MATH 582, INTRODUCTION TO SET THEORY, WINTER 1999
Answersto Problem Set 9

Problem 1 Let .« bethesetof all chainsof a givenposet(P, <). Notice thatthe elementwf &7 arechainsin P,
but we canalsospeakof chainsin .« (in thesenseof Zorn’sLemma).To avoid confusionwe will speakof P-chains
C C P, andof &/-chains? C «.

To apply Zorn’s Lemma,we mustshav that .o is closedunderunionsof «/-chains.Solet ¥ C & bean «/-chain.
We claimthat| % € &, i.e.,that|J ¥ is a P-chain. Clearly, | J% C P, sowe mustshow thatfor all z,y € |J ¥,
eitherz < yory < z. Sincez,y € |J%, wemusthavez € C andy € D for someC,D € . Since¥ is an
&/-chain,eitherC' C D or D C C. Assumewithoutlossof generalitythatC' C D. Thenz,y € D. ButsinceD € &
isaP-chain,wehavex < y ory < z, asdesired.Thus,| J % is a P-chain,and« is closedunderunionsof .«7-chains.
It follows by Zorn’s Lemmathat.«” hasa maximalelementj.e., thereis amaximal P-chain.

Problem 2 Supposg P, <) is a posetsuchthatany P-chainhasanupperboundin P. By Probleml, thereexistsa
maximalchainC' C P. By assumption(' hasanupperboundz € P, i.e, thereis z € P suchthatfor ally € C,
y < x. We claimthatz is amaximalelementn P. For otherwisetherewould exist z € P suchthatz < z. Butthen
C U {z} would bea P-chainwhich strictly containsC, contradictingthe maximality of C.

Problem 3 Theoriginal hint givenwith this problemwaswrong. Theproblemis thatthe givenset
o ={R C A x A| Risawell-orderonsomesubsebf A}

is not closedunderunionsof chains,because union of a chainof well-ordersis not necessarilya well-order For
instancetheusualorder< ontheintegersz is theunionof achainof well-orderson subset®f Z, namelythe subsets
oftheform{x € Z | x > a} fora € Z.

Sowe needto modify the algumentsomavhat. Insteadof consideringheinclusionorderingon 7, we will consider
the morerestrictive orderingof “being aninitial piece”. We will thenusethe posetversionof Zorn’s Lemma(from
Problem?2).

For arelation R, recallthatthefield of R, fld R, wasdefinedto bedom R Uran R. Thus,ary R € & is awell-order
onfldR. If R,Q € &/, wesaythatR is aninitial pieceof @, in symbolsRk <;, @, if R C Q andforall z,y € A,

yQx andx € fld R impliesyRx. (1)

It is easilyseenthat <, is reflexive, anti-symmetricandtransitve, andthus <;, definesa partial orderon /. We
claim that every <;,-chainhasan upperboundin «/. Let ¥ be ary suchchain. Define R = |J%. Notice that
fidR = J{fldR | R € ¥} C A. WeclaimthatR is awell-orderonfld R, andthatit is anupperboundfor # with
respecto <;;.

Irr eflexivity: Considerz € fld R. Sinceary R € ¥ is irreflexive, we have —~z Rz, andhence—~zRz. Transitivity:
Considerz, y, z € fld R suchthatz Ry andyRz. ThenzRy for someR € ¥, andyQz for someQ € €. Since% is
a<;p-chain,eitherR C @ or Q C R; assumewithoutlossof generalitythat R C Q). ThenzQyQz, hencezQz by
transitiity of Q, andhencex Rz asdesired ConnectednesConsiderz, y € fld R. Thenz € fld R for someR € ¥,
andy € fld @ for some@ € ¥. As before,we canassumevithoutlossof generalitythat R C Q. Thenz,y € fid Q,
andhencerQy or z = y or yQx by connectednessf Q. Butsince@ C R, thisimplieszRy or z = y or y Rz.

Well-order: Considerary non-emptysubsetB C fld R. We claimthat B hasa leastelementwith respecto R. First,

sinceB is non-emptytheremustbe someR € ¥ suchthat B N fld R is non-empty SinceR is a well-order, there
existsa leastelementz, € B N fld R, with respecto R. We claim thatz, is aleastelementof B with respecto R.

