the collection of sets supp(p|n), p € @Km is

compact and hence so is Gk . by Lemma 2.8. O
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3. MINIMAL COMPACT OPEN SETS AND EXAMPLE 1.1

In this section we briefly comment on when a subset G K,x of G is a minimal
compact open set and then discuss groups as described in Example 1.1.

Proposition 3.1. Let G be an [FC|™ group and 7 € G. Let K be a compact
normal subgroup of G such that K is open in G°. Suppose that Gk » is compact.

Then GK7r 1s a minimal compact open set if and only if m satisfies 7 Ge ™~

ind% (7|x). In particular, GK7T is a minimal compact open subset of G if

GC_

Proof. Suppose first that ind$ (7|x) is not weakly contained in 7|ge. Let £
denote the collection of all compact normal subgroups of GG containing K. Then
there exists C' € £ such that ind% (7| ) is not weakly contained in 7|¢ because
otherwise, since every compact subset of G¢ is contained in some L € L,

7| >~ indf((ﬂK) ~ indgc(ﬂ|K)|L

for each L € £ and hence ind$ (7|g) < 7|ge. Choose o € C with 7|¢ ~ G(0).

Since C is discrete, G() is a proper subset of the support of ind$ (7|x) and

Gc7r is a proper open and closed subset of GK7r = supp(ind% (7| x)).
Conversely, suppose that 1ndG (7)) < m|ge and let C’Eeiny nonempty

compact open suk subset of G k.- Then, for each ch p € C,pG / G° is connected

and C’ﬂ(,o@G/GC) is open and closed in p®G/GC Thus ,0®G/GC C C. Since
C' is closed in G G k= \ C is also open and compact in G k.~ and therefore we
can assume that 7 € C'. Then, since 7|ge > ind$ (7|x) and G is amenable,

C ~ |Jr®G/G ~ {indZ(plc) : p € C}
peC
> indS.(r

Ge) = indZe (ind¥ (m|x))

~ ind$(n|x) ~ Gr.r.
Thif shows that C = G K, and hence G K~ s a minimal compact open subset
of G. 0J
Corollary 3.2. Suppose that G¢ is contained in the centre ofG and that GK7r

1s compact. Then GK7r s a minimal compact open subset ofG (if and) only if
K =G°.

Proof. We have 7|ge ~ 7 for some 7 € G¢ and therefore
Tlge ~ ind% (7|g) ~ ind$ (r|g) ~ 7 (?_/7(,
which implies that K = G°. [

Example 3.3. This example illustrates some of the complexity which can
exist in general. For each j € N, let F} be a finite group of order |F;| > 2, and

let G = H n I be their restricted direct product. Then G is discrete, so G
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is compact, and G° = G. Let ™ € @ and for each n € N, let K,, = H"

and H H]>n+1
for some > o € K and 7, € H Hence 7|k, is a multlple of o, and G d Grpm =

F;. Then K, is Type I since it is finite. Thus m = o, X 7,

{on} X H Notice that 0,11 = T X Wy, for some w,, € Fn+1 and |Fn+1| > 2.
Thus, Gk e & Gk, = lfpe G and p ¢ {r}, then there exists n such that
plk, » T|k,. Therefore, (), oy Gx,» = {7} which is not open in G.

If now K is an arbitrary finite normal subgroup of GG, then K C K, for some
n, So (/J\Kwr C @Kﬂr. Thus, Theorem 2.1 and the above shows that CA}K,W does

not contain any minimal closed and open subset.

A characterization of when sets of the form G K, are compact can be made
more explicit in a form which is easily checked in the case of the kinds of groups
described in Example 1.1.

Theorem 3.4. Let A be a compactly generated locally compact abelian group
and let G = (T x A) x A. Let m € G and let K be a compact normal subgroup
of G which is open in G°.

(i) If w|r # 11, then the set @K,ﬂ is compact.

(i) If w|p ~ 1, then @K,W is compact if and only if A is finite.

