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An example

Example (Central Delannoy numbers D(r, r))
@ D(r,r) : # of paths from (0,0) to (r, r) using steps (1,0), (0,1), (1,1).
® D(r,r) = o (£)°2%.
@ Asymptotic expansion: As r — oo,
(3+2V2) 8-3v2 113-72V2
""" Trom )
24/(3v2 — 4)7r

D(r,r) ~

e First few coefficients equal to an element of Z[+/2] divided by a power of
2.

@ Factored over Q(+/2): only prime dividing denominators of first few is
V2Z[V2].

@ Pattern continues: only prime of Q(+/2) dividing denominators is

V2Z[V/2].
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The weighted Delannoy numbers

@ o,8,7eC, r,seNp.
@ Paths (0,0) to (r, s) using steps:

(1,0) with weight «, (0, 1) with weight 5, (1,1) with weight ~.
@ Weight of path = product of weights of steps in path.

@ Weighted Delannoy numbers u, s = total of weights of paths to (r, s).

@ Recurrence relation: u,o = a" (r =2 0), ups = 5° (s = 0),

Ury1,s41 = Qlr g1 + BUriq,s + YU s (r,s=0).

@ Formula:

Urs = Zr] (;) <i) o K3 (af + 7)"

k=0
@ a=p=y=1,r=sgives D(r,r).
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Denominators of algebraic numbers

@ K a number field
@ Ok its ring of integers

@ /€ K*. We have
5Ok = Hpva)
P

p a nonzero prime ideal of Ok, v,,(d) € Z all but finitely many equal to
zero.

@ Prime divisors of é: p for which v;,(6) > 0

@ Denominator of 4: product of p~*»(%) over primes p for which v, () < 0.
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Results (1 of 2)

® d=1+ LR, U, =a'f T, (50

@ Asr — oo:
e d>0:
r r(1 + \/a)2r+1 = e
r,r ~ — | 1 -
Ur~ap YN +/z s p
e d<0:
2r+1 0 . 2r41 o
e~ o' LIV (4 +4\/8) ( +) %) rgrd =V <1 + ) “f)
2v/dy/rr o= 2V dv/wr =
@ Ly € Q(\/a)
@ d algebraic — only primes of Q(+/d) that can divide denominators of
e are prime divisors of 2 and v/d.

Rob Noble (Dalhousie University) Asymptotics of the weighted Delannoy numbers Jonfest 6/18



Results (2 of 2)

(]
Y= —9016,
(*]
r 2r
Urar = ar52r (_1)k(r)< >8k
2 ;é% k) \ k

There exist 1y, ne € Q for £ € N, the denominators of which are divisible only
by the primes 2 and 3 such that, as r — oo,

(—27a32)" 2 (—27a?)" o e
Urar ~ B2 2/3) 1 | | Z —24/3r A
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Existence of the asymptotic expansion (1 of 2)

@ Find the singularities of the generating function having least nonzero
modulus.

e The generating function satisfies parametric equations and we can
differentiate implicitly to find the singularities.

@ Expand the generating function about these singularities.

e A linear homogeneous ODE with polynomial coefficients satisfied by the
generating function can be used for this.

e An algebraic equation satisfied by the generating function can also be used
for this.

@ Transfer the asymptotic expansion of the generating function over to its
coefficient sequence by the transfer method of Flajolet and Sedgewick.
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Existence of the asymptotic expansion (2 of 2)

Proposition (Flajolet, Sedgewick)

¢1,. .., ¢y dominant singularities of the generating function F of the sequence
{ar}r. Under certain conditions if F admits an expansion of the form

Fz)~ Y gu(G-2" " (2= ¢),

k=k;
for all j then
n 0—1 Ki—0—r 0
Ciil” ¢ Hje
ar~2— 1+ Z =T (r — o)
j=1 r(9 - kl) t=k+1 r

where ;o € Q(, ), Cjk+1/Cik;, - - -, Ci e/ Cik;) for each j and €.
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Divisibility properties of the coefficients

@ veQ,qeN, F(x)=>7",fx"eC[x]
f~r¢zrm/q (r — o)

for some integer N and sequence {am}m=n < C

[e¢]
k/q—1 1
k;N P k 73 log(1 + x)#?+K/a=1 e xeC((x/9)).