Assumeto the contrarythattherewassomey € B with yRxzo. ThenyQz, for someQ € %. Sincewe cannothave
yRxz, (by leastnessf xy), it followsthatQ € R, andthus@ £;, R. Butsince® is achain,it mustthenbethe case
thatR <, Q. Butzg € fld R andyQxo, whichimpliesy Rz, by (1), contradictinghe leastnessf z9. Hence,y Rz

is impossibleandz, is leastin B with respecto R.

Thus, R is awell-order, andsinceR = |J¥ C A x A, it followsthat R € «/. Next, we shaw that R is an upper
boundfor ¥. Forary R € €, we mustshav R <;, R. First,sinceR = |J¥, it is clearthatR C R. To shaw (1),



considerary =,y € A suchthaty Rz andz € fld R. ThenyQz for someQ € ¥. Since¥ is achain,eitherR <;, Q

orQ <ip R. Inthefirst casey Rz by (1), appliedto R and@. In thesecondcase, C R, andthusalsoyRz. This
provesR <;p R.

We have shown thatary chainin (7, <;,) hasanupperbound.Now we canapplyZorn’s Lemmafor posetgProblem
2) to concludethat.e hasamaximalelementR with respecto <;,. We claimthatfld R = A. For supposetherwise.
Thenthereis somez € A suchthatz ¢ fld R. ConsiderR' = R U (fld R x {z}). It is easilyseenthatR' is a
well-orderandthatR <;, R', contradictinghe maximalityof R. Hencefld R = A, andthusR is awell-orderon A.
This provesthewell-orderingtheorem.

Problem 4

(a) Let o/ bethesetof corvex subset®f X. We claimthate is closedunderunionsof chains.Solet ¢’ beachain
of corvex subset®f X, andletY = |J ¥. We haveto show thatY’ is corvex. Sotakeu,v € Y. By definition
of Y,wehaveu € A andv € B for someA, B € ¥. Since% is achain,eitherA C Bor B C A. Letus
say withoutlossof generalitythat A C B. Thenu,v € B, andsinceB is cornvex, theline sggmentconnecting
u andv is containedn B. But B C Y, andthusthe line sgmentconnectingu andv is alsocontainedn Y.
Sinceu,v € Y werearbitrary thisshovsthatY = |J % is corvex. Thus,% is closedunderunionsof chains.It
follows by Zorn's Lemmathatthereis amaximalM € %, i.e.amaximalcorvex subseof X.

(b) Herearesomeexamplesof maximalcorvex subset®f thegivensetX. As you cansee,suchsetsarenotatall

unique.
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Problem 5 Beforewe provethis, let usobserethatarny non-emptyfinite chain{ By, .. ., B, } hasamaximalelement.
Thisis provedby inductiononn: In casen = 1, thisis clear For theinductionstep,assumehe claim holdsfor n and
considerg’ = {B,...,Bn+1}. By inductionhypothesis{ By, ..., B, } hasamaximalelementsay B;. Then,since

% is achain,eitherB,,.1 C B; or B; C B, 1. In thefirst case,B; is maximalin ¥, andin thesecondcase,B,,+1 IS
maximalin % .

Now onto Problemb. It sufficesto shaw that« is closedunderunionsof chains.Solet % C « beanarbitrarychain.
Let B = |J%. WeclaimthatB € «/. By assumptionit sufiicesto shav thatevery finite subsebf B is a member
of &. Solet F = {z1,...,z,} C B beanarbitrarysuchfinite subset.Sincez1,...,z, € ¥, theremustbesets
By,...,B, € ¥ suchthatz; € B; fori = 1...n. Since¥ is achain,theset{By,...,B,} C % is afinite chain,
andthusit hasa maximalelementB; by our abose obsenration. Thenz, ..., x, € B;, andthusF C B;. However,
B; € &/, andthusalso F' € o/, by assumptioron /. Since F' wasan arbitraryfinite subsetof B, it follows that
B € &/, andthus.#/ is closedunderunionsof chains.By Zorn'sLemma,& hasamaximalelement.



