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... to effectively regular naturally Mal’cev cats

projectives

abellan = exact

_I_
additive (0 )

— exact ( )

Barr: torsors — 6-term e.s.

QUSKIN: simplicial objs — .e..
Bourn: 1. n-groupoids — l.e.s.
Bourn

R . direction — l.e.s.
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. to effectively regular naturally Mal’cev cats

projectives > N0 projectives
abelian = exact —— effectively regular
_|_
additive ( 8 ) == naturally Mal’'cev

global support
pbs

n-chain complex —— internal n-groupoid
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.. to effectively regular naturally Mal’'cev cats

no projectives
groups || Lie algebras

\GOAL
(ab.) groups
|
(ab.) topological groups
(ab.) Hausdorff groups

Internal n- group0|d
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) _ | g :
e. affine I LI

s p: RXxT — X connector
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I Properties ofd

preserves x, 3 pbs, regular epis (regular)

reflects isos (d='(A) groupoid)

cofibration = (d_l(A),®) sym. & closed

Hi(A) = Tp(d~"(A)) € Ab

1st cohomology group
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X AXAHGXX}I%Y

47 )
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I First cohomology group

Exs: H;(A)

‘ d= K : (A/Y)#
X AXA>——QG xx H—=Y

S
@) = Baer sum A B —1

HY, v (A) = Ext(Y, A)

( AbTop, AbHaus )
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First conomology group

Exs: H;(A)
9 d = K : (A/Y)# A
X AXA>——QG xx H—=Y A X A
R R &
R =8 -
— Baer sum A B - >Y A
H}4/Y(A) = Ext(Y, A) ( , )

N Hll\/Ial(Gp/C) (A¢) a Opext(C, Aa ¢)

. Hll\/Ial(GpTop/C) (A¢) o TOpeXt(C7 A’ ¢)
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First conomology group
Exs: H;(A)
o & exact (e.r.), A € Ab(€)

H}: (A)= II,(PLO(A)), A-torsors
| | )

H}&utl\/[(g) (A) = 11 (d_1 (A) ), aut. Mal’'cev ops w/ direction A

~ alternative description of H*

~~ Same 6-term e.s.
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I Level 2

» 6-term e.s.

i. groupoids

longer e.s.

- . reflexive graphs = I. groupoids

» ()o:Grd(C) — C
X, Xh=Xy Xo
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Y%
» Grd(Cy) oy Grd(ADb(C)) “I5el Ab(C)
X1==<Xp d(Xl) d(Xo) A

]_Hd(Xo)Xd(XO)
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Level 2

ry erne
» Asp (C@ %54 Asp (Ab(C)) = Ab(C)
X1==<Xp d(Xl) d(Xo) A

1—>d(Xo)xd(Xo)

aspherical
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di 1-dimensional direction

ol

» Asp (C@ oy AspéjAb(C)) = Ab(C)
X1 = Xo d(X1)==d(Xo) A

i d(X1)

]_Hd(Xo)Xd(XO)

aspherical
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L
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» ()o, dy preserve x, 3 pbs

» ()o fibration, d; cofibration

dq
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Properties of d,
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Properties of d,

()/ASP(C)&
Cy Ab(C)
» ()o, d; preserve x, 3 pbs
» ()o fibration, d, cofibration
» ()o-cartesian iff d;-invertible
» dy-cocartesian iff ()q-invertible

HZ(A) = To(d; ' (A)) € Ab

2nd cohomology group
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Second cohomology group
Exs: H;(A)
» H}4/Y(A) = Ext(Y, A) ( , )
N Hl]i/Ial(Gp/C) (A¢) : OpeXt (Ca A? Qb)

. Hll\/Ial(GpTop/C) (A¢) o TOpeXt (C7 A7 ¢)
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Second cohomology group
Exs: HZ(A)
» Hit/Y(A) = Ext?(Y, A) ( , )
N H12\/Ial(Gp/C) (A¢) : Opextz(C’, A? Qb)
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I Second cohomology group
Exs: HZ(A)
.p Hi‘/Y(A) = Ext?(Y, A)
N H12\/Ial(Gp/C) (A¢) : Opextz(C’, A? Qb)

o Grd(Gp) ~ XMod

(
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Second cohomology group
Exs: HZ(A)
» Hit/Y(A) = Ext?(Y, A) ( , )
N H12\/Ial(Gp/C) (A¢) : Opextz(C’, A? Qb)

o Grd(Gp)MGp/C) ~ 2-XMod¢

A C G—C
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Second cohomology group
Exs: HZ(A)
» Hit/Y(A) = Ext?(Y, A) ( , )
N H12\/Ial(Gp/C) (A¢) : Opextz(C’, A? Qb)

o Grd(Gp)MGp/C) ~ 2-XMod¢

l A>>C—>G—>C
e.r.n.M.
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Second cohomology group
Exs: HZ(A)
» Hil/Y(A) = Ext?(Y, A) ( , )
N H12\/Ial(Gp/C) (ACb) : Opextz(C’, A? Qb)

o Grd(Gp)MGp/C) ~ 2-XMod¢

l A>>C—>G—>C
e.r.n.M.

