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1. Catecaories

A category { CONsIsts of

e 2 classes: Obfects and Afrows

iorn

e 2 functions: Arrows_——— Objects
_,"__._l.

Satisfying Lthe following:

. f ,
(Notation: we write A—t v I3 for. | € Arrows,
dam(f) = A and cod(f) = B ).

26l A

e Therc are identity arrows A
each object A,

e [hereis a n..ﬁ.i_m:..,,_-amﬂ:._ma binary compo-

sition cperation on arrows, denoted by o,

atln BLC
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(defined only when dorn(g) = cod(f) ) sat-
isfying the followind equations:

7
ﬁ.._u_ ‘_‘.jhm..m..m.__ = _1 — .?a_.__.wr_.ﬂ.., where A—=» B,

(i) ho(gof) = (heg)ef, where A 24,
B2, G

A category is called large or small depending
upon whether its class ol objecls is respectively
a propoer class or a set, in Lthe sense of Godel-
Bernays sel theory. We denote by C(A,T3) or
EE__.:,__H?E. called a hom-set, the collection
of C-arrows A — B. A calegory i, locally small
if C(A,B) Is a set, for all objects A, B.

Examples ( Exercise: check the axioms ! )

Set: This (large) category has the class of
all sets as Objects, with all set-theoretic
functions as Arrows. Similarly, the small
category Setfp of finite sets & functions.

Tdenlily arrows and composilion of arrows:

ida(n) ==, for = C A, (o) () = a(fCr))

o

Rel: This has lhe same objects as Set,
but an arrow A i is a binary relation
RC AR B. Here composition = relational

product, i.c.

A-'S B Byl =

mnn_; c) € Ax _ ab © __q....._.\rﬁ.muu cR& _ﬁ_:“ _...“_ ¢

y . ol .
while the identity arrows A A A are given
by the diagonal idg = DA =def [{a,a)|a €
A}

uUniversal Algebras: Objecls = any equa-
tional class of algebras (e.d. semiaroups,
monoids, groups, rings, lattices, hevting
oF boolean algebras, --:). Arrows = ho-
marnarphisms, i.€. set-theoretic functions
preserving the given structure. Compo-
sition and identities are lifted from Set

(why?)

B L e e

L ke

.



E.g. Monoids: structurcs (M,-,eai) Where
M is asel, M2 —» M, e C M satisfying unit
and associativity laws. Arrows = noms =
functions preserving - and the unit e.

E. 4. Boole:  struclures (B,n,.v,7,0,1)
where B is aset, V,A: % — BB, : B = B,
constants 0,1 € B, satisfying equalicns of

g boolean algebra. Arrows = functions pre-
sarving all the structure.

Vec: Objecls = vector spaces over field k
and Arrows = linear maps. An important
subcategory is Vecy, of finite dimensional
k-veclor spaces and linear maps. e.4. if K
= R, R* € ..:_._m_..n.__.l.

400“__m_1m0n:.mﬂmﬁ E_.E_o.c._rm_ mumrmm
and Arrows = continuous maps. (Exercise
identity maps d4re conlinuous. ﬁou_jncm;_,u:

of continuous Maps is continuous).

Preord: A preordercd set (A4,<) 15 2 set A
with a reflexive, Lransitive relation on it.
preord is Lhe following large category:

Ohjccts = pre-ordered sets

Artows = monotone (= order-preserving)
funclions.

Similarly for PO = the catecory of posets,

w-CPOQ: Important example arising in deno-
tational semantics. Oblects of w-CPO are
posels in which ascending countable chains
Gigy & el S Gipp S o have supremia:
e, we can form the lLu.b. Via; | © € N}
of an ascending chaln {a;}. Morphisms are
pasel maps preserving supremsa of count-
able chains. Composition and identities are

inherited from PO.

Many more suphisticated examples of cale-
gories arise in algebraic topology, algebraic ge-
omelry, nomalogical algebra, and functional

analysis.

!
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sme very small categories:

Jne: The category with onc cbjecl and one
(identity) arrow.

Jiscrete Categories: (Essentially sets).
Categories where the only arrows are iden-
tities, A set X becomes @ discrele cate-
gary, by letting the objects be the ,,._,_mz.u,mzi
of X, and adding one identily arrow o —— @
for each = & X. All (small) discrete cate-
gories arise in Lhis way.

