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Abstract


We describean experimental,low-level implementationof the ���
	 -calculus. The implementationis basedon a
Krivine-styleabstractmachine,which is in turnsderivedfrom a simpleCPSsemantics.


Parigot’s �� -calculuswasoriginally inventedasaproof-termcalculusfor classicallogic [2]. Onecanalsoregardit asa
prototypicalcall-by-nameprogramminglanguagewith controlprimitives.However, its operationalsignificanceis not
very well understood,particularlybecauseit doesnot have a very satisfactoryrewrite semantics.The ���� -calculus
wasproposedby Pym andRitter asan extensionof the �� -calculuswith disjunctiontypes[4], againmotivatedby
proof theory.


Here, we hopeto clarify the operationalmeaningof thesecalculi by giving a Krivine-styleabstractmachine
semanticsandanimplementation.Themeaningof thecontroloperatorsandof thedisjunctiontypescanbeexplained
in themachinemodelin termsof certainoperationson stacks.Our abstractmachinesemanticsis derivedfrom a CPS
semanticsin thestyleof HofmannandStreicher[1]. In [6], we haveshown thatthis CPSsemanticsis in turnsclosely
related,via acompletenesstheorem,to thecategory-theoreticalmodelsof thedisjunctive ����� -calculus.


Wealsodescribea low-level implementationof theabstractmachine.It translates���� -termsdirectly into asubset
of theC language.Theimplementation,which is written in ML, is availablefrom [5].


1 Syntax


1.1 The syntax of the ��� -calculus


The ��� -calculusis anextensionof thesimply-typedlambdacalculuswith certaincontroloperators.In additionto the
usualconstructsof thesimply-typedlambdacalculus,therearetwo new termconstructors:theterm ������� statically
bindsthecurrentcontinuationto thename� beforeevaluating � . Theterm � ����� appliesthecontinuation� to the
term � . Thus,asa first approximation,onecanthink of ������� as ���! " ��#�#$%�&�����(' in StandardML of New Jersey
or Scheme,andof � ����� as )#*!+!,�-.�/� . However, therearesomedifferences.First, the ��� -calculusis call-by-
name,whereasML andSchemearecall-by-value.Theseconddifferencelies in thetyping: the ��� -calculusknowsan
“empty type” 0 , which is thetypeof anexpressionsuchas � ����� whichneverreturns.In ML, suchanexpressionhas
anarbitrarytype.Dually, in ������� , werequire� to beof type 0 . Thethird differenceis thatthe �� -calculushastwo
separatenamespaces:variables 1�243
25�6�5� bind terms,whereasnames�7298:26�6�5� bind continuations.This distinction,
while operationallyinsignificant,is sometimestechnicallyconvenient— for instance,it simplifiesthe statementof
duality in [6]. By convention,we saythatan ; -acceptingcontinuation� hastype ; , andnot type ;<��,�=") asin ML.


Formally, the ��� -calculusis definedasfollows. Types,rangedover by ;�24>?25�6�5� , arebuilt from a set @ of basic
typesby thegrammar:


;BACA�DE@ F ;HGI> ;<JK> 0
Let L and M betwo given,disjoint, infinite setsof variables 1�243
25�6�5� andnames�:248N26�5�6� , respectively. Sometimes
theformerarecalledobjectvariablesandthe lattercontrol variables. Let O bea setof typedconstantsPRQS24T#UV25�6�5� .W


This researchwasdonewhile theauthorwasvisiting BRICS,BasicResearchin ComputerScience,Centreof theDanishNationalResearch
Foundation.
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Table1: Thetyping rulesfor the �� -calculus


(var) X 241�A ;<YZ1[A�;]\_^
(const) X YZP6Q`A�;]\_^


( a ) X YbacA�F`\_^
(pair)


X YI�dA�;K\e^ X Y?fgA�>h\_^X Yjik�l24fnmSA�;oGb>h\_^
( prq )


X YZ�sA�;HGI>h\_^X YZprq6�dA�;t\_^
( p&u ) X YZ�sA�;HGI>h\_^X Yvp
uw�sA�>h\_^


(app)
X Yb�dA�;<Jt>h\_^ X YbfgA�;]\_^X YI�BfxA�>y\_^


(abs)
X 291zA ;lYZ�sA�>h\_^X Yb��1
Q{� �sA�;<JK>y\_^


(pass)
X YI�sA�;]\e�:A�;�2|^X Yj� ���}�dA!0]\e�7A ;�2|^


( � )
X YI�sA#0]\e�7A ;�2|^X YZ��� Q ���dA�;t\_^


(weaken)
X YI�dA�;]\_^ X�~�X�� ^ ~ ^ �Xz� YI�dA�;t\_^ �


Thepair $�@�24O�' is calledasignatureof the �� -calculus, andsometimesdenotedby � . Raw terms�l24f[25�6�5� aregiven
by thegrammar:


��ACA�DE1 P Q a i%�l2|fnm p q � p u � �Bf �1 Q ��� � ���}� ��� Q ���
A termof theform ��� Q ��� is calleda � -abstraction, anda termof the form � ���}� is calleda passificationterm. In
theterms ��1
Q{� � and ���zQS��� , thevariable1 , respectively thename� , is bound.As usual,we identify raw termsup
to renamingof boundvariablesandnames.


Thetyping of the ��� -calculusis definedasfollows. An objectcontext
X DB1 q A > q 291 u A > u 26�5�6��241&��A >�� is a finite,


possiblyemptysequenceof pairsof anobjectvariableanda type,suchthat 1&���D�1!� for all ���D<� . We write
X�~�X��


if
X


is containedin
X��


asa set. A control context ^�D�� q A ; q 24� u A ; u 26�6�5��24���cA ;�� is definedanalogously. A typing
judgmentis anexpressionof theform


X Y.��A#;�\:^ . Thecontext
X


declaresthetypesof thefreevariables,and ^
declaresthetypesof thefreenamesof � . If thereare � variablesin


X
and � namesin ^ , thenonecanthink of � as


a functionin � argumentswhich has ���<F possibleresultchannels.Valid typing judgmentsarederivedby therules
in Table1.


