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PLAN
O. Mibius invesion for categories

|. Answer question: given  X: /A — Set,
when is [ Limx| determined by (lXal),,?

(E.S. 2 I-Xuy Zl = (X +]2] - Iv] @Z

* IS s o fee G-set, IS/al=lsl/iz )

2. Euler characterishc of Categqovies



Let A e o Fnite calmgorw .
Defrs: o E(R) is the Q-alaebz {fundtions cbArdil
with mulbplication
(©-@)(o,c) = 29@,9 ®(b,c)
(6, pe E(A), a ceA), and Wroneckd™ O

as uwnt.
e < ER) s given by {60 = (AL

o /A has Mabius invesion i€ t7 exists;
we write /uzg"‘ (the Mibius funchion)

So Va,c}
2 3@Vplhe) = ) = 2piabglbe).

(Companre Content — Leraum - Leux)



EXMPie.S

e A= (1—2): = (L), u= (5T

‘A is o Rade monsd M: 4=lMl m= Vs

o Let Ty be lhe cat with
dojeds :  the HKaile ovdinals 1, --- N
maps 1 order- preserving maedwcms
b b—aL b
Trer b= (2), mew=ent=(2).

o Poset (Z*, I)'-

1 £ ale
(a,b) =
j /) O othewise,

chassiced Mabius
ﬂ(b/a) iF alb
O obherwise.

il = {



Properties
o A“Qj cat wthh Msbius inveion is skeletad ...

o ... but not evenyy skelefzl cot- has M. invemion

e There are formulas Fw-/u valid +fwr
several ddasses of skeletz) cats:

}A(a,b) = ; G ) i ){ohau‘ns a=a.<--- <a,,=-b§]

—cafz with no nen-bHivial idempetets

— oz with an epi-meno  fackrizodion svgéem



What is it S@Qd A
One oanswer: -j.‘-md;n& the representing Pavu«b
of o sum of representulbles .
Pmpn: 1€ A has Msbins inversion and
X% 2L A,y A —s Set
(FaeN)) +Hhen
(o = va'xb‘/ACb,a)
Preef: RHMS = 3 (glr:.gcc,w)ﬁcu,q)

= %r:: (Zb,gcc"b)/,.(b,c-.\)
= Zc_:rc J(C,Os)

'_"..I"Q_ O



\What 1S 3&@:&&- for?

R —

One ansSwer: Cou_rrlﬁn\s F‘tﬂo’eﬂts

E.9.: Lok
dn = no. of derongements ofF n letterz
Cpermu'b&iwxs with no Fxed poink ).

Fx NeMN and consider

S:D,\,“-—ﬁsat‘
N l_‘éSn

Then
S, £ 2, dm Dylm,n)

So

d, = %lsm|/afm,ﬂ)



. THE CARDINALITY OF A CoLMIT

Recall: we're t'lﬂ“f) t Senejabzq the
-Follmo‘\‘% = .

c y X2
\ e
3

then IXz"'x'X‘sI": Gl+ x| (X,



\:\leigh%-}?@gg
let A be o HRnile Ca,{-esov:j
Defn: A we35$r5 on A is a Fuckon
K':cbM— Q such that Yo, §3@,b§k~=1.

Eg: o (,/)Z

. . S - - 213
\)3) has a unique ue.shbrs. L'=-1, W=13=1.

e Monoid M has Unigye weiahéins: k= %Ml'

Properties :

e | A has Msabius inversion then it has o
unique Weighting, ‘Lc“=2b. /A(a,b).

A may have O, 1, or >l weighting .

e I A=B then /A has a weighting & [E does.



Componentwise  Hatness
A fpnckor X:/A—Set is componentwise Hat

i Elts(X) has Ehe following c:tasrd.M'Covaleﬁm

]
v

NS ]

[,gclu,i\!a.len‘t' o : e X iS a\SumoC“af-Fw\dm
e —&X preserves Putibaak.s. 1

=
A C/w Hatness means :
uat
) Xu & Xv are injective
v\)3
monsid M ackion is free
I#Q,Z Xu& Xv are injedsve;
im(Xu) 0 im(Xv)= &




Result
T hm: Suppose. that A is @%—stf&zi.‘a.
and adms a weighting «°. Lot X:/A— FaSet
be componentwise ot . Then
,f:«_r;\)(] = ;'anlxﬁ,. @

Peof: By a stondad Llomma, X is a Sum
of cpresentables. But the class of funckos
X sokishying &

. Gontains all represertables

. is dged wnder Sums. —

Eq: e Mo-va':irg we: get |X, 4 Xa | = G141 |-1X, |
o Simflo.rts, Seneral incluSion - exclusion  fvude.

¢ Free monsid ackar: | M| = Isl [iml.



Lek A be o Fnile cotmaomy

A Couﬁnsh{'.\t:rj on A is o wg'.sh{'irrs o Aqo.

Lemma: 1£ I is & weighbng and %, a cougighting on #
then S k%= Z'ka_ . O
a a

E.q.: IF A hes Mibius invesion,

o - o\ | U™
;M= ( ) ;

o - of | K%

ke, T, | UR)

Defn: A has Euler characterisbe G i€ admits

o ue;sh‘BrB ond o ca,aeislzrhns, Then
?(’(/A) — ;'&q: Z&“ e@

tor amy weighﬁfg k® and mwetgbd-i/g e, -



Examples
e [f A is discrete then A(A)= | Al
e IC A contains no non-trivial endos Haen

X (RA) = X (A)
where BA = |NA| s Aassifying space o A .

o | & is o circuit-free directed Sn‘fk t+hen
X(FG) = |G- 1&,)

whece FG is free cot on &

e (Rotz) ¥ /A is o poset then
X (R = Zﬂ " [ {chains o < --- <and] .
Similar Formulas cover othe classes of cat .

e |L M is aa maencid then (CM)E—’/,MI.

e For Srcupo‘ad&. agrees wHrh Baez-Txlon .



Properties

IF AZZZB then A(A)=X(E)

@- I ARB  then K(A) = X(R)

‘It A s oo O ora 1 then (A=

e XUAT) = X (K) |
s X (SA) =Xk, A (TTA) = TTXA:)

e Fibrabon formula:
it XeA—Ckt and k' is a weighting on A then
X (Elk (X)) = %','l(“a((xp.),



Further exam écpﬁ»eff?s

oloctr X:M—Set be an ocbon F a movend M
on o se& S, Write Ebk(X)=S/M. "Then
X (SH/M) = Isl /iml.

o Rota-s Hneav:j: have comm ScLuad‘e

{bnanaulakol monifslde} —— {Pogetg}
orget | Jx

{manifelds3 7 — Z

T his Ha-ecrr:j: have comm Square

{triangulsted orbifeldst <L P Ca.l-esoﬁes?

foget l 14(
f orbifslds X ) @

1
* et $7=¢ "= El= ($q-l/. )
\1

i . A —_—.
X(8") = X(D§(1) —x(s")
Soe (¥ N=1+(~). 2-(x™)



Conclusion
This is +he right Euler charadenstic v cafegeries

(at least, when deFncd).

Desire

Find a uni versed Pmpe—lb ol tie Euler
characterishe o Co&e.savies, & la Schanuel .



