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Motivation: understanding the [1, construc-
tion

e a more informative two dimensional version
of 'y, where 2-cells are equivalence classes
of diagrams, called fences, of the form:

//

e What is the equivalence relation for 2-cells
in > of a 2-category?

C f2

e [1> can be viewed as a composition of two
constructions which we will call Path and
Span



Overview

Review: Path and Path, for Categories

Path for Double Categories
— The Construction
— The Morphism =: A — Path A

Universal Properties and Oplax Double Cat-
egories

Paths for Double Categories
— The Construction
(With Equivalence Relation)
— The Morphism =4: A — Paths A

Universal Properties and Oplax Normal Dou-
ble Categories

The Equivalence Relation on N> A



Path for Categories

Cat: category of small categories
Gph: category of directed multi-graphs

F

Cat 1 Gph
U
e U is monadic, E-M algebras are small cate-

gories
e F' is comonadic, graphs are categories with
a costructure

Comonad: (FU,e, FnU) = (Path, E, D)
Coalgebras: categories with a comultiplica-
tion (coaction) ®: A — Path (A), factorizing

each arrow into ‘primes’.

These primes form the edges of a graph.

Gph ~ Catp,tn,



Note:

e Path: Cat — Cat is not a 2-functor.

e Any category has at most one coalgebra
structure on it.

o Kleisli category: category of small cate-
gories with ‘functors’ which don’t preserve
identities nor composition.



Path. for Categories

Cat: category of small categories
RGpPph: category of reflexive directed multi-

graphs
F
Cat 1  RGph
U
U is monadic, E-M algebras are small cate-
gories

F'is comonadic, a reflexive graph is a category
with a costructure

Path. differs from Path in treatment of iden-
tities.



Coalgebras: categories with a comultiplica-
tion (coaction) ®: A — Path(A), factorizing
each arrow into non-identity ‘primes’.

Rgph ~ Catp,tp, - (1)

Note:

e Path.: Cat — Cat is not a 2-functor.

e Any category has at most one coalgebra
structure on it.

e Kleisli category: small categories with ‘func-
tors’ which don't preserve composition.



Path for Double Categories

Let A be a double category. Then Path A is
defined as:

e same objects and vertical arrows as in A

e A horizontal arrow in Path A is a path

A0£>A1£>A2—>---—>Am_1f—m>z4m

e Double cells are triples (g, (v;), {ay)):
x an order preserving indexing function
¢:{0,1,...,m} - {0,1,...,n}
with ¢(0) = 0 and o(m) = n;

+ vertical arrows v;: A;—e—DB ;) ;
x double cells

Ai_1 Ji A;

vi—ll a; lUi
l l
B~y Pe)
(i)




A typical cell:

AOLAl f2 A2 f3

1?0/051 ’01$ O?/oé a3

Bo——g1—B1—g; ~B23
where

are cells in A.

Notation g3 = 949392

As
23
.
B3—;.— By,
As—I3 Aq
’02$ as %vs
B1g,g3554



Composition

e Horizontal composition of boths arrows and
cells is by concatenation.

e Vertical composition of arrows is as in A.

10



Vertical composition of

Ag a2 a5 g
’UO./ Q] vll @2 / a3 \3}3

I

94

By

IS

whoage” e
W voewW1 U1 e . uo Y3 W4-U3
Cl'o %1 Co Cl’?:
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where ~3 is the pasting of

As 13- A,
UQO/ a3 \.1)3

N\

Bl g2 B2 g3 B3 _94 B4

o 5 N g\ L,
|7 wz\”?’\t

Co—>h1 C1—— Iy Cop—— h3
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1, 1Lis the nal
ble one * and one
1.
° to
ordinals = 1,..., (a of m i
e Cells
*k *k
©
[n]
as
to ng fu
p:  — [n]
— 0 and = n.
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| com