Thereasonthatwe write thecontrolcontext on theright comesfrom logic: A sequent


1 q A > q 26�6�5��291
��A >��vYb�dA�;K\e� q A ; q 25�6�5��24����A ;V�
correspondsto a proofof theformula


> q Gj�5�6�5GI>����K;`�b; q �j�6�5�5�I;V�c�
1.2 Adding classicaldisjunction: The �_��  -calculus


PymandRitter [4] proposethefollowing straightforwardwayof addinga disjunctiontypeto the ��� -calculus:


; A¡A¢D �5�6� ;H�I>
� A¡A¢D �5�6� i%��m4� �!�zQ{���


with typing rules:


(ang)
X Yb�sA�;H�I>h\e�:A ;£2¤^X Yji��em9�sA�>h\e�:A�;�2|^ ( � ) X YI��A�>h\e�7A ;�2|^X YI�!��Q{� �dA�;`�I>h\_^ �


For technicalreasons,thesetyping rulesarethemirror imagesof thoseof PymandRitter [4]. Like � -abstractionand
passification,thesetwo additionalterm constructorsmanipulatecontinuations.Onecanthink of a term � of type
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;Z��> asatermof type > whichhasaccessto anunnamedcontinuationof type ; . Theterm � ���}� givesthisunnamed
continuationthename� . Dually, the term ���zQ{��� abstractsa continuationof name� in � . Oneway to usethese
constructsis to circumventa problemthatcomesfrom staticscoping:a functioncannevercatcha termthatoneof its
argumentsthrows. Considerthefollowing termof the �� -calculus:


$%�1 U ����$}1
'4'R$%f`$9� ����¥�'4'
Here,the � of the argumentdoesnot lie within the scopeof any � -abstractionsthatappearin � . Thus, � cannot
“catch” (provide a continuationfor) the term ¥ that is thrown on � . For this reason,the control operatorsof the�� -calculus,like ���" " ��"� , arenot suitableto modelexceptionhandling.On theotherhand,in the ���� -calculus,one
canabstractfrom � asfollows:


$k��1 Q�¦"U ����$9i%��m§1�'4'R$k�!� � Q � f`$9� � � ��¥£'9'
Now it is possiblefor � to “catch”, on thename� , theterm ¥ thatis thrown by its argument1 on thename� � . This
usageof thedisjunctiontype ;/�¨> is reminiscentof theway in which )#*!+�,�-
© -clausesprovide type-safeexception
handlingin Java. Theoperationalmeaningof thedisjunctiontypewill bestatedmorepreciselyin theCPSsemantics
andtheabstractmachinesemanticsbelow.


Pym andRitter remarkthat in the call-by-namecase,the disjunctiontype ;E�n> is not the sameasthe disjoint
sumtype ;`��> which is customarilydefinedvia ª5=& / ª5=!+ / �«�©�¬ constructs.To distinguishthem,wesometimesrefer
to ;H�I> as“classical”disjunction.


We closethesectionon syntaxby remarkingthat thealternative, symmetricsyntaxfor disjunctionfrom [6] is in
factinterdefinablewith thesyntaxgivenhere:


�!��Q{��� D �N$���Q{298�US'�®� 8��}�i%��m4� D ��8�U��®� �7298���� and
�N$���Q{298zUS'R� � D �!��Q{� ��8�UV���� �:248���� D � 8��¯i��em9���


2 The CPSinterpretation of the call-by-name °�±³² -calculus


We adopttheCPSsemanticsof [6] to the ����� -calculus.Thetargetof theCPStranslationis a lambdacalculus�&´:µ¤¶
with sum, products,and a distinguishedtype · of responses.In the target of the translation,function typesare
restrictedto thecase;<Jt· , andconsequently, lambdaabstractions�1N� � occuronly when � hastype · .


To keepthe notationbrief, we usevariousforms of syntacticsugarfor the sumsandproductsof the target cal-
culus. We usepatternedlambdaabstraction��i�1�243!m9Q:µ!U�� � , which is customarilydefinedas an abbreviation for�&¸�Q:µ�U������ p�q¸!¹º1�24p&u5¸"¹»3�� . We also use the co-pairing notation � �l24f[� as a shorthandfor the expression$%�
¼ Q�¶�U � case¼ of inl ¼"q : �(¼"q or inr ¼�u : fn¼�uº' . Notice that � �l24f.� is the term that correspondsto i%�l24fjm under
the canonicalisomorphism$�;<�E>½J¾·�'£¿D $�;ÀJ¾·�'�Áo$�>xJ¾·�' . We alsouselambdaabstractionpatternsfor
co-pairing;thus �z� 1�293#��Q�¶�UeÂ�´Ã��� is ashorthandfor �&¸#Q�¶�U�Â£´{� ��� �Ä"QS� ¸&$ inl Ä!'4¹»1�2|�
ÅUV� ¸
$ inr Å6'4¹º3#� . Theinitial typeÆ


comeswith a typecastoperator:If � hastype
Æ
, then Ç Q � hastype ; .