T

A monoid: A sinale monoid M gives a cat-
cagory with one object, call it Cpq, @5 fol
lows: if the single object is #, We define
Cpplr, %) = M. Compaosition of maps is
multiplication in the monaoid. The monoid
1aws are exactly the category aws!

Conversely, note that every category C
with one object corresponds to 2 manoid,
namely C(=,+).

A preorder: A single preordered sel I' = &
) (where < is reflexive 8¢ Lransitive) may bc
considercd as a category!

Objects = the elements of . We define
hom-sets by:

b

Pla, b) = sl i

W ifa

o Fat

e
Iy

Thus, given two objects a,b € I*, there is
at mosl one arrow from a ta b, morecover,
Lhere is an arrow a — b e P pxactly when
a < b. In this case, the category laws are
exactly the preorder conditions.

|
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Underlying mulligraph of a category Deductive Systems and Freely Generated
__ Categories (for logicians):
A graph (= a directed multigraph wilh IGops)

is a pair of scts, tegether with two functions: A deductive system D is a {labelled) graph

(whose nodes are called formulas and

et
Arrows—— Objects whose edges are called lahelled sequernls or
..__.._1 ’
o labelled deductions ).
L R E
(more traditionally, Edges— = Vertices ) e :
il Woe are giver.

(1) specified labelled edges (= “axioms")

e Every category has an undoriying graph, i % :
: . _ ) S (i) operations an edges (= "rules of infer-
oblained by simply ignoring the other data :
ence’) tor generating new odges from old
heyond domn, cod. &
Nes.

e« All vertices in the underlying graph of a

e 47 (N J e oo
calegory have loops (= identity maps). Lagic Motivation: A —=» 1 means “f IS a

nraof of the entailment A= 1"

; r PProslulates:
- A colegary = Graph —+ composition law —+ | s S

- H. .._n...._ ml.' i .. - o o
identity edges + equl Hans Identity axioms [or cach formuia A, an
il g

odge A -— A.

How do we form the free catcgory generated _
by a graph? We use logical methods: | Cut Rule (for generating new edges from

i
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A

old ones):

L,
..h._ |||._.m.__:_..___u |.ﬂ.|_...._.n.ﬁ

There may be additional axioms, operd
tions on formulas, and/or additional rules
of inference

The above aperations allow us ta freely
generate what logicians would  call “la

belled proof Lrees”, or "nroofs”’ for short.

cxmes fx T Aten, o B

g o

A28 LE L
Hmo __we*T o

A =B cudf”

@mi 83 58

(Exercise: Given 2 set Az of axioms, de-
ccribe the sel of labelled proof trees gen-
erated by Az )

A deductive system T forms a category
(“the category freely generated by 1)
tollows

Objects = formulas

Arrows = cqulvalence classes af “proofls”,
i @ we lorm the class of all possible “proof
trees’ . then we impose certain equalions
petween them: cqguality ™= is Lhe con-
gruence relation generated by tho following
equalions:

. 1)
g i 2 1
ol 5 f
A g = A
AMA A A s
s - AL,

L
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hw.i...ql.w o &G Hﬂ; e,

FRal, .
Adsp  B=SD _
P _N:.CHPU._« 0
|
Alin _BDd
APhe  o—=D
el W Y
A" D
e, =isthe smallest pruivalence relation I

Uﬁ?ﬁ.,_m:.,_.i_uc_m__,,,a:._n: identifies the proofs
shown above and such that If ,_::,,.w_ and gRg’
Lhen _“mo._ﬂ_u_._q_..ﬁ.:}_,a.ﬁ, for composable arrows.

Operations on categories

pualization: Tf C is a category, SO is its dual
Cor . with the same abjects, but whose ar
Fows arc reversed (1.8 interchange  donm
and cod).

Products: I C, T are categories, S0 is their

cartesian pr

oducl ¢ = T, with the obvicus

struclure: objects are pairs of abjects, ar-

rows are pa

irs of arrcws, composition and

identitics are defined componentwise.

ﬁ..‘b u ,ﬂJ_txJ |I
Finally, wea end

A subcategory

or.

(4,9)

(#,0)

with o uscful notion:

¢ of B is a category consisting

I
1. ob{C} C ah(13)

2. C(A ) C B(A, B}, for all A, B