Proof. (i) By the structure theorem for compactly generated locally compact
abelian groups (see [10], Theorem (9.8)), A = R" x Z™ x B, where B is

compact and n,m € Ny. We identify R, R, Z™ T™ = Zm and B, B with the
corresponding subgroups of G/T.
Since K is open in G, K O T and hence

K/T C G¢/T = (G/T)° = A° x A/Ay = B x T™ x B,

Moreover, K/T contains T™ as well as a subgroup of finite index in B. Also
note that if K is a subgroup of finite index in a normal subgroup C of G,
then as shown in the proof of Theorem 2.1, G K, 1s a finite union of sets GC P>
pE G. Therefore we can assume that

K/T=BxT"xF,

where F' is a finite subgroup of B. By hypothesis, there exists ¢ € Z, q # 0,
such that 7(z) = 27 for all z € T. Now, for any group H, let H, denote the
subgroup of H consisting of all elements h with h? = e. Thus T, is the kernel
of m|p. Let

L={geG:[9,G]CT,}={g9€G:gyg 'y " €T, for all y € G}

, that is, L/T, is the centre of G/T,. Since T is contained in the centre of G
and G/T is abelian, there exists a character A of L such that 7 ~ ind% X\ ([3],
Lemma 3.1). It is now straightforward to verify that

L={g9=(z,a,x) € G: x(d)xX'(a) € T, for all a’ € A and \’ € E}
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To describe L more explicitly, let g = (z,a,x) € Land a = (z,y,t),z € R",y €
Z™ and t € B. Taking for a’ the identity of A, it follows that x’(¢qx) = x/(z)? =
1 for all X' € R" and hence x = 0. Similarly, we get x'(qy) = x'(y)? = 1 for
all ¥ € Z™, whence y = 0, and x'(t?) = 1 for all y’ € B, which implies
t € B,. Thus we have seen that a € B,. Furthermore, with x’ = 14, we
have X(qa) x(a)? =1 for all «’ € R and hence x|gn = 1g». Consequently,

X € Zm % | B =T"x B and then arguments as above show that actually
x € T X B Summing up, we have
L/T C B, x T x B,,

the converse inclusion being obvious.

Define a normal subgroup N of G by N D K and N/K = R" x R". Then
N is open in G and N/K is a vector group. We determine the set
S = {supp(p|y) : p € @KW}
Since m ~ ind¥ A and G/K is abelian, an element p of G belongs to G K if
and only if there exists y € N/K such that
plv ~ X @ TN ~ X ® indgmNO"LﬂN) = ind]LVm\/(X|Lmv ® AlLan)-
Now, by definition of N and the description of L,

(LAN)/T=L/TAN/T = (Bq X T x §q> N (R" x@z),
which is the trivial subgroup of G/T. So LN N = T and therefore
pln ~ indy (x|r @ Alr) = indy (Alr)

for each p € éK,,T. This shows that S is a singleton, {supp(indY (\|1))}, and

hence Gk . is compact by Lemma 2.8. The hypotheses of Theorem 2.2 are
now satisfied When takmg M =K.

(i) f 7 € G/'JI‘ then Ggr =7 ® G/K and since
G/K =R"x Z™ x R" x B/F,

compactness of G K. 1S equivalent to n = m = 0 and finiteness of B , which
means that A is finite. O

4. EXAMPLES OF PROJECTIONS IN L}(G)

If f is a nonzero projection in C*(G), then associated with f is the nonempty
compact open set

S(f)={r e G:x(f) #0}
of G, the support of f (see [4], (3.3.2), (3.3.7)). If G is abelian, then f —
S(f) is a bijective correspondence between nonzero projections in C*(G) and

nonempty compact open subsets of the dual group G. For nonabelian G, the
map f — S(f) will no longer be one-to-one. Also, even for 2-step solvable
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discrete groups GG, a compact open subset of G need not be the support set of
some projection (see [12], Example 2 and Proposition).