Asp(Mal(Gp/C))  ~

X

XXy Xo
N A
C
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Second cohomology group

Exs: HZ(A)
r Hil/Y(A) = Ext*(Y, A) ( , )

N H12\/Ial(Gp/C) (ACb) : Opextz(C’, A? Qb)

o Grd(Gp)MGp/C) ~ 2-XMod¢

l A>~—>C—>G—»C
e.r.n.M.
Asp(Mal(Gp/C)) ~ exact sequences
X, A B, Xo-%>C

: X1 Xo
N oics

B
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o Grd(Gp)MGp/C) ~ 2-XMod¢
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CT2006, Cohomology without projectives — p. 13/17



L evel 1 vs level2

» d reflects isos = d—*(A) groupoid

= connected = iIsomorphic

CT2006, Cohomology without projectives — p. 13/17



L evel 1 vs level2

» d reflects isos = d—*(A) groupoid

= connected = iIsomorphic

» d;-invertible < ()o-cartesian

CT2006, Cohomology without projectives — p. 13/17



L evel 1 vs level2

» d reflects isos = d—*(A) groupoid

= connected = iIsomorphic

» d;-invertible < ()o-cartesian

—> connected # iIsomorphic

CT2006, Cohomology without projectives — p. 13/17



L evel 1 vs level2

» d reflects isos = d—*(A) groupoid

= connected = iIsomorphic

» d;-invertible < ()o-cartesian

—> connected # iIsomorphic

/NN

X Y

# X connectedto Y:
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L evel 1 vs level2

» d reflects isos = d—*(A) groupoid

= connected = iIsomorphic

» d;-invertible < ()o-cartesian

—> connected # iIsomorphic

FANNAY

> levels \/

# X connectedto Y:
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I Leveln + 1

® 6-term e.s. —- 9-term e.s.

i. n—groupoids

l.e.s

» Lawvere condition: reflexive graphs = I. groupoids
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® 6-term e.s. —- 9-term e.s.

i. n—groupoids

l.e.s

- . reflexive graphs = I. groupoids

r n - Grd(C)

Xn ; XnSXn—l ce XlSXO
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Leveln + 1

i. n—groupoids

® 6-term e.s. —- 9-term e.s.

l.e.s
- . reflexive graphs = I. groupoids
9 On_1:mn-Grd(C) — (n-1)- Grd(C)
Xn . XnSXn—l cce XlSXO Xn_l
%/_/

e

CT2006, Cohomology without projectives — p. 14/17



n-Grd(Cx) < n-Grd(Ab(C))
X d(X,,)

—nN
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Leveln + 1

n-Grd(Cy), £ n—Grd@Ab(C))
X d(X,,)

—nN
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Leveln + 1

N
n-Grd(Cy4) = n-Grd(Ab(C)) n-Grd(C) e.xnM
X d(X,)

—nN
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n-Grd(Cy) “5“h-Grd(Ab(C)) n-Grd(C) e.rnM
X d(X,,)

—nN
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Y%
n-Grd(Cy), ﬁ:@rh-GrdéjAb(C)) “I8el Ab(C)

Xn d(ﬁn) J?J>—>d()fn)

1—d(X, ;)




N
n - Asp(C#k)f ooy ASpA\(JAb(C)) S Ab(C)
X d(&n) AJ>—>d(Xn)

£ n
1———%>d()(§_1)

aspherical
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dn  n-dimensional direction

gl

n - Asp(C#\)} ooy ASpA\(JAb(C)) S Ab(C)
X d(in) AJHd(Xn)

—nN

1—d(X, ;)

aspherical
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Properties ofd,,

Asp(C)

0~

Cy

d4

Ab(C)



I Properties ofd,,
n-Asp(C)

o

(n — 1)-Asp(C)

dy,

Ab(C)
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Properties ofd,,

o3 U
(n — 1)-Asp(C) Ab(C)

® ()p_1, d, preserve x, 3 pbs

» ()n_1 fibration, d,, cofibration

» ()n—1-cartesian iff d,,-invertible

» d,-cocartesian iff (),,_1-invertible
H; ' (A) =TIp(d,* (A)) € Ab

(n 4+ 1)-th cohomology group

000000 , Cohomology wi



(n + 1)-th cohomology group
Exs: HZ(A)
s H% , (A) = Ext*(Y, A) ( | )
)(Ay) = Opext*(C, A, §)