Definition (Call-by-name CPStranslation). We assumethat the target calculushasa basictype È; for eachbasic
type ;�É�@ of �� . For eachtype ; of the ��� -calculus,we definea pair of types Ê Q and Ë Q of thetargetcalculus,
called,respectively, thetypeof continuationsandof computationsof type ; :


Ê Q D È;�2 if ; is abasictype2Ê q D Æ 2Ê Q�Ì"U D Ê Q �HÊ U 2Ê Q�Â�U D Ë Q ÁIÊ U 2ÊbÍ D F�2Ê Q�¦"U D Ê Q Á.Ê U 2Ë Q D Ê Q J]·Î�
For eachvariable1 andeachname� of the ��� -calculus,we assumea distinctvariable È1 , respectively È� , of thetarget
calculus.The call-by-nameCPStranslation� of a typedterm � is given in Table2. It respectsthe typing in the
following sense:


1 q A > q 25�6�6��241&��A >���YI�sA�;]\e� q A ; q 25�6�6��2|�z�cA�;V�
È1�qºA�Ë U�Ï 26�5�6��2 È1 � A�Ë U�Ð 2 È�_qºA Ê Q�Ï 26�5�6��2 È� � A Ê Q�Ñ YI� A#Ë Q � (1)
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Table2: TheCPStranslationof thecall-by-name��� -calculus


1 D �&¼�Ò:Óe� È1r¼ where1[A�;a D �&¼�Ò Ï �CÇ ´ ¼i%�l24fjm D �&¼�Ò:Ó#ÔwÕ:�C� � 24f ��¼ where �dA�; , f�A�>prq5� D �&¼�Ò:Óe��� $ inl ¼�' where �dA�;HGI>p&uº� D �&¼�Ò:ÕN��� $ inr ¼�' where �dA�;HGI>�Bf D �&¼�Ò:ÕN��� i�f 2|¼�m where �ÖA";lJ]> , ftA";
��1
Q{� � D ��i È1z2¤¼�m§Ò Ó#×:Õ ��� ¼ where �dA�>� ����� D �&¼�Ò7Ø_��� È� where �dA�;���zQS��� D � È��Ò Ó � � a where �dA#0i��em9� D �&¼�Ò Õ ��� i È�72|¼m where �dA�;H�I>�!�zQ{��� D ��i È�S2|¼�m9Ò Ó#ÙwÕ � � ¼ where �dA�>


ThisCPStranslation,for thefragmentwithoutconjunctionanddisjunction,wasdiscoveredby HofmannandStreicher
[1]. It differsfrom Plotkin’soriginal call-by-nametranslation[3] by introducingonelessdoublenegationat function
types,thustakingadvantageof therichertargetlanguage.For details,see[6].


3 From CPSto an abstract machine


In this section,we describehow to passfrom theCPSsemanticsto anabstractmachinesemantics.Recallthateach
continuationtypecomeswith asetof canonicalcontinuationconstructors,shown in thefollowing table:


Type: Constructors:ÊbqÃD Æ Ú
Ê Q�Ì"U DEÊ Q �HÊ U inl ¼r2 inr ¼Ê Q�Â£U D<Ë Q ÁIÊ U ik�l2|¼�mÊ Í D�F aÊ Q�¦"U DEÊ Q Á.Ê U ik¼ � 2|¼�mR�


Here, ¼ rangesovercontinuationsand � over terms.Moreover, wecanhavebasiccontinuationsatbasictypes.Here,
we consideronly onesuchbasiccontinuationcalledstopof type Ê Q , where ; is thetypeof theentireprogram.For
themachinesemantics,it is not necessarythat ; is a basictype.


Next, we forget the typesandchangethe notationfor continuations.We usethe infix notation 1�ACA ¼ for pairingi}1z2|¼�m . We alsowrite inl A¡A�¼ andinr A¡A�¼ for left andright injection. Moreover, we will write stopasnil and a as a#ACA nil.
Thus,thesyntacticclassof continuationsnow lookslike this:


¼bA¡A¢D inl A¡A�¼ inr ACA�¼ �ÛA¡A�¼ a#ACA nil ¼ � ACA�¼ ���ÝÜ9�
As thenotationsuggests,a continuationis really a stack,whoseelementsaretagsof the form inl, inr, and a , terms,
andcontinuations.


In orderto avoid substitutionsin our abstractmachine,we introducetermclosures. A termclosureis a pair �BÞ ,
where � is a termand ßàDÀi�ß�á#24ß q m is a pair of mapssuchthat ß�á assignstermclosuresto thefreevariablesof � ,
andsuchthat ß
q assignscontinuationsto thefreenamesof � . ß is alsocalledanenvironmentor anactivationrecord.


The statesof the abstractmachineare triples âº�l24ßr2¤¼
ã of a term, an environment,anda stack. Informally, if
a closure �BÞ representsthe term � � , then the state âº�l2|ßr2|¼
ã representsthe term � � ¼ of type · of the target
languageof theCPStransform.Thetransitionrulesfor ourabstractmachinecanbereaddirectlyoff thecorresponding
transitionsof theCPS.Bothareshown in Table3. Theinitial statefor a closedprogram� is âº�l2|ä�2 nil ã .


Notice that thereis no transitionfrom â«a#24ßr2¤¼
ã . This is becausein a well-typedprogram,sucha statecannever
occurunless¼ID nil, in which casethemachinestopswith result a . More generally, onecanshow thata well-typed
programdoesnot stopuntil it reachesastatewith anemptystack.
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Table3: Thetransitionsof theabstractmachine