The partial ordering on the set of projections in L'(G) is given by g < f if
g = g * f (and hence also g = f % g). Thus a nonzero projection f is said to
be minimal if ¢ < f implies g =0 or g = f.

Proposition 4.1. Let G be an [FC|™ group such that G¢ is open in G and let

S be a compact open subset of G. Then there exists a projection f in L'(G)
such that S(f) = S. The conclusion in particular holds if G/G¢ is totally
disconnected.

Proof. Note first that if G/G¢ is totally disconnected, then G/G* is discrete
since G/G° is compact-free. Therefore, it suffices to prove the first statement
of the lemma.

By Theorem 2.1, there exists a compact normal subgroup K of G which is
open in G°, and hence open in G, such that S is a union of finitely many sets
of the form GK,T, 7 € G. We fix m and show there is a projection f € LYG)
with S(f) = GKJr. Choose o € K such that T|x > o and a unit vector £ in
the space of 0. Let d, denote the dimension of o and put f(z) = d,(o(x)¢, &)
for € K and f(z) =0 for z € G\ K. Then f* = f and the orthogonality
relations for irreducible representations of compact groups show that f is an
idempotent. In fact, (f * f)(z) = f(z) =0 for z € G\ K and, for z € K,

f* D) = & /K (o ()6, E) oy e, E)dy
. /K (o (y)E.o(z eV E Eydy

— & e
= (o) 6) = [(2).

Using the orthogonality relations again, it is easily verified that the projection
f has the property that S(f) = Gk . Finally, let S = U}_ Gk, let f; be
as above associated with Gg;, 1 < j < n and put f = Z?Zl fj- Then,
for any 7 € G, n(f) = 0 whenever 7 ¢ S and Z(f) =7(fy) if 7 € Ggpp-
Thus S(f) = S and w(f * f) = w(f) for all 7 € G, which implies that f is a

projection. Il

Example 4.2. Consider the reduced Heisenberg group H = {(z,t,x) : z €
T,t,z € R} with the product (z1,t1, 1) (22, to, T2) = (€2 2% 2129 11 + to, 11 +
x9). This is a special case of Example 1.1 Then H® = Tx {0} x{0} and H/H® =
R% Projections in L'(H) were constructed in [12] using the orthogonality
relations for integrable representations of unimodular groups from [4].

The next example is a closed subgroup of H from Example 4.2 where there
are no longer open points in the dual, so the integrable representation technique
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of [12] no longer applies. Nevertheless, there are still compact open sets in the
dual and a modification of the construction gives projections in L'(G).

Example 4.3. Let G be the semidirect product G = (T x R) x Z, where Z
acts on T x R by

((z,t),n) = n-(z,t) = (¥™"z,t), 2zcT,tcR,ncZ

We identify T with T x {0} x {0}, the centre of G, T xR with N = T xR x {0}
and Z with {1} x {0} x Z. Form € Z =T and t € R = R let Xm.t be the
character of T x R given by (2, ) = 2™e*™!. Then the action of Z on N
is given by n - Xmt = Xmttnm, 50 that G(xm:) = {m} x {t + nm : n € Z}.
Since the orbits in N are closed and cﬁs\crete, G is type 1. For m € Z, put
Gm = {7 € G : 7y ~m}. Then Gy = G/T = Z x R = T x R does not contain
any nonempty compact open subset. However, for m # 0, @m is a minimal
compact open subset of G. In fact, since the stability group of x,,; equals N
and G(Xms) = {m} x (t + Zm), the map t — ind$ x,. is a continuous map
from, [0, m] onto @m, so that G, is compact and connected.

