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A-Calculus and Sequential World

Proof Theory Category Theory
Intuitionistic Proofs Cartesian Closed Categories

\/

Term Calculus
A—calculus

Fig : Curry-Howard-Lambek correspondence



m-Calculus and Process World

e m-calculus is the A-calculus of the process world.
e No proof theory.
e No type theory.
e Message passing is sole mechanism.
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S0 what is the proof theory of processes?

How can we model message passing (key ingredient of
concurrent programming) in this setting?

We want:

Proof Theory Categorical Semantics

\/

Term Logic




Proof Theory of Process
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Proof Theory of Process

e Two-tier logic (sequential logic and process logic) given by
Robin and Pastro.

@ Significant distinction between “sequential world” and
“process world" .

Gives a basic language for concurrency.

Does not allow the passing of channel names as messages.

°
°

@ Cut-elimination provides the operational semantics.

@ Use of the linear logic's tensor and par to bundle the channels.
°

Add (sequential) message passing facility.

6 /37



Sequential Logic

@ Logic of a monoidal category with coproducts .
@ Could be cartesian category or something weaker.

@ The logic is presented as Gentzen sequents:

dH-A
where, the antecedent ® is an unordered list of formulas
the succedent is a single formula.

@ Exchange is implicit:

$1,C, B, P F A

©,.B.C.o,F A exchange

37



Inference rules of Sequential Logic

dHA W, AW, B

o A axiom V.. 0.V, B subs
o, A BFC o oA VWEB
O, AxBFC S,V AxB
)
- 1 — I
S IFA =
®,AFC o®,BFC OFA .
———  coprod — inj)
P, A+BFC d-A+B
0 B ini
©,0F A oFAt+BE T
Unit =/

Tensor = *
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Term Formation Rules of Sequential Logic

axiom f Pt A Vi, w:AVyFth:B
x| 1ALy ey Xp P Ap b f(x1, o xp) 1 B Vi, o,V - (wi— )ty : B
P, x:Ay:BFC Pt A VEH:B
d,(x,y): Ax B+ C S,V (t,00):AxB
St A
S, (): It A Q)1
- -
P, AFC o,B+-C OF A
o :Aarpr{ A —n }t:C O oi(t) A+B
3 A+ {02(y),_>t2 3 o1 (t1) : A+
dFt:B
S, t3:0F {}t3: A dFor(t1) :A+B

In program logic:

o1 (x) =t _. [ o1(x) =t
{ o2 () = B }t3 =: Case t3 of oo



The logic of Process

@ Built on top of the sequential logic.

@ A sequent takes the form:
O |TIFA
where,
® denotes the sequential context
I denotes the input process types
A denotes the output process types

I, A are channel name process type lists

eg [=a1:P1,---,0q0: P
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Inference rules of Tensor and Par

OILXYIFA
OILXRYIFA

SITIFX, Y, A o
dITFXaY,A

O T, XIFA VY, ThIFA;
SV T, XY, kAL A

1

OT1IFALX W TLIFY, A,
OV [T, HLIFALX®Y, A

r
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Term formation rules of Tensor and Par - Split and Fork

sz®|Map: X,ap: YIFA
split aas g, an;s 2P [ M,a: XQYIFA

[®1]

su®|TFa;: X,az: Y, A
split v as avp,an;s @ | TIFa: X@OY,A

[&x]

s ® | BT, a1t XIFA; s Wl ap:Y,B: oIk Ay

[@1]
| oy with By — sp . . . .
fork avas | 01N T SOV BT e XY, BT Ik Ay Ay
spu® | BT IFAL, a1 X sV | By:Mlkaz: Y, A (®:]
r

| a1 with B1 — s1

fork .
oric o as | ap with B +— sp

2O,V | BT, BT lFA,a: XQY, A
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Cut rule-Plug

@ Inference rule

O |MFALX VX, Talk A
OV T, lFALA,

cut
@ Term formation

su® | lFALa: X t::\|l|ﬁ:X,r2||—A2[ X
plug o B st ® W [Ty, Ar, A .
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Example

plug a 3
split « as a1, ap in P1
fork 8 as
| B1 with v — Q1
| B2 with § — R

16
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Cut Elimination in Program Logic

plug o 3
split « as a1, ap in P1
fork 3 as
| f1 with v — Q1
‘ B> with § — R
J
plug a2 >
plug a1 B
P1
Q1
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Message passing rules

O AITXIFA
O[T AcXIFA

®AITIEX,A
O[TIFAeX,A

r

OFA W|MXIFA
O, VU|T,Ae XIFA

o]

PEA WI[TIFXA
O,V [TIFAoX,A

r
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Message passing rules

sux:A® T a: XIFA
st x a5 ®|FaAcxXia U

sux:AQ|TIFa: X, A
get xas:®|TFa:Ae X A

[e:]

OFt:A sV |TMa: XIFA
putta;s OV | T a:AeXIFA

[o1]

OFt:A sV |TlFa: X, A
putta;s OV |TIFa:AoX,A [or]
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Units

O |TIFA T szo|THFEA [Tl
OILTIFA ' coseasz®|[Ta:TIFA "'
O [TIFA s:O|TIFA "
SITIFL,A ™" closeas:®|TFa: A"

— 1
oL F enda::(D|a:J_ll—[ !
— T, [T.]
0| =T endo: (| Fa:T

21/37



Banking-Example

Bank Machine

usr : Request o( Response o_L) IF bnk : Request o( BResponse ®_L), sec : TransID o( SRespose o_L)

eotype Request = PIN * Integer

eotype BResponse = TransID * Integer
edata Response = DollarInteger | TakeCard
edata SResponse = Accept | Deny

get (pin, x) usr -
put (pin, x) bnk;
get (tid, y) bnk.
close bnk;
put tid sec;
get srp sec -
case srp of
| Accept — close sec;
put (Dollar y) usr;
end usr
| Deny —  close sec;
put TakeCard usr;
end usr
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Cut Elimination
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Cut Elimination-Example-Proof Theory

Tr

I-F8:T

a:Tkp:1T !