CPS AbstractMachine


1 ¼ J È1�¼ â51z24ßr2|¼rã J â»�l29å�2¤¼
ã�2 where ß á $}1r':DE�Bæ .i%�l24fjm $ inl ¼�'çJ � ¼ â#ik�l24fnmR24ßr2 inl ACA ¼
ã J â»�l24ßr2¤¼
ãi%�l24fjm $ inr ¼�'dJ f ¼ â#ik�l24fnmR24ßr2 inr A¡A�¼
ãèJ âºf[24ßr2¤¼
ãp q � ¼ J � $ inl ¼�' â5p q �l24ßr2¤¼
ã J â»�l24ßr2 inl ACA ¼rãp u � ¼ J � $ inr ¼' â5p u �l24ßr2¤¼
ã J â»�l24ßr2 inr ACA ¼
ã�Bf ¼ J � i%f 2|¼m âº�Bf[2|ßr2|¼
ã J â»�l24ßr2|f¨Þ
A¡A¢¼
ã��1
Q{� � i�f¨2|¼�méJ � � f?¹ È1��¼ âº�1N���l24ßr24f æ ACA ¼rã J â»�l24ß_$�1bêJ]f æ 'R2|¼
ã� ����� a J � È� â#� ���}�Û24ßr2a"ACA nil ã J â»�l24ßr2¤¼
ã�2 where ß
q«$��e':D<¼ .������� ¼ J � � ¼¹ È����a â5���V� �l2|ßr2|¼
ã J â»�l24ß_$%�jêJ]¼�'R2¤a"ACA nil ãi��em9� ¼ J � i È�S2|¼�m â#i%��m4�Û24ßr2|¼rã J â»�l24ßr2¤¼ � ACA�¼
ã�2 where ß
q�$��e':DE¼ � .�!����� i%¼ � 2¤¼�m J � � ¼ � ¹ È����¼ âº�!�V� �l2|ßr2|¼ � ACA ¼rã J â»�l24ß_$%�jêJ]¼ � '2¤¼
ã


To sketcha proof of thecorrectnessof themachine,we reintroducetypes.Typedtermclosuresandtypedcontin-
uationsaredefinedby mutualrecursion.A typedtermclosureis a pair â X Y[�ÖA#;ë\N^b24ß�ã , where


X Y.�ÖA";K\:^
is a valid typing judgmentand ß is an environmentthat mapsthe variablesandnamesfrom


X
and ^ to closures,


respectively stacks,of theappropriatetypes.Stacksaretypedasfollows:


¼bA�;
inl Q�ì U ACA ¼bA�;`GI>


¼bA�>
inr Q�ì U ACA ¼bA�;oGb>


¼bA�>
â X YI�dA�;]\_^b24ß�ã#A¡A�¼bA�;�Jt>


a#ACA nil A"0
¼ � A�; ¼bA�>
¼ � ACA ¼bA�;H�b>


( ; thetop-level type)
���¯Ü�A�;


It is now straightforwardto checkthefollowing:


1. Theinitial stateâº�l2¤ä!2 nil ã is typable,if � is awell-typedprogram.


2. Thetransitionsof theabstractmachinepreserve types.


3. Every typablestateof theabstractmachine,for which thecurrentstackis not nil, hasauniquesuccessorstate.


4. The transitionsof the abstractmachine,startingfrom state â»�l2|ä!2¤¼
ã , correspondpreciselyto the top-most
reductionsequenceof theterm � ¼ , whereonenever reducesundera � .


4 Adding basictypesand constants


We now show how to addsomemeaningfulbasictypesandconstantsto thelanguage.Thiscomplicatesthesemantics
somewhatandleadsawayfrom the“pure” call-by-namediscipline,becausefunctionsthatoperateonbasictypesmust,
by necessity, evaluatetheir argumentsbeforeoperatingon them. Nevertheless,thereis a systematicway of adding
basicconstantsandfunctionsto theCPSsemanticsandto theabstractmachinein theframework of theprevioustwo
sections.


4.1 CPSsemanticswith basicconstants


Basictypes,suchasintegersor booleans,differ from othertypes,becausethey comewith a naturalnotionof value.
In thesemanticsthatwe areaboutto give,we assumethatbasicfunctions,suchasadditionor logical “and”, evaluate
all their argumentsbeforethey operateon them. Thuswe do not accommodate“lazy” basicfunctions,suchaslazy
multiplication,which doesnot evaluatethesecondargumentif thefirst argumentis zero.
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Weconsiderthe ���� -calculusoveragivenalgebraicsignature,i.e.,overasetof basictypes;�24>Z26�6�5� andasetof
basicconstantsPÎA
; andbasicfunctions íoA>�q�J¾�6�5�rJy> � Jy; . For theCPSsemantics,we considerthesame
targetcalculusasbefore.Moreover, we assumethateachbasictype ; of the ����� -calculusis interpretedby a given
type î Q of thetargetcalculus,togetherwith interpretationsÈP£A"î Q , respectively ÈíjA!î U�Ï Jh�5�6��Jëî U�Ð Jëî Q , of the
basicconstantsandfunctions. The type î Q is calledthe typeof valuesof type ; . We refineour CPSsemanticsby
letting È;<D<î Q JK· . Continuationandcomputationtypesaredefinedasbefore:


Ê Q D î Q Jt·Î2 if ; is a basictype2Êbq D Æ 2Ê Q�Ì"U D Ê Q �`Ê U 2Ê Q�Â£U D Ë Q Á.Ê U 2ÊZÍ D F�2Ê Q�¦"U D Ê Q ÁIÊ U 2Ë Q D Ê Q Jt·Î�
Noticethatthevaluetypes î Q areonly definedat basictypes.To theinterpretationof termsfrom Table2, we addthe
following interpretationof basicconstantsP�A�; andbasicfunctions í¨A�>�qVJï�6�5�#Jt> � Jt; :


P D �&¼���¼ ÈP»2í D ��i�1rq«26�6�5��291 � 2|¼�m»� 1�q«$k��ð q � 1
u�$k��ð u �6�5�6�41 � $k��ð � ��¼�$rÈí
ð�q��6�5�9ð � '9'4'9'R�
Here ¼�AzÊ Q , 1 � A_Ë U�ñ , and ð � A_î U�ñ . Notice that the interpretationof P is actuallya specialcaseof that of í for�òD Æ . Thereadercanconvinceherselfthat this CPSsemanticsbehavesindeedasrequired:Theterm írf�q��6�5�9f � is
evaluatedby first evaluatingall argumentsfrom left to right, andthenapplying Èí to theresult.


