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An example

Example (Central Delannoy numbers Dpr , rq)
Dpr , rq : # of paths from p0,0q to pr , rq using steps p1,0q, p0,1q, p1,1q.
Dpr , rq “

řr
k“0

`r
k

˘22k .
Asymptotic expansion: As r Ñ8,

Dpr , rq „
p3` 2

?
2qr

2
b

p3
?

2´ 4qπr

˜

1´
8´ 3

?
2

32r
`

113´ 72
?

2
1024r2 ` ...

¸

.

First few coefficients equal to an element of Zr
?

2s divided by a power of
2.
Factored over Qp

?
2q: only prime dividing denominators of first few is?

2Zr
?

2s.
Pattern continues: only prime of Qp

?
2q dividing denominators is?

2Zr
?

2s.
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The weighted Delannoy numbers

α, β, γ P C, r , s P N0.

Paths p0,0q to pr , sq using steps:

p1,0q with weight α, p0,1q with weight β, p1,1q with weight γ.

Weight of path “ product of weights of steps in path.

Weighted Delannoy numbers ur ,s “ total of weights of paths to pr , sq.

Recurrence relation: ur ,0 “ αr pr ě 0q, u0,s “ βs ps ě 0q,

ur`1,s`1 “ αur ,s`1 ` βur`1,s ` γur ,s pr , s ě 0q.

Formula:

ur ,s “

r
ÿ

k“0

ˆ

r
k

˙ˆ

s
k

˙

αr´kβs´k pαβ ` γqk

α “ β “ γ “ 1, r “ s gives Dpr , rq.
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Denominators of algebraic numbers

K a number field

OK its ring of integers

δ P K˚. We have
δOK “

ź

p

pvppδq

p a nonzero prime ideal of OK , vppδq P Z all but finitely many equal to
zero.

Prime divisors of δ: p for which vppδq ą 0

Denominator of δ: product of p´vppδq over primes p for which vppδq ă 0.
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Results (1 of 2)

d “ 1` γ
αβ P R, ur ,r “ αrβr řr

k“0

`r
k

˘2dk .

Proposition

As r Ñ8:
d ą 0:

ur,r „ αrβr p1`
?

dq2r`1

2 4
?

d
?
πr

˜

1`
8
ÿ

`“1

µ`

r `

¸

d ă 0:

ur,r „ αrβr p1`
?

dq2r`1

2 4
?

d
?
πr

˜

1`
8
ÿ

`“1

µ`

r `

¸

` αrβr p1´
?

dq2r`1

2 4
?

d
?
πr

˜

1`
8
ÿ

`“1

µ`

r `

¸

µ` P Qp
?

dq.
d algebraic ùñ only primes of Qp

?
dq that can divide denominators of

µ` are prime divisors of 2 and
?

d.
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Results (2 of 2)

γ “ ´9αβ,

ur ,2r “ αrβ2r
r
ÿ

k“0

p´1qk
ˆ

r
k

˙ˆ

2r
k

˙

8k .

Proposition

There exist µ`, η` P Q for ` P N, the denominators of which are divisible only
by the primes 2 and 3 such that, as r Ñ8,

ur ,2r „
p´27αβ2qr

22{3Γp2{3qr1{3

˜

1`
8
ÿ

`“1

µ`
r `

¸

`
p´27αβ2qr

24{3Γp1{3qr2{3

˜

1`
8
ÿ

`“1

η`
r `

¸

.
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Existence of the asymptotic expansion (1 of 2)

Find the singularities of the generating function having least nonzero
modulus.

The generating function satisfies parametric equations and we can
differentiate implicitly to find the singularities.

Expand the generating function about these singularities.

A linear homogeneous ODE with polynomial coefficients satisfied by the
generating function can be used for this.

An algebraic equation satisfied by the generating function can also be used
for this.

Transfer the asymptotic expansion of the generating function over to its
coefficient sequence by the transfer method of Flajolet and Sedgewick.
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Existence of the asymptotic expansion (2 of 2)

Proposition (Flajolet, Sedgewick)

ζ1, . . . , ζn: dominant singularities of the generating function F of the sequence
tarur . Under certain conditions if F admits an expansion of the form

F pzq „
ÿ

kěkj

cj,k pζj ´ zqk´θ pz Ñ ζjq,

for all j then

ar „

n
ÿ

j“1

cj,kj r
θ´1ζ

kj´θ´r
j

Γpθ ´ kjq

¨

˝1`
8
ÿ

`“kj`1

µj,`

r `

˛

‚ pr Ñ8q

where µj,` P Qpθ, ζj , cj,kj`1{cj,kj , . . . , cj,`{cj,kj q for each j and `.
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Divisibility properties of the coefficients

ϕ P Q, q P N, F pxq “
ř8

r“0 fr x r P Crrxss

fr „ r´ϕ
8
ÿ

m“N

am

rm{q pr Ñ8q

for some integer N and sequence tamuměN Ď C

ΨpF q “
8
ÿ

k“N

ak

Γpϕ` k{qq
logp1` xqϕ`k{q´1 P xϕCppx1{qqq.
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Divisibility properties of the coefficients

