MATH 582, INTRODUCTION TO SET THEORY, WINTER 1999
Answersto the Second Midterm
Problem 1 Forthesale of acontradictionsupposehatD ¢ B, i.e, thesetA = D — B is non-empty By regularity,
thereexistsa € A suchthata N A = (. Thena € D, andfor all z € a, we havez € D (becauseD is transitive), but

x ¢ A (becausen N A = ). It followsthatx € B for all z € a, andthusa C B. By hypothesiswe havea € B,
contradictinga € A.

Problem 2

(a) Supposey is alimit of s, andtake anarbitrarye > 0. Sincegq is alimit of s, thereexistsk € w suchthatfor all
n >k, |sp, — q| < €/2. Butthen,for all m,n > k,
[$Sm = Sn| = |Sm —q+q—58n| < |sm—q| +|qd—5n] <€/2+€/2=¢.
This shavsthats is a Cauchysequenceasdesired.

(b) Therearemary suchexamples. For instance considerthe decimalexpansionof the irrational numbery/2 =
1.41421356.... Let

so=1, s;=14, s,=141, s3=1414, s, =1.4142,

andsoforth, i.e., let s,, bethedecimalexpansionof v/2 cutoff afterthenth digit. Thens is aCauchysequence
of rationalnumbershut it doesnot corvergeto arationalnumber

If you arelooking for amorepreciseway of statingthe definition of this sequenceyou may stateit asfollows:
let s, = m/10™, wherem is thelargestintegerthatis smallerthany/2 - 10™. Or: let s,, = m/10™, wherem is
thelargestintegersuchthatm? < 2 - 1027,

Problem 3 Yes,suchan F' mustexist, althoughit is not necessarilyinique.NoticethatW canhave elementghatare
neither0 nor a successorat suchelementsF' maybedefinedarbitrarily. More precisely:

(a) Let~(f,y) betheformula
“If fisafunctionwith domainseg S(t), for somet € W, theny = g(f(¢)). Otherwisey = a.”

Thenfor each f, thereexists a uniquey suchthaty(f,y). In particular v satisfiesthe hypothesisof the
TransfiniteRecursionTheoremSchemaThus,thereexistsa uniquefunction F' with domainW suchthat

’Y(F|segta F(t))

forall t € W. We have v(Flseg0,a), wWhich shows that F'(0) = a. Also, for ary t € W, we have
Y(F|seg (), 9(F(t))), andthus F(S(t)) = g(F(t)) asdesired.

(b) In general,F is not unique. The simplestcountergampleis givenby W = w -2, A = {0,1}, a = 0, and
g9(z) = z. Let F1, F5 : W — A begivenby

Fi(z) = 0, forallz € W,
0, if r <w,
Rz) = { 1, otherwise

Thenboth F; and F; satisfytherecursionconditions.

Problem 4 Leta # 0 beanordinal. We distinguishtwo cases:

Casel: a hasalargestelementz. Thenfor ally € «, y € z, thusy € z U {z} = 2t. Thisimpliesa C z*.
Corversely noticethatz € a and,becausex is transitve,z C a, hencert = z U {z} C a. Thusweharea = zt
is asuccessoordinal.

Case2: a doesnot have alargestelement.We know that| o C « becauser is atransitve set. Corversely take ary
x € a. Sincea hasno largestelementthereexistsy with z € y € a, andthusz € |J a. Thisshavsthata C | o,
andthusa = |J ais alimit ordinal.

To show that o cannotbe a successoprdinal anda limit ordinal at the sametime, obsere thatif « = 871, then
Ua =UB* =B # a by Theorem4E.