Sofar, we have accountedonly for “pure” basicfunctionsthatreturnbasicvalues.It is alsopossibleto addbasic
functionsto the languagewhoseresult type is not a basictype. For instance,if > is the type of booleans,we may
considera family of basicfunctions if Q A{>ïJ $�;gJó;gJó;�' which mapstrue to ��1&3z� 1 and false to ��1&3z� 3 .
Thus,if true�Bf reducesto � , andif false�Bf reducesto f . We regardif asaunarybasicfunctionwith returntype;ôJï;ôJï; . For theCPSsemantics,we assumethat thetarget languagehasa type î U of booleans,andwe defineÈif A�î U J]Ë Q�Â�Q�Â�Q by Èif true D��13�� 1 and Èif false D���1&3z� 3 . Then


if D �zi}1z2|¼�mº� 1z$k�&Å#� Èif Å6¼�'
Anotherusefulexampleof a basicfunctionthat returnsa termis theprint function. In call-by-name,onecanmodel
sequentialcompositionfàõ|� by application fn� , where f is a term that performssomeeffectsandthenreturns�1N� 1 . Now considera basicfunctionprint ö ì Q A�f�JÖ$�;�J÷;�' . The intendedmeaningis that $ print ��'Rõ|� prints
the integer � andthenbehaveslike � . For theCPSsemantics,we needa function Èpr A&î&öøJy·�Jï· of thetarget
languageto modelthesideeffectof printing. We thenhave


print D �zi}1z2|¼�mº� 1z$k���{� Èpr �N$%�1N� 1 ¼'9'�
4.2 Abstract machinesemanticswith basicconstants


We extendtheabstractmachinesemanticsto accommodatebasictypes.In theCPSsemantics,we have introduceda
new kind of continuationsthatarefunctions.Weneedto fit thesenew continuationsinto our “continuationsasstacks”
paradigm.Fortunately, theCPSsemanticsonly introducesvery specialkindsof continuationfunctions,namelyones
of theform


�ð � � f�� ¶ q $%�ð � ¶ q �6�5�6�4fc��$%�ð � ��¼�$rÈí
P q �5�6�|P|�Rù q ðw�6ðw� ¶ q �5�6�4ð«�'9'4'2
where F�úà�vú/� . Thesecanberepresentedasaparticularlysimplekind of closure,whichwecall a frame: wedenote
theabovecontinuationby


� í�P q �5�6�9P|�Rù q:û f�� ¶ q �6�5�4fc�#�kACA ¼
Of course,wewill alsoreplacethetermsf � ¶ q»25�6�5��24f � by closures.
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Recallthata state âº�l24ßr2¤¼
ã of our abstractmachinecorrespondsto a termof theform � ¼ underCPS.Because
we have introducedvaluesto theCPSsemantics,we now adda new kind of state âwP«2|¼
ã , calleda valuestate, to the
abstractmachine.Suchastateneedsno environment,andit correspondsto a termof theform ¼ ÈP underCPS.


TheCPSsemanticsof the“pure” basicfunctionshasthefollowing transitions:


P ¼ J ¼ ÈPí i�f q 25�6�6��2|f��r2¤¼�m J f q $%�ð q �6�6�5�4fc��$%�ð � � ¼�$rÈí
ð q �5�6�9ð«��'4'9'$%�ð � � f � ¶ q�$%�ð � ¶ q �6�5�6�|f � $%�ð � ��¼�$ Èí
P5qe�6�6�|P �Rù qRð � ð � ¶ q_�6�6�4ð � '9'4'9'§PJ f � ¶ q«$k��ð � ¶ q �5�6�5�9f � $k��ð � ��¼�$ ÈírP5q��6�5�4P �Rù qRPRð � ¶ qe�5�6�§ð � '4'9'R2 where�vü/�
$%�ð � ��¼�$ ÈírPwq��6�5�4P �"ù q¤ð � '4'§PóJ ¼!T&2 where TÎD ÈírP5q��5�6�|P �"ù qRP .


Thesetranslatedirectly to transitionsof theabstractmachine:


âwP»2|ßr2|¼
ã J âwP«2|¼
ãâºí
24ßr2|f Þ Ïq A¡A5�6�5�6ACA f¨ÞwÐ� ACA ¼
ã J âwf�qw24ßrq»2w� í û f Þwýu �6�5�4f¨ÞwÐ� �ÝA¡A�¼
ãâwP»2w� íVP5q��6�5�4P �Rù q û f Þ5þ%ÿ"Ï� ¶ q �6�5�9f¨ÞwÐ� �kACA¢¼
ã J âwf � ¶ qº2|ß � ¶ q�2w� í�P5q��5�6�4P �Rù q6P û f Þ6þ%ÿ ý� ¶ u �5�6�4fnÞ5Ð� �ÝA¡A�¼
ãâwP»2w� íVP5q��6�5�4P �!ù q û �kACA ¼rã J âwT&2|¼rã�2
where TcD ÈírPwq��6�5�4P �"ù qP and �vü/� . Therulesfor thenon-purebasicfunctionsif andprint are


â true25� if û �ÝA¡A¢¼
ã J â»��1:� �3z� 1�2¤ä!2¤¼
ãâ false2w� if û �kACA¢¼
ã J â»��1:� �3z� 3r2|ä�2|¼
ã
âwP»2w� print û �kACA ¼rã output �ÚRÚ�Ú�Ú J â»��1:� 1z2|ä!2¤¼
ã


5 Implementing the abstract machine


We give a low-level implementationof theabstractmachine.The target languageof the implementationis a certain
fragmentof the C language.This fragmentdoesnot useany of the built-in block structureof C, nor function calls
(exceptfor afew auxiliary functionswhichcouldbeimplementedby macros),nor thenativemachinestack.Controlis
strictly via � ,�)!, and ª�����)#*¬«=��#¬! �©«¬ statements.Thus,theoutputof thecompileris very closeto machinelanguage,
exceptthatwe ignoreissuesof registerallocationandspilling.


