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Answers to Problem Set 9

Problem 1 Let
�

be the setof all chainsof a givenposet �������	� . Notice that the elementsof
�

arechainsin � ,
but we canalsospeakof chainsin

�
(in thesenseof Zorn’sLemma).To avoid confusion,wewill speakof � -chains
�� � , andof

�
-chains
 ��� .

To applyZorn’s Lemma,we mustshow that
�

is closedunderunionsof
�

-chains.So let 
 ��� bean
�

-chain.
We claim that ��
�� � , i.e., that ��
 is a � -chain. Clearly, ��
 � � , sowe mustshow that for all ����������
 ,
either ����� or ����� . Since ��������� 
 , we musthave ��� 
 and ���"! for some


 �#!$�"
 . Since 
 is an�
-chain,either


�� ! or ! �"
 . Assumewithout lossof generalitythat

%� ! . Then �����&�'! . But since!(� �

is a � -chain,wehave �)��� or �*��� , asdesired.Thus, � 
 is a � -chain,and
�

is closedunderunionsof
�

-chains.
It followsby Zorn’sLemmathat

�
hasa maximalelement,i.e., thereis a maximal � -chain.

Problem 2 Suppose�������	� is a posetsuchthatany � -chainhasanupperboundin � . By Problem1, thereexistsa
maximalchain


(� � . By assumption,



hasan upperbound ���+� , i.e., thereis ���+� suchthat for all �,� 
 ,
�&��� . We claim that � is a maximalelementin � . For otherwise,therewouldexist -.�/� suchthat �10�- . But then
�213 -54 wouldbea � -chainwhich strictly contains



, contradictingthemaximalityof



.

Problem 3 Theoriginal hint givenwith thisproblemwaswrong.Theproblemis thatthegivenset

�7683:9���;�<';%=>9
is a well-orderon somesubsetof

; 4
is not closedunderunionsof chains,becausea union of a chainof well-ordersis not necessarilya well-order. For
instance,theusualorder 0 ontheintegers? is theunionof achainof well-ordersonsubsetsof ? , namelythesubsets
of theform

3 �/�/? = �)@�AB4 for A&�C? .

Sowe needto modify theargumentsomewhat. Insteadof consideringtheinclusionorderingon
�

, we will consider
themorerestrictive orderingof “being an initial piece”. We will thenusetheposetversionof Zorn’s Lemma(from
Problem2).

For a relation
9

, recall thatthefield of
9

, DBE 9 , wasdefinedto be EGFIH 9�2&JLKNMO9 . Thus,any
9 � � is a well-order

on DBE 9 . If
9 �#P�� � , wesaythat

9
is an initial pieceof P , in symbols

9 �RQTSUP , if
9%� P andfor all �����V� ; ,

�WPX� and �/�VDYE 9 implies � 9 ��Z (1)

It is easilyseenthat � Q[S is reflexive, anti-symmetric,andtransitive, andthus � Q[S definesa partial orderon
�

. We
claim that every � QTS -chainhasan upperboundin

�
. Let 
 be any suchchain. Define \9]6 � 
 . Notice that

DBE+\9^6 � 3 DBE 9_=`9 �a
V4 ��; . We claim that \9 is a well-orderon DBE�\9 , andthat it is anupperboundfor 
 with
respectto � QTS .
Irreflexivity: Consider����DBE+\9 . Sinceany

9 ��
 is irreflexive, we have bc� 9 � , andhencebc�*\9 � . Transitivity:
Consider�����d��-&�'DBE \9 suchthat � \9 � and � \9 - . Then � 9 � for some

9 �)
 , and �WPU- for somePe�)
 . Since 
 is
a � QTS -chain,either

9f� P or P �g9 ; assumewithout lossof generalitythat
9f� P . Then �dPX�WPU- , hence�YPU- by

transitivity of P , andhence� \9 - asdesired.Connectedness:Consider�����&�VDBE \9 . Then �)�VDBE 9 for some
9 �'
 ,

and �'�CDBERP for somePe�/
 . As before,we canassumewithout lossof generalitythat
9e� P . Then �����'�'DBERP ,

andhence�YPU� or � 6 � or �WPX� by connectednessof P . But since P � \9 , this implies �.\9 � or � 6 � or �h\9 � .
Well-order: Considerany non-emptysubseti � DYE�\9 . We claim that i hasa leastelementwith respectto \9 . First,
since i is non-empty, theremustbesome

9 ��
 suchthat i�j'DYE 9 is non-empty. Since
9

is a well-order, there
existsa leastelement�5kl��igjVDBE 9 , with respectto

9
. We claim that �5k is a leastelementof i with respectto \9 .