We fix m € Z, m # 0, and employ the concept of a projection generating
function, as introduced in [8] and used in [8] and [13], to construct a projection

f € LY(G) such that S(f) = G Let U = {m} x R C N and let 7y denote
the unitary representation of G on L2(U) C L2(N) defined by

mo(a,n)é(x) = x(a)é(n-x), €€ L(U),
for a € N,n € Z and x € U. Moreover, for £ € L?(U), define a function f¢ on
G by L
fé(a’ n) = <€7 7TU(a? n)@ = (5” : f)v(a)a

for (a,n) € G. By Theorem 1.2 of [13], f¢ is a projection with S(fe) = Gom
provided that £ is a projection generating function associated with U, that is,
a measurable function on N with the following properties:

(i) &(x )—OforallxeN\U

(ii) For all n € Z, £n - € = h,, for some h, € L'(N);

(iil) fe € LN G);

(iv) ez lé(n-x)|?> =1 for every £ € U.

Here is an example of such a projection generating function &. Let ¢ €
C>®(R) be such that suppe C [-m/2,3m/2], ¢ > 0 and ¢(t) > 4, for all
t € [0,m], where § > 0 is fixed. For ¢t € R, let

—1/2
= [Z gp(t+nm)2] .

Then 5 € C*(R), 5(t) > ¢ and B(t +m) = [(t), for all t € R. Thus, ¢/F is a

Schwartz function on R satisfying

(1) D /Bt +nm) =1,

nez
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for all £ € R. Let w be a Schwartz function on R such that @ = ¢/g.

Define € on N by E(xmt) = @(t)/B(t) and £(xme) = 0 if & # m. Define
g:TxR— Chbyg(z,s) =2""w(s). Then £ =7.

Property (i) above holds by the definition of £ and (1) implies property
(iv). For each n € Z, let 1,9(z,t) = g((—n) - (2,t)) = g(e *™"2,t). Then
g * (Th9)* € L'(N) and (g * (1,9)*)"= én - €, for each n € Z. Thus property
(ii) holds. Observe next that, for each t € R, g(xx+) = 0 for k # m and

(9% (709)* ) (Xm) = En - E(Xmy) = W(E)W(¢ + nm) =0,

for |n| > 2. So g * (1,9)* = 0 for all |n| > 2. Now with fe(a,n) = (En-&)Y(a)
for a € N and n € Z. Then

L@l = 3 [ [ lete.sonazis

ne”Z

_ Z//Ifn (2, 5)| deds
_ Z//|g* 729)) (2, 5)| dzds

nez
= Z lg * (7a9)" [l < llglh Z I7aglls < o0,
n=-—1 n=—1

which proves (iii).
Thus, f¢ is a projection in L'(G) with supp f¢ = G,

Remark 4.4. The reasoning of Proposition 3.2 of [13] shows that the prOJectlon
fe constructed in Example 4.3 is minimal. For each x € N let m, = ind§ x.
Then {m, : x € N } is a faithful family of representations on L'(G). Suppose
f € LYG) is a projection such that 0 # f < fe. Thus, supp f C supp fe.
But supp fe = @m, which is connected. So supp f = supp fe. Then, as in
Proposition 3.2 of [13], m,(fe) is a rank one projection for each x of the form
Xm.ts but m(fe) = 0 if y is not of this form. This implies 7, (f) = m,(f¢), for
all x € N. Thus f = fe. That is, f¢ is minimal.

5. CONCLUDING REMARKS

Theorems 2.1 and 2.2 provide a complete characterization of the compact
open sets in G for any [FC]™ group G. The characterization is made very
explicit in Theorem 3.4 for groups of the form G = (T x A) x ﬁ, where A is
compactly generated and abelian. In some particular examples, projections in
Ll(G) are constructed with support a given compact open set. However, the
following questions remain.

Question 1. Is every compact open set in G the support set of a projection in
LY(G) if G is an [FC|™ group? In [12], it is shown that, for G = Z x Z, with
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the nontrivial action of Zs, there are compact open subsets of G which are not
the support sets of projections. However, each nonempty compact open set
contains the support set of some nonzero projection. Note that Z x Zs is not
an [FC]™ group.

Question 2. Is it true that, for any locally compact group G, if S is a nonempty

compact open subset of G, then there exists a nonzero projection f in L'(G)
with S(f) C S7
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