Terms � arerepresentedby programpoints. Thecompiledcodeusesa stackto representthe ¼ -componentof a
state â»�l24ßr2¤¼
ã , anda heapto hold termclosuresandstackclosures.A termclosure �BÞ is a heap-allocatedrecord
of \ ßN\º��F words,thefirst of which holdsa pointerto � , andtheremainingoneshold pointersto thevaluesof ß . A
stackclosureis a heap-allocateddatastructurerepresentingan immutablesnapshotof a stack. A stackof size � is
representedby a recordof �?�EF words,thefirst of which holdsthenumber� , andtheremainingoneshold theactual
stackdata.


On the stack, the tokens a , inl, and inr are representedby the numbers
Æ
, F , and � , respectively. Term clo-


suresand stack closuresare representedby pointersto the heap. nil is, of course,the empty stack. A frame� íVP5qe�6�6�|P �Rù q û f Þ þkÿ#Ï� ¶ q �6�6�4f¨Þ Ð� � is representedasa sequenceof elementstag	29�_2Ý��24P5q»26�6�5��24P �Rù qº2�
 � ¶ q«26�5�6��
 � on the
stack.Here,tag	 is an integer tag representingthe function í , which couldbea pointerto codein someimplemen-
tations. � is the arity of í , � is thepositionof the û in the frame, P5qº25�6�5��24P �Rù q arerepresentationsof the respective
values,and
 � ¶ q«26�6�5��2�
 � arepointersto theclosuresf Þ þ%ÿ"Ï� ¶ q 26�5�6��2|f¨Þ Ð� .


Within thecompiler, termsarerepresentedby judgments
X Y[� \S^ . Here


X
and ^ arefunctionsthatassignan


l-valueto eachfreevariable,respectively name,thatmayoccurin � . An l-valueis representedasanexpression,such
as �� �,©������� or +�¬ � � , which will at runtimeyield a pointerto a heap-object.Thus,if 1 is a variablein thedomain
of
X


, then
X $}1
' pointsto theheap-objectthatcorrespondsto 1 , andsimilarly for ^I$%��' . X and ^ areimplementedas


lists of key-valuepairs. If a closurefor
X Y`� \�^ is build, thentheorderof thevariablesandnamesin


X
and ^


determinestheorderof thedatain theactivationrecord.
Thetranslationof a judgment � � X YI� \_^�� ��� is apieceof C-codethatendswith a � ,�)�, - or +�¬�)��!+#= -statement.It


dependson aninteger ð , which is thenumberof thenext unused“register”, i.e., globalvariable.Thecompilerkeeps
trackglobally of the largestindex ð������ thatwasusedby any subterm,andprovidesthevariablesregá 26�6�5��2 reg����� � .
Thus,we assumethat thereis a potentially infinite supplyof registers;of course,in real machinelanguage,there
would bea limited numberof registers,andonewould have to usespilling to allocateadditionalvaluesin memory.
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Table4: Thecompilationof terms


� � X Y.ao\e^�� ��� D +�¬�)��!+#="!$#&%'!)(


� � X YZ1(\_^�� � � D �� #,�©+* X $�1
',(� ,�)!,.-/�10324(


� � X Yji%�l24fjmI\_^�� � � D ª5�6#6©»)����57�¬�032")98:#&%9%n+�¬�)��!+#="!;2�ªº+<!)(ª5�6#=2,12:#&%5*9*)�1%?>� � X YI� \_^�� � �@
� � X Ybf \_^�� � �


� � X YZprq5� \_^�� �A� D 29�r©w*B#���%C(� � X YI� \_^£� � �
� � X YZp&uº� \_^�� �A� D 29�r©w*B#�D�%C(� � X YI� \_^£� �A�
� � X YI�BfÖ\_^�� � � D /* build closure for f */)/032'*!�! " #,��C#k�?�à���³F�%C()/032��E,�F* switchöG()/032���H�F* X $}1�q6',(�6�5�)/032�k=��F* X $}1 � '�()/032�k=�I)�H�+*B^I$��_qR',(�6�5�)/032�k=�I50J�+*B^I$�� � ',(


29�r©w*B#4)/032$%C(� � X YI� \_^£� � �
labelöLK� �¢âw1&�zêJï�� #,©�� �k��ãº�zYZf�\7âº����êJ��� #,�©�� �?�j�«�kãR�R� �®á


(whereFV $�fn'7D�1rq«26�5�6��241 � andFN $�fn'ND<�_qº26�5�6��2|� � )


� � X YI��1N��� \_^£� �A� D ª5�6#6©»)����57�¬�032")98:#&%9%n+�¬�)��!+#="!H��=<!)(
reg�M*F2,12:#&%C(� � 1zA reg�"2 X YZ� \_^�� �A� ¶ q


� � X Yj� ����� \_^�� � � D ª5�6#6©»)����57�¬�032")98:#&%9%n+�¬�)��!+#="!;2��©"©3!)( #,"��N&©»)����7:#¯^I$��e'O%C(� � X YI� \_^£� �A�
� � X YZ������� \_^�� � � D reg� *(©���P!¬©»)����7:#&%C(


29�r©w*B#�E�%C(� � X YI� \e�:A reg� 2|^�� � � ¶ q
� � X Yji��em9� \_^£� �A� D 29�r©w*B#4^b$%��'�%C(� � X YI� \_^£� �A�
� � X YI�!����� \e^�� ��� D ª5�6#6©»)����57�¬�032")98:#&%9%n+�¬�)��!+#="!6=9�<!)(


reg�M*F2,12:#&%C(� � X YI� \e�:A reg�"2|^�� ��� ¶ q
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Table5: Thecompilationof basicconstantsandfunctions