Assumeto thecontrarythat therewassome�)��i with �h\9 �5k . Then �WPX�Bk for someP_�a
 . Sincewe cannothave
� 9 �5k (by leastnessof �5k ), it follows that Pnm��9 , andthus Pnm�RQTS 9 . But since 
 is a chain,it mustthenbethecase
that
9 � Q[S P . But � k �CDBE 9 and �WPX� k , which implies � 9 � k by (1), contradictingtheleastnessof � k . Hence,�o\9 � k

is impossible,and � k is leastin i with respectto \9 .

Thus, \9 is a well-order, andsince \9n6 ��
 �^;e<�; , it follows that \9 � � . Next, we show that \9 is an upper
boundfor 
 . For any

9 �a
 , we mustshow
9 � QTS \9 . First, since \9�6 ��
 , it is clearthat

9f� \9 . To show (1),

1



considerany �����C� ; suchthat � \9 � and �)�CDBE 9 . Then �WPX� for someP^�/
 . Since 
 is a chain,either
9 � Q[S P

orp Pf� QTS 9 . In thefirst case,� 9 � by (1), appliedto
9

and P . In thesecondcase,P �g9 , andthusalso � 9 � . This
proves

9 �RQTS�\9 .

Wehaveshown thatany chainin � � ��� Q[S � hasanupperbound.Now wecanapplyZorn’sLemmafor posets(Problem
2) to concludethat

�
hasamaximalelement

9
with respectto �RQTS . Weclaimthat DBE 9g6�; . For supposeotherwise.

Thenthereis some �8� ; suchthat �em�"DYE 9 . Consider
9rqR6s982�t DBE 9f<�3 �u4>v . It is easilyseenthat

9Xq
is a

well-orderandthat
9 0RQ[S 9 q , contradictingthemaximalityof

9
. Hence,DYE 9g6�; , andthus

9
is awell-orderon

;
.

Thisprovesthewell-orderingtheorem.

Problem 4

(a) Let
�

bethesetof convex subsetsof w . Weclaimthat
�

is closedunderunionsof chains.Solet 
 beachain
of convex subsetsof w , andlet x 6 ��
 . We have to show that x is convex. Sotake yc��zC�1x . By definition
of x , we have y�� ; and z ��i for some

; ��i{��
 . Since 
 is a chain,either
;(� i or i �^; . Let us

say, without lossof generality,that
;�� i . Then y���z*�'i , andsince i is convex, theline segmentconnecting

y and z is containedin i . But i � x , andthusthe line segmentconnectingy and z is alsocontainedin x .
Sinceyc��z&�Cx werearbitrary, thisshows that x 6 � 
 is convex. Thus, 
 is closedunderunionsof chains.It
followsby Zorn’sLemmathatthereis a maximal |}�C
 , i.e. a maximalconvex subsetof w .

(b) Herearesomeexamplesof maximalconvex subsetsof thegivenset w . As you cansee,suchsetsarenot at all
unique.
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Problem 5 Beforeweprovethis,let usobservethatany non-emptyfinite chain
3 iX�:��Z�Z�Z���ir�Y4 hasamaximalelement.

This is provedby inductionon � : In case� 68� , this is clear. For theinductionstep,assumetheclaimholdsfor � and
consider
 683 iX����Z�Z�Z��#i��N�c�:4 . By inductionhypothesis,

3 iU����Z�Z�Z���ir�Y4 hasamaximalelement,say, i Q . Then,since

 is achain,either ir�N��� � i Q or i Q � i������ . In thefirst case,i Q is maximalin 
 , andin thesecondcase,ir�N��� is
maximalin 
 .

Now onto Problem5. It sufficesto show that
�

is closedunderunionsof chains.Solet 
 ��� beanarbitrarychain.
Let i 6 � 
 . We claim that i�� � . By assumption,it sufficesto show thatevery finite subsetof i is a member
of
�

. Solet � 6e3 �d����Z�Z�Z����Y�Y4 � i beanarbitrarysuchfinite subset.Since �d�N��Z�Z�Z����Y�1� � 
 , theremustbesets
i � ��Z�Z�Z���i � �,
 suchthat �BQO� irQ for � 6�� Z�Z�Z�� . Since 
 is a chain,theset

3 i � ��Z�Z�Z���i � 4 � 
 is a finite chain,
andthusit hasa maximalelementirQ by our aboveobservation. Then � � ��Z�Z�Z���� � �1irQ , andthus � � i�Q . However,
irQU� � , andthusalso ��� � , by assumptionon

�
. Since � wasan arbitraryfinite subsetof i , it follows that

i�� � , andthus
�

is closedunderunionsof chains.By Zorn’sLemma,
�

hasamaximalelement.
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