MATH 285, HONORSMULTIVARIABLE CALCULUS, FALL 1999
Answersto the Second Midterm

Problem 1 (8 points) Useatangentplaneapproximatiorto approximate0.99)3e°-%t.
Answer: Let f(z,y) = z3e¥. Thetangentplaneapproximatiorfor f nearapoint (g, ) is

f(z,y) = f(zo,y0) + fe(Zo,v0) Az + fy(wo,y0) Ay,

whereAz = z — 1y andAy = y — yo. We calculatef,(z,y) = 3z2e¥ and fy(z,y) = z?e¥. If wetake
(z0,0) = (1,0), we get:

£(0.99,0.01) £(1,0) + £4(1,0) - (—0.01) + £,(1,0) - 0.01
1—3-0.01+1-0.01

0.98.
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Problem 2 (8 points) Findtheaveragevalueof thefunction f(z) = fwl/Z sin(¢?) dt ontheinterval
[0, 2].

Answer: Theaveragevalueof f(z) ontheintenal [0, 2] is

t _

3 f02 fl@)dz = 3 f02 fé/Q sin(t?) dt dx A t=x/2
= % fol 0 t sin(t?) dz dt
= L[l sin(t22 dt
= [~ cos(tQ)]0

= ——%cosl. 2

=

N[

Problem 3 Supposef(z, y) is afunctionsuchthatV f = (2% — y, —z — y + 2).

(@) (5 points) Usethenullcline methodto sketchthevectorfield V f.
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(b) (5points) Determineall localmaxima,minima,andsaddlepointsof f. Doesf haveaglobal
maximumor minimum?

Answer: The critical pointsof f occurwhere f, = 0 and f, = 0. In the abose sketch, we
seethat this happensat (z,y) = (—2,4) and(z,y) = (1,1). We do the secondderiative test:
D = foofyy—fay = 2z-(—1)—(—1)® = 1—2z. Wefindthat D is negative at (z,y) = (1,1), making
(1,1) asaddlepoint. Also, D is positve at (z,y) = (—2,4), making(—2, 4) into alocal maximum
or minimum. Since f,z(—2,4) = —4 is negative, we find that f(—2,4) is alocal maximum. This
canalsobe seenby looking at the above sketchandusingthe factthatthe gradientalwayspointsin
thedirectionof greatestncrease.

f hasno globalmaximaor minima. If we keepy = 0 fixed,we find thatdf /dz = =2, thusf(z,0) =
z3/3 + C, thuslimg o f(z,0) = +oo andlimg o f(z,0) = —00.

Problem 4 (10 points) Franry says:“l know adifferentiablefunction f(z, y) suchthat
a 2,2 a 2,2
—_— = Y —_— = 7y
5. (%) = ze and ayf (z,y) =ye" V.

Zooey says:“And | know adifferentiablefunction g(z, y) suchthat

a 2,2 a 2,2
R = 7y R = 7y
axg(x’ y) = ye and 9 (z,y) = 2™ Y.

Oneof themis lying. Which one,andhow do you know?

Answer: Onewayto checkthisis by Clairauts Theorem.CheckingFranry’s function,we have

ggf(x, y) = 2V . 2yz?, and B_ax%

2,2
3y 95 flz,y) =ye™ ¥ - 2my”.

If Franry really hadsuchafunction f(z,y), thenby Clairauts Theoremthetwo expressionsvould have to
beequal,but they arenot. SoFranry is lying. Ontheotherhand,for Zoogy’s function,we get

0 0 0 0

a—y%g(w,y) = eV +yetV . 2ya?, and %a—yg(x,y) =¥V 4 eV . 292,

Thesefunctionsare indeedequal, which makes Zooegy’s claim plausible. You did not have to find the
functiong, but in caseyou're curious,hereis a possibledefinition:

Ty 9
g9(z,y) = / e’ dt.
0

Problem 5 Considerthefunction f whichis definedasfollows:

[ 1 ifz#0andy = 2?
f(z,y) = { 0 otherwise.

(a) (4 points) Is f differentiableat (0, 0)?

Answer: f is notcontinuousat (0, 0), becauséim,_,q f(z,z?%) = lim; .o 1 = 1, whereasf (0,0) =
0. Sincef is not continuousit is certainlynot differentiable.
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(b) (10 points) Prove thatfor every unit vectord, the directionalderivative D3 f (0, 0) exists.

Answer: Informally, thereasoris thatary fixedline throughtheorigin hasa smallstretchnear(0,0)
wheref is constantlyzero.

YA f(x,y) =0 here

More formally: Let i = (a,b) be ary fixed unit vector The directionalderivative D3 f(0,0) is
definedasthe limit

h—0 h h—0  h

We considertwo cases:Casel: a = 0. In this case,f(ha, hb) = f(0,hb) = 0 for all 4, thus,the
above limit existsandis equalto zero. Case2: a # 0. By definitionof f, we have f(ha,hb) = 1
only whenhb = (ha)? andha # 0, i.e, whenhb = h?a?, which happensnly ath = 5. Thus,
whenh is sufficiently small (namely when|h| < |E”g ), thenwe have f(ha, hb) = 0. It follows that
f(h(}zl,hb) _o.

limy, o

In eithercasethelimit exists.