� � X YZP�\_^�� ��� D P��" /�¬M*lP�(� ,�)�,Bªw=!)9P��" /�¬�(


� � X Y true \_^£� �A� D P��" /�¬M*Q�$(� ,�)�,+R,",! 1P!�! /�¬�(


� � X Y false \_^�� � � D P��" /�¬M*SET(� ,�)�,+R,",! 1P!�! /�¬�(


� � X Ybíø\_^�� �A� D ª5�6#6©»)!��57#*¬ª � *!):#;%1U
��%o+�¬�),�!+#="!H��=C!)(
/* build framefor í */�� �,©V*W2,/2B#&%C(
29�
©º*B#���%<(
29�
©º*B#¯��%C(
29�
©º*B# tag	 %C(� ,�)�,W-1�10324(


Thetranslationof termsis definedin Tables4 and5, andthetranslationof a closedprogramis shown in Table6. We
haveslightly simplifiedthetranslationhereby omittingtypecastsbetweenintegersandpointers,aswell asthoseparts
of thecodethatareresponsiblefor producingverboseoutput.


The global variable �� #,�© is usedto hold a pointerto the currentclosureduring a jump to a “regular” state(not
a value-state).At thedestinationof the jump, executionwill resumerelative to this closure.In this implementation,
jumpsproceedin two steps:all jumpsfirst go to a global“dispatch”section,labeled“ -1�1032 ” in Table6, which reads�� #,�©��E,� andjumpsto the appropriatepieceof code. Thus,we distinguishbetweena switch, which is an internal
representationof a programpoint, anda label, which is a pointerto theactualcode.This trick is necessarybecause
in C, labelsarenot first-classobjects.However, in anactualmachine-languageimplementation,onecouldrepresent
switchesdirectlyaspointersto code.


Theimplementationknowstwobasictypes:integersandbooleans.TherearetwospecialprogrampointsR,"," 1P��! /��¬
and ªw=!)9P!�! /�¬ , alsoshown in Table6, which correspondto valuestatesof the abstractmachine.At theseprogram
points,theglobalvariableP��" /�¬ is assumedto holdthecurrentvalue.Thetranslationof constantsis shown in Table5,
where P is anintegerconstant,and í is an � -ary functionconstant.


In addition,eachbasicfunctionhasa handlerwhich popstheappropriatevaluesfrom thestackandperformsthe
requiredcalculation. The handlersfor a genericunaryfunction í anda binary function X on integersareshown in
Table7, aswell asthe handlersfor ª5� and 2!+rªw=!) . The implementationalsoprovidesa function 2!+
ªw=!),R,#,! which
actslike 2!+
ªw=!) , exceptthatit printsa boolean.


5.1 The runtime system


Thecompiledcoderelieson a small runtimesystem,which providessomeauxiliary functionsfor handlingthestack
andtheheap,aswell ascodefor runtimeerrors,conversions,andreadingcommand-linearguments.In a real imple-
mentation,thesefunctionswouldbeexpandedto in-line code.


û P!,&ª5N+29�r©w*B#YP�,&ª�N[Z'% and P�,&ª�N\ZH2,12B#YP!,&ª5NJ% : push,respectively pop,datato andfrom thestack.


û ª5=!)(©»)���57!¬�032!)98�#&% : testswhetherthestackis empty.


û ª5=!)(©»)���57�*¬&ª � *"):#&% : returnsthecurrentsizeof thestack.


û P!,&ª5N]Z � ¬�)
©»)����7:#5ªw=!)H=)% : getsthe � th elementfrom thestack,where�¨D Æ is thetopmostelement.


û P!,&ª5N?0r,,N&ª5�,8
©»)!��57:#5ª5=!)H=B^=P�,&ª5N]Z�_$% : setsthe � th elementof thestackto 1 .
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Table6: Thecompilationof a closedprogram


� � ��� ��D `
ªw=r�� 5��N!¬S!5+��"=!)rª�0
¬Ba¤�3!


�º*��+\Z"��,H032�ª� #¬�N�#&%?>
P�,&ª�N\Z,Z"�� #,©C^bZ9Z»)/0�24(ªw=!)WP��" /�¬�^.��+
ªº)98B^G-�^c�#)�� � (
P�,&ª�N\Z regá (�6�5�
P�,&ª�N\Z reg� ��� �3(


� � ä£Yb� \_ä»� �Cá
-1�10�2 K ©º-�ªº)&�º*B#6�� �,©��E,��%d>�«�©�¬ switchöfe K � ,�)�, labelöfe�(�5�6��«�©�¬ switchöTg K � ,�)�, labelöTg<(


N"¬,�!�1�& «) K +,�"=")rª�0r¬"¬�+"+:#�!;�#='7#=�,«-"=� #�1R¬! �!�%C(@


R,"," 1P��! /��¬ Kª��h#6©º)���57�¬H032!)98:#;%9%¨+�¬�),�!+�=WP��! /�¬.ij!5)"+,��¬$! K !&�!�! �©�¬J!)(� ,�)�,E�1292& /8'���"=r�º)rª«,�=4(


ªw=!),P��! /�¬ Kª��h#6©º)���57�¬H032!)98:#;%9%¨+�¬�),�!+�=�ªw=!)�D©º)"+:#YP��" /�¬�%C(


�1292 18'���"=
�»)rª«,�= K��+rªº)98W* � ¬�)
©»)!��57:#��1%C(
-W* � ¬�)
©»)!��57:#�D3%C(ª��h#�-9U#��+rªº),8$%?>�� #,©V* � ¬�)
©º)���57:#kD,I'-�%C(


0r,,N
ª��,8
©»)����57:#�D,I9-�^�P��# /�¬�%C(
0r,,N
ª��,8
©»)����57:#�D�^Y-,I$��%)(� ,�)�,W-1�/0324(@


��)�� � *W2�,12B#&%C(
2�,12B#&%C(
2�,12B#&%C(©w-�ªº)
�º*6#Y�#)�� � %V>�5�6�
/* handlers for basicfunctions*/�5�6�
N"¬,�!�1�& «) K+,�"=!)
ª�0r¬"¬�+#+:#�!;�"=97#=�,�-�=M�1�"=r�»)rª»,�=³)�� � !�%C(@


