Solutions to Assignment 7

1227 — 52 + 2 \/ 122" — 52 +2 -
W, lim o 2T [y 2 2T t Law 11
mi"éo\/1+4x2+3z3 emoo 1 + 42 + 329 [Lamit Law 11]

. 12—5/2* +2/2° .. 3
= \/mll"éo 1/z® +4/z +3 [divide by 7]

lim (12 —5/2" +2/2%)
= \ - [Limit Law 5]

lim (1/z% +4/x + 3)

T—o0

lim 12— lim (5/2%) + lim (2/2%)
=,| == —_ —_ Limit Laws 1 and 2
\ lim (1/2%) 4+ lim (4/x) 4+ lim 3 ]

12—5 lim (1/2%) +2 lim (1/2%)
= o == imit Laws 7 and 3
| Em (1/2%) +4 lim (1/2) +3 [Limit Laws 7 and 3]

0T 1(0) 73 [Theorem 5 of Section 2_5]

=\/¥=\/Z=2

_ \/12 —5(0) +2(0)

. . —vz2 + 2z . x? — (::J':2 + 2;:':)
Bl o+ VETE) = im o+ VEFE) [TVmE | - i T

i —2x
= lim

Note: In dividing numerator and denominator by z, we used the fact that for = < 0, z = —/z2.

—2 —2
———= lim = =-—1
g——o0 g —x? 4+ 2x e——= 14142/ 14++/1+2(0)

10

1+2z* 1 ; 1 1
1+ 2% +4I — +1 ___]LH; (F + 1) lim — 4 lim 1
42, lim = lim L = lim = — _ Eoeo X T— 0o
z—oo £2 — gt T—00 3;'2 — 3;'4 z—oo 1 . 1 1 1 1
——1 lim | ——1 lim — — lim 1
xrd x z—oo \ 12 Z—oo I T— oo
0+1 . .
= % = —1, soy = —1 is a horizontal asymptote.
14zt 14 2* 14zt . ; ]
y=£(=) ?—azt 21—z =2(1+=)(1—=x) ¢ B
zero when x = 0, —1, and 1, but the numerator 15 nonzero, sox = 0, x = —1, and
. R -3 " "
x = 1 are verfical asymptotes. Notice that as x — 0, the numerator and h—\

denominator are both positive, so lirrh f(z) = oco. The graph confirms our work.
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Solutions to Assignment 7

4. f(z) = cos 2z, [7/8,77/8]. f,being the composite of the cosine function and the polynomial 2z, is continuous and
differentiable on R, so it is contimuous on [ /8. 7 /8] and differentiable on (7/8, T7/8). Also, f(2) = 3 /2 = F(Z).
file)=0 & —2sin2c=0 & sin2¢e=0 & 2c=mn < ec=Zn Ifn=1, thenc= Z whichis inthe open

imnterval (7 /8, 77 /8), so ¢ = I satisfies the conclusion of Rolle’s Theorem.

f(7)—f1) 2-5_ 1 :
8. 1 == = 2-T]1&VE].]JESOfCW]]1L‘h

satisfy f'(c) = —1 seem to be aboutc = 1.1, 2.8, 4.6,

and 5.8
14. f(z) = 12, [1.4]. f is continuous on [1, 4] and differentiable on (1,4). f‘(c}zw
&xr — &
9 2_ 1
_ 3 3 2z _ - _ _ . e i
CrF—4c1 © (e+2)?*=18 & c=-2+3v2 —2+3V2~22Uisin(1,4)

24, If 3 < f'(x) < 5 for all x, then by the Mean Value Theorem, f(8) — f(2) = f'(¢) - (8 — 2) for some cin [2, 8].
(f is differentiable for all =, so, in particular, f is differentiable on (2, 8) and continuous on [2, §]. Thus, the hypotheses of the
Mean Value Theorem are satisfied.) Since f(8) — f(2) = 6f'(c) and 3 < f'(c) < 5, it follows that
6-3<6f(c)<6-5 = 18 < f(8) — £(2) < 30.
10. (@) f(z) =42 + 32> — 6z +1 = f(z)=122" 462z —6=6(22"+ 2 —1) = 6(2x — 1)(x + 1). Thus,
fllx)>0 & z<—lorz>landf(z) <0 & —1<z< 1 Sofisincreasingon(—co,—1)and (1. 00) and
f 1s decreasmg on (—1, %)
(b) f changes from increasing to decreasing at = = —1 and from decreasing to increasing at » = 3. Thus, f(—1) =61isa
local maximum value and f(3) = —% 1s a local minmum value.
© f'(z)=24x+6=64z+1). f'(z)>0 < z>—-landf’(z)<0 & =z < —1 Thus, fisconcave upward

on (—2%, o) and concave downward on (—oo, —1). There is an inflection point at (—3, f(—2)) = (-1, &)
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2 @) flz) =2*(@2—1F = f2)=2*-3z—-1) +(x—1) 4" =2°(z—1)* Bz + 4(z — 1)] = 2% (= — 1)*(Tz —4)
The critical numbers are 0, 1, and .
M) f'(z) =32z —1)*(Te —4) + 27 - 2(z — 1)(Tz —4) + 2% (= — 1)% . T
= 2% (z — 1) [3(z — 1)(Tz — 4) + 22(Tz — 4) + Tx(z — 1)]
Now f”(0) = £”(1) = 0, so the Second Derivative Test gives no information forz = Oor z = 1.
3 =GFVE-1P+0+7(3)(3 -] = (3) (=) (@)(=3) > 0, so there is a local minimum at = = 3.
(c) f' is positive on (—oo, 0), negative on (0, £), positive on (£, 1), and positive on (1, co). So f has a local maximum at

x = 0, a local mininum at = = £, and no local maximum or mininum at = = 1.

em

50. = has domain R
f(=) 14 e~ >
. . e”/e” : 1 1 i
® Jim, (o) = Jim L 37 = B g = gy~ L0y LEeEA
lim f(z)= lm li m=ﬁ%=0,soy=ﬂisaHANoVA_
o— — o r—— o =S
®) F(z) = (1+i1}j— :}2 et (1: = = 0 for all . Thus, f is increasing on R.
=4 =5
(c) There is no local maximum or minimmm. (e)
@ £1(e) = LEEVE = 2 o)

[(1+e=)]?
_ e”(1+ e™)[(1 + %) — 2¢7] _ (1 —e”)
(1+e=)* (1+e=)®

f'(z) >0 & 1—¢">0 & z<0,s0 fisCUon (—oc,0)and CD on (0, cc).

There is an inflection pomt at (0, %}
2. (a) lim [£(x)p(x)] 1s an indeterminate form of type 0 - oo.
(b) When = is near a, p(x) is large and h(x) is near 1, so h(z)p(x) is large. Thus, lim [R(z)p(z)] = oo

(c) When x is near a, p(x) and g(x) are both large, so p(x)q(=x) is large. Thus, :'1:12}; [p(z)gq(z)] = oo

o o . sindx g . deosdx  4(1) 4
10. Thus lunat has the form 5. lim, = = limy S = 507 — &

18. This limit has the form E lim

z—oo T z—oo 1 z—oc lnx
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