F pxq “
ř8

r“0 fr x r ,

fr „ r´ϕ
8
ÿ

m“N

am

rm{q pr Ñ8q

ΨpF pxqq “
xϕ`N{q´1

Γpϕ` N{qq

8
ÿ

n“0

bnxn{q

Proposition

Let K be a number field and 0 ď ` ă q.
b` ‰ 0 ùñ aN`` ‰ 0. In this case,

bqn``{b` P K for all n ùñ aqk`N``{aN`` P K for all k, and
only primes of K that can divide the denominator of aqk`N``{aN`` are the
primes that divide the denominator of ϕ` N{q ` `{q or n!bqn``{b` for some
0 ď n ď k.
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Divisibility properties of the coefficients

F pxq “
ř8

r“0 fr x r , fr „ r´ϕ
ř8

m“N
am

rm{q pr Ñ8q

Corollary

Suppose:
K is a number field.
tbnun is defined by

ΨpF pxqq “
1
?
πx

˜

1`
8
ÿ

n“1

bnxn

¸

,

where each bn P K .
Then:

ak P K for k ě 0 and,
only primes that can divide their denominators are the primes dividing 2
or the denominator of some n!bn.
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Divisibility properties of the coefficients

F pxq “
ř8

r“0 fr x r , fr „ r´ϕ
ř8

m“N
am

rm{q pr Ñ8q

Corollary

Suppose:
K is a number field.
tcnun and tdnun are defined by

ΨpF pxqq “
x´2{3

Γp1{3q

˜

1`
8
ÿ

n“1

cnxn

¸

` bx´1{3

˜

1`
8
ÿ

n“1

dnxn

¸

,

where each cn,dn P K and b P C is nonzero.
Then:

a3k ,a3k`1{a1 P K for k ě 0 and,
only primes that can divide their denominators are the primes dividing 3
or the denominator of some n!cn or the denominator of some n!dn.
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Divisibility properties of the coefficients
F : generating function of

fr :“
2 4
?

d
?
πur ,r

αrβr p
?

d ` 1q2r`1
.

F satisfies the following ODE:

pp1´
?

dq2x2´2p1`dqx`p1`
?

dq2qF 1pxq`pp1´
?

dq2x´p1`dqqF pxq “ 0.

Bpxq “ ΨpF pxqq satisfies the ODE

pp1´
?

dq2px ` 1q2 ´ 2p1` dqpx ` 1q ` p1`
?

dq2qB1pxq

`pp1´
?

dq2px ` 1q ´ p1` dqqBpxq “ 0.

Solving for B we obtain, for some constant C

Bpxq “
C

b

xp4
?

d ´ p
?

d ´ 1q2xq
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Divisibility properties of the coefficients

But

Bpxq “
1
?
πx

˜

1`
8
ÿ

r“1

br x r

¸

. (1)

Implies

Bpxq “
2 4
?

d
?
πx

b

4
?

d ´ p
?

d ´ 1q2x
“

1
?
πx

˜

1´
p
?

d ´ 1q2

4
?

d
x

¸´1{2

. (2)

Comparing the right-hand sides of (1) and (2) yields

br “

ˆ

´1{2
r

˙

p´1qrδr “

ˆ

r ´ 1{2
r

˙

δr where δ “
p
?

d ´ 1q2

4
?

d
.

Implies only primes of Qp
?

dq that can divide the denominators of
coefficients are the prime divisors of 2 and

?
d .
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Divisibility properties of the coefficients

F : generating function of tfrur given by

fr :“
22{3Γp2{3qur ,2r

p´27qrαrβ2r

F satisfies ODE

p18x3 ´ 36x2 ` 18xqF 2pxq ` p45x2 ´ 54x ` 9qF 1pxq ` p9x ´ 5qF pxq “ 0.

Bpxq :“ ΨpF pxqq satisfies ODE

18x2px ` 1qB2pxq ` 9xp5x ` 4qB1pxq ` p9x ` 4qBpxq “ 0.

Solve: for some constants C1, C2:

Bpxq “ C1x´2{3
2F1

ˆ

´
1
6
,

1
3

;
2
3

;´x
˙

` C2x´1{3
2F1

ˆ

1
6
,

2
3

;
4
3

;´x
˙
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Divisibility properties of the coefficients

But

ΨpF pxqq “
x´2{3

Γp1{3q

˜

1`
8
ÿ

n“1

cnxn

¸

`
x´1{3

22{3Γp1{3q

˜

1`
8
ÿ

n“1

dnxn

¸

for certain cn and dn

Implies

cn “ rxns2F1

ˆ

´
1
6
,

1
3

;
2
3

;´x
˙

“
p´1qnp´1{6qnp1{3qn

n!p2{3qn
,

dn “ rxns2F1

ˆ

1
6
,

2
3

;
4
3

;´x
˙

“
p´1qnp1{6qnp2{3qn

n!p4{3qn
,

where ptqn “ tpt ` 1q . . . pt ` n ´ 1q denotes the rising Pochhammer
symbol.

Implies the only primes that can divide the denominators of the
coefficients are 2 and 3.
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Thank You.
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