@
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Table7: Handlersfor somebasicfunctions


���©�¬ tag	 K
P��! 5�¬F*líe$lP��! /��¬�'�(� ,�)!,(ª5=!)9P��! 5�¬�(


���©�¬ tagm K
regá *.2�,12B#&%C(
P��! 5�¬F*WXr$ regá 2=P��! /�¬�'�(� ,�)!,(ª5=!)9P��! 5�¬�(


���©�¬ tagif Kª5�6#YP��! 5�¬�%V>� � ä£YI��1:� �3z� 1ø\_ä»� �®á@
� � ä£YI�1N����3�� 3B\_äº� � á


���©�¬ tagprint K,1�!)�29�!):#5ª5=!)�D©»)#+:#YP��# /��¬�%,%<(� � ä£YI�1N� 1ô\_äº� � á


û P!,&ª5N]Z"©��1P�¬©»)����57:#YP�,ª5NJ% : createsa new stackclosurefrom thecurrentstack,resetsthestack,andreturnsa
pointerto thenew closure.


û P!,&ª5N< #,"��N&©»)����7:#YP�,&ª�NWZ���N9N#+$% : restoresthestackfrom thestackclosurefoundat �,N,N#+ .
û P!,&ª5N]Z��! # #,�C#5ª5=!)/=)% : allocates� consecutivewordson theheapandreturnsa pointerto them.


û P!,&ª5N�+,�"=")rª�0r¬"¬�+"+:#6�º*���+.Z9% : issuesa runtimeerrorandabortsexecution.


û �w*��+SZ!ªw=")�D©»)"+�#5ªw=!)H=)% : convertsanintegerto a string.


û P!,&ª5NE,1�!)�29�!):#6�w*��+]Z"©9% : writesthestring n to standardoutput.


û 0
�&ªw=B#&% : readsthecommand-lineargumentsandcallsthecompiledfunction.


In addition,therearea few routinesthathandleverboseoutput.


5.2 Running the compiler


The compiler is written in ML. It takes ����� -termsto C code. No parsingor type-checkingis performedin this
experimentalimplementation,but thecorrectnessof theimplementationdependson thetypability of thesourceterm.���� -termsarerepresentedaselementsof theabstractdatatype)�¬�+/0 :


)98,2�¬FP!��+.*�©»)#+rªw= � ()98,2�¬W��=r��,�=r©º)W*�©»)#+rªw= � (
N!��)!��)98,2¬H)�¬�+/0\*Wo���+l,,�FP���+qpsr!=rªº)tpvu��ªº+�,,�<)!¬�+/0CZ»)!¬�+/0wpxu"+�,9-J�à,,�<)!¬�+/0


pxu"+�,9-,D³,,�<)!¬�+/0ypvz�292(,��E)!¬�+/0CZ»)!¬�+/0wpv{!��0ô,,�FP���+JZº)�¬�+/0
pxu��©"©/,,�WP���+�Z»)�¬�+/0qpv|,�B,,�WP���+JZº)�¬�+/0wpxz#= � ,,�WP���+�Z»)�¬�+/0
px},�B,,�FP���+JZ»)!¬�+/0~pc�w=!)
��,«=r©»)E,,��ªw=!)tpx�"+,�¬�px���! �©«¬
px�#=r��,«=r©»)<,,�W��=r�«,�=r©»)B(


Here,avariable1 is representedaso���+�!&_<! . Application �Bf is z,292:#Y|B^=}$% , lambdaabstraction�1N��� is {!��0�#�!&_<!)^�|$% ,
andsimilar for � - and � -abstraction.Passification� ����� is u��©"©<#�!º�$!)^�|$% , and i%��m4� is z#= � #�!º�$!$^=|$% . Integer and
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booleanconstantsare representedas �w=!)&��,�=r©»)o= , �"+,��¬ , and ���! !©�¬ , and basicfunctionsas �#=
��,�=r©»)�!&I)! . The
availablebasicfunctionsare


I
2J��2)Z"2J�2�©��
�"�#2<��2
�«=�N&2,�+
2"=,�)
2�ª#©5�!¬�+�,"2JU2��23*&2J��*23*�U�2�ª5�2�2"+rªw=!)292!+rªw="),R,",! 
Onecanaddadditionalbasicfunctionsby editingthedefinitionof ��=r��,«=r©»)'N!¬�� in theML code.


The compileris availablein threedialectsof ML: SML/NJ 0.93,Caml Light, andObjective Caml. The current
versioncanbefoundat [5]. To loadthecompiler, type


�r©�¬�!���,�032rª� #¬�+�a|©;0� J!)( from SML,ªw=r�� /�'N!¬\!���,�0�2�ª� #¬�+4a�0� J!)(,( from CamlLight, or
`��r©�¬j!���,H032�ª� #¬�+�a9,�0� �!)(9( from ObjectiveCaml.


Thentype ��,�032�ª« #¬/)�¬�+/0�!�038'�
ª� #¬:a¤�3!)(9( to generatea C-programfrom a term ©�,1�"+
��¬ . The output is written to
the file 038'�
ª� #¬:a¤� . This canbe compiledwith any C-compiler, for instanceby typing � �"��0�8'�&ª� #¬Ba¤���#,V038'�
ª� #¬ .
Make surethat the file +,�"=!)
ª�0r¬Ba¤� is in the samedirectory, becauseit is included. Finally, executethe codevia
0�8'�&ª� #¬h=�1P9� .


The �1P option causesthe programto write detailedinformationaboutthe evaluationto standardoutput. In this
mode,a representationof eachstateof theunderlyingabstractmachineis printed,aswell asinformationoneachnew
termor stackclosurethatis created.
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