® = + m],

® p)(i) =

For exam

*k b S b S *k *k b S
k b S b S k b S
* * * * *
b S b S *k *k b S

1L~ /
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of ble

[Grand F: A — B, mapping
Aq 1 Ffq
’Ulf o %’02 —> | Fa l
I3 Ff3
IS an ism if
o it the I re;
e fOr A of A, is a cell
FA——
e |
FA——
and for A A’ a cell
| |
FA I —

ng
15



ism =: A —

ism =: A — 1S ned as fol-
e it is the on and | ar-
e it takes a cell, or a I to
as a of of 1:
e fOr an Ain A, let &4 be the cell
1
A A A
A
e fOr a A A’ let be the
cell
/
A I'f
A
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| Tra

Let F,G: A = B be

t: F — G ns
o tO Ain A a I
tA: FA——GA;
o toO | fiA—
At
tAf tf %tA’
GA GF
ng fu lity
| di and rality

the | di

a cell

in the
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ble and

is the of ble
and | tra
IS no ng of
and any of the
of IS or
Is for a are
the | of the | tra
in . I.e., cells for which the

di | com are all
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Un ism

Let B) the of ble
fu A to B | tra
and B) the of
A to B | tra
For any ble A,
= A= A
IS the in the
com =,
== AB) — B)

IS an ism of
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on

incl
c_>
of the of ble
fu and | tra
of ble
ph and | tra
left nt
_>
unit =.
iIs the [
ind on
IS a
ble
We must as
to the di
and , use we
tra to make things

ble
into the

has a 2-

for the 2-
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on IS

an
is at one coa
bra re ©: A — A, na a
cal) left nt to E: A — A.
This also ins the coa

re for IS unique.
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ble

An ble has
tal and I and mu |S.
I a the
| 't. A mu | has do-
ns and ns as ill
A f
v% o {v’
BOW’Bl WBQ ____________________ WBn
an o« can be com n cells
9; Bz
! | .
¢ & ¢
- o o
to give a cell
A f
| |
| |
—(C11—— S _
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are mu IS
i
| o |
A—75
and the com IS
e A lax ble IS a u
in , T is the
e A lax ble in which all I
are 1S ida calls
a mu I
e A lax ble a single
iIs the same as a mu as ned
by Lei
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e A. Burroni (

o C.

o C.

mu

o J.

e J. Lam
o T. Lei

ida mu
ida, M. Ma

mu

J.

ns
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A of

F:A — B takes to of
the same and cells to cells ng do-
ns and ns, and ng |
com of and cells, and
For any ble A, IS an
ble A, ned as fol
o its and I are as in A:
e its mu IS
A f
’U% Qo %v’
BO a1 Bl 7 e gn, n
to ble cells
A f
v% o %v’

in A.
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com

Let A and B be ble

A ism of ble
A — B is the same as an
ism of ble A — B.
An ble
is of the A if and only if all

are ly ble.
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Is the ob-

are ble are
of - and IS are | trans-
IS a lly full and fa
_>
Path
is the of a
— which is a nt to the
incl —

27



° 1S com
IS

° ble

ture on which to ne

° Is the 2-di

e It is a of a
of an

not

IS

and

are the right

| analog of

ble

but

to be
re.
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the g

for any

for ble

An ism of
F: A — B is called

cell

FA——FA
e |
FA——FA

lly | ble.

the un

ble A.

ble
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Un lity of = ¢ us a unique ¢

So we must | i for
1
A 4. A

So the new ble cells are by
e Cells of the

BOWBlﬁ _________________________ 3.~ Bn
e Cells of the

A
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A r of the Equiva

ng this diagram

A f f
id
f
| : .
| ° ! A ! P
Bg—— s —— By
T T,
! Ao ! I} !
By——~--+——Bg— -
IS equiva to
T T
¢ “ | pA |

Bo .

<@



For any ble
=« A —
IS the un I

for any ble
= induces an

~Y

B)

iIs the
for the on

ism, i.e.,
B com ng
of
B).

on IS
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Let A be an

= A —

is the un I
for any ble
=« induces an

|11

B)

iIsm,
B, com
of

ble

i.e.,
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—k

iIsm A
I Ism
I ble
B)
but also
B) =
is the [
on
an
_>

IS

A is the un I
ble and
- which induces

B),

for the

on
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[1> of a

Let A be a is ned
as fol

o its are of A,

o its are of spans in A;

o its s are equiva of
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