Rob Noble (Dalhousie University) Asymptotics of the weighted Delannoy numbers Jonfest 10/18



Divisibility properties of the coefficients

® F(x)= Z(r)ozo frx",

X<P+N/q 1 X

Let K be a number field and 0 < ¢ < q.
@ by #0 = an,¢ # 0. Inthis case,
@ bgnie/be € K foralln = agkin+e/ante € K for all k, and
e only primes of K that can divide the denominator of agkin+¢/an+. are the
primes that divide the denominator of ¢ + N/q + ¢/q or n'bg.¢/be for some
0<n<k

Rob Noble (Dalhousie University) Asymptotics of the weighted Delannoy numbers Jonfest 11/18



Divisibility properties of the coefficients

FO) =220 h~r Y v (1= )

Corollary

Suppose:
@ K is a number field.
@ {bn}n is defined by

W(F(x)) = % (1 + Zb,,x)

where each b, € K.
Then:
@ axe K fork >0 and,
@ only primes that can divide their denominators are the primes dividing 2
or the denominator of some n!b,,.
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Divisibility properties of the coefficients

FO) =Sl f~r o Sn @ (=)

Corollary

Suppose:
@ K is a number field.
@ {cy}n and {d,}, are defined by

X_z/s 0
W(F () - (1 + 2 ox ) + b (1 3 dnx”> ,
n=1

where each c,,d, € K and b € C is nonzero.
Then:
@ ask, askr1/a1 € K for k > 0 and,
@ only primes that can divide their denominators are the primes dividing 3
or the denominator of some n!c,, or the denominator of some n!d,.
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Divisibility properties of the coefficients

@ F: generating function of

_ 2\4/8\/7?Ur,r
r- arﬁr(ﬂ + 1)2r+1 :

@ F satisfies the following ODE:
(1=Vd)2x2—2(1+d)x+(1+Vd)?) F' (x)+((1-Vd)2x—(1+d))F(x) = 0.
@ B(x) = V(F(x)) satisfies the ODE
(1 =VdP(x+1)2-2(1+d)(x + 1) + (1 + Vd)?)B'(x)
+((1 =Vd)?(x +1)— (1 +d))B(x) = 0.

@ Solving for B we obtain, for some constant C
C

\x(4vd - (vd - 1)2x)

B(x) =
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Divisibility properties of the coefficients

@ But
1 & ;
B(x)=m<1+rz1brx). (1)
@ Implies
23/d 1 (Vd — 1) )‘1/2
B(x) = - [1- @
X \/777\/4\/3—(\/8—1)2X W( 4/d X

@ Comparing the right-hand sides of (1) and (2) yields

by = <_1r/2> (=1)7o" = (r _r1 /2> 5" where §= (\/Z}Oj F

@ Implies only primes of Q(+/d) that can divide the denominators of
coefficients are the prime divisors of 2 and v/d.
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Divisibility properties of the coefficients

@ F: generating function of {f.}, given by

L 22/3F(2/3)u,,2,
r-= (—27)’0/52’

@ F satisfies ODE

(18x° — 36x® + 18x)F"(x) + (45x2 — 54x + 9)F'(x) + (9x — 5)F(x) = 0.

@ B(x):= W(F(x)) satisfies ODE

18x3(x + 1)B"(x) + 9x(5x + 4)B'(x) + (9x + 4)B(x) = 0.
@ Solve: for some constants Cy, Co:

124
_ —-2/3 _ el —1/3 Soel T
B(X) Cix o F4 ( P = X) + Cox o F; <6, 33 X>
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Divisibility properties of the coefficients

@ But

—2/3 —1/3
W(F()) = <1+2cnx> 22/§r e <1+2dnx>

for certain ¢, and d,

@ Implies
n 112 _ (=1)"(=1/6)a(1/3)n
e = [X"leFy <_6’3' 3’_X) - neB)y,
n 124 _ (=1)"(1/6)n(2/3)n
I = [X72F <6’3'3’X> T @k,
where (t), = t(t + 1)...(t + n— 1) denotes the rising Pochhammer

symbol.

@ Implies the only primes that can divide the denominators of the
coefficients are 2 and 3.
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Thank You.
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