L

AFx AN TR B T.A L .
x:Ala:AeTIFB:T,B81: L

w AeThB AeT.p L °F 0~:LIF 4

a AeTIFpB:AeT Cut
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Cut Elimination-Example-Program Logic

end B :: -B8:T Tr
close a;end B TIFB: T T
x:AkFx: A Ax close B1;close ac;end B i TIFB:T,B;: L Lr
put x «a; close B;close a;end B::x:A|la:AeTIFB:T,B: L °!
get x B - put x «a;close B1;close a;end B::cv:AeTIFB:AeT,B1: L or Y@ |y LIF élt
u

plug B1 v get x B - put x «; close 31; close av;end B end v :a:AeTIF3:AeT

Program

plug B1 v
get x B- put x «; close B7; close a; end 3

end ~
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plug B1 v
get x B- put x «; close B1; close «; end 8
end

get x B- plug B1 v
put x «; close 31; close o; end 3
end v

get x (- put x o; plug B1 v
close B1; close «; end 3
end v

get x B- put x «; close o; end 3
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— T
Fp:T T

X AFx:A Ax|:TID—B:T
x:Ala:AeTIFB:T
a:AeTIFB:AeT

or
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After Cut Elimination-Example-Program Logic

T

end Bk BT
Ax
x:AFx: A close oa; end B :z|: TIFB: T
put x a; close a; end B:ix:Ala:AeTIFB:T
L]
get x 3 - put x «; close a; end B::aa:AeTIFB:AeT

i

1

Program

get x B - put x « ; close a ; end 3

29
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Process Logic with Protocols
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Circular rule:

VX LXF A

LXEA c[f]
MLEX)EA

M ux.F(x)F A
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Mutual Recursive Protocol

protocol Hx — X

Consx : F(X,Y)—= X
and Hy - Y

Consy : G(X,Y)—=Y

VX, Y T, YF B, T, XF B
. XEA o YF A rLXFA o YF A,
C1 |- Cco -]
T, F(X, Y) - Ay il T2, G(X, Y) F B, 2
M1, Hx B A M2, Hy = Ay
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Identity-The Copy-Cat Strategy

a: Talk(A,B; )

IdTalk

B : Talk(A,B; )

a: Listen(A,B; )

IdListen

3 : Listen(A,B; )

protocol Talk(A,B;) — C =

#tresponse: B e D — C

and Listen(A, B;) — D =

F#listen :

AoC— D

drive IdTalk on o by

F£response : put #response on 3; get b 3; put b «; IdListen

and IdListen on o by

F#listen :

put #listen on 3; get a «; put a 3; IdTalk
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Proof

protocol Talk(A,B;) — C =
#response: Be D — C

and Listen(A,B;) - D =
#tlisten : Ao C — D

vC,D CIF Talk(A,B;) D IF Listen(A, B;)

x:BFx:B «a:DI-B:Listen(A,B;) y:AFy:A «a:Cl-g: Talk(A, B;)
x:B|a:BeDI-j3:BeListen(A, B;) y:Ala:Cl-B:Ao Talk(A, B;)

a:BeDI-3:BelListen(A, B;) a:AoCl-B:Ao Talk(A, B;)
a:BeDI-B: Talk(A, B;) a:Ao ClI- B: Listen(A, B;)
a: Talk(A, B;) IF B : Talk(A, B;) « @ Listen(A, B;) I B : Listen(A, B;)
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Message Passing with Prototcols-Example

protocol Talk(A,B;) — C =
#response: Be D — C
and Listen(A, B;) — D =

Flisten: Ao C — D

drive Recievec on « by
F£response : put #response on f1; put #response on [33;
get b1 (1; get by Ba; put (b1, by) o; Responsep

and Responsep on « by
#listen : put #listen on [31; put #listen on (33; get a «;

put a B1; put a B2; Recievec
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Proof

protocol Talk(A,B;) — C =

#response: Be D — C
and Listen(A,B;) — D =

#listen : AoC — D

YC. D C'IF Talk(A, B:). Talk(A, B:) D Ik Listen(A, B:), Listen(A, B;)
biiBEb B by:iBEb:B az:AFaz:A a:CIF g3 Ao Talk(A B;), b : Ao Talk(A, B;)
bi:Bba:BF (bi,bs): B+ B a:D I f: Listen(A, B;), B2 : Listen(A,B;) a1: AF ai: A a2:A|a:CF B : Ao Talk(A, By), B2 : Ao Talk(A,B;)
b :B,by:B|a:B+BeDI B : Listen(A, By), B, : Listen(A, B;) a a;:A|a:C kB3 Ao Talk(A,B;)
b :B|o:B+BeDIl 3 : Listen(A, B:), 5. : B Listen(A, B;)
a:B+BeDI (i :Be Listen(A,B;),f2: Be Listen(A, B:)
o :BxBeDI By :Talk(A B;:), B : Talk(4, B;)
a:Talk(A B+ B;)F §,

. Ao Talk(A,B;)
@i A a:C B Ao Talk(A,Bi), s : Ao Talk(A, Bi)
a:AC | Bi: AoTalk(A,B

a

Talk(A, By), B2 : Talk(A, B;)

AC I 5

Listen(A, B:), B2 : Listen(A, B;)
' Listen(A, B = B) - 8, : Listen(A, By), 52 1 Listen(A, B;)

Ao Talk(4, B;)
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Thank You
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