. H12\/Ial(Gp/C

. I_112\/‘[211(GpT0p/C) (A¢) o TOpeth(C7 A7 ¢)
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(n + 1)-th cohomology group
Exs: HZ ' (A)
s H') (A) = Ext" (Y, A) (AbTop, )

B HnM—;ll(Gp/C)(A¢) = Opext""(C, A, ¢)

. HnM_;ll(GpTop/C) (A¢) o TOpeth+1(C7 A’ ¢)
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(n + 1)-th cohomology group
Exs: HZ ' (A)
s H') (A) = Ext" (Y, A) (AbTop, )

B HnM—;ll(Gp/C)(A¢) = Opext""(C, A, ¢)

Asp(Mal(Gp/C)) ~ exact sequences

Xl%; X() A%BlﬁngC'

\ woix
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(n + 1)-th cohomology group
Exs: HZ ' (A)
s H') (A) = Ext" (Y, A) (AbTop, )

B HnM—;ll(Gp/C)(A¢) = Opext""(C, A, ¢)

n- Asp(Mal(Gp/C)) ~ exact sequences

X,== -.- ==X, A>>B, ,—>-+B— >X,3C

SN MOdC\B/

C
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Exs: HZ ' (A)
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n- Asp(Mal(Gp/C)) ~ exact sequences
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Exs: HZ ' (A)
s H') (A) = Ext" (Y, A) (AbTop, )

B HnM—;ll(Gp/C)(A¢) = Opext""(C, A, ¢)
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(n + 1)-th cohomology group
Exs: HZ ' (A)
s H') (A) = Ext" (Y, A) (AbTop, )

B HnM—;ll(Gp/C)(A¢) = Opext""(C, A, ¢)

n- Asp(Mal(Gp/C)) ~ exact sequences

Xp== .-+ ==Xy Agp=>By_1—>+++ Bi—>X03C

dn | \ / Modc\NB/

Ay C
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The long exact sequence

e.r.n.M.
A-*.-B . C Ab(C)
)
;
H:(A) H:(B) He(C)

Hé(A)‘ch(/m HL(C)

Hz(A) H“(i/ﬂacr)

(B) H; ™ (C) END

CT2006, Cohomology without projectives — p. 17/17




Motivation: Affine Geometry

CT2006, Cohomology without projectives — p. 3/17



. Motivation: Affine Geometry

o A-torsor —

CT2006, Cohomology without projectives — p. 3/17



I Motivation: Affine Geometry

» A-torsor = (A, 0) ~

CT2006, Cohomology without projectives — p. 3/17



Motivation: Affine Geometry

» A-torsor = (A, )X() I

CT2006, Cohomology without projectives — p. 3/17



I Motivation: Affine Geometry

» A-torsor = (A, )X() I

» Ex: Affine space = ( vector space, )X()

CT2006, Cohomology without projectives — p. 3/17
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o X Affine space

E) °
y/
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Motivation: Affine Geometry

» A-torsor = (A, )X() directonof X

o X Affine space A vector space

@ = [(y,2)]~ = [(z, )]~

z.
@
] =
xr
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Motivation: Affine Geometry

» A-torsor = (A, )X() ~

o X Affine space

-z Maltsev operation
a
y/; p(x,r,y) =y

\\m\>
A p(IE, Y, y) — &
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Motivation: Affine Geometry

» A-torsor = (A, )X()

o X Affine space

Maltsev operation
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p(z,y,y) =

Chasles relation
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Motivation: Affine Geometry

» A-torsor = (A, )X() ~ I

o X Affine space

-z Maltsev operation
a
iy/ﬁ)_l_—> P(:B, L y) ==Y
\ p(z,y,y) ==
b /t:p(w,y,z)
s(x, plx,y,2)) ~ (y, 2) Chasles relation

2d(X)= (X x X)/ ~
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l Naturally Mal’'cev cats

e
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Naturally Mal’cev cats

autonomous
X x X x XX |
Mal’cev op
|

(X, )X() € Ab(C) abelian object

EXS

o additive = n. Mal'’cev + 0

» Mal(€), & proto
Mal(Gp/C)
Mal(GpTop/C) RLie
Mal(GpHaus/C')
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I Effectively regular cats

regular

_I_

S effect_ive E
equalizer -
. = S effective
E effective }

EXs
# exact
o GpTop, GpHaus

R ie
» GpTop/C, GpHaus/C -
o Ab(E), Gp(€), €& e.regular
o A regular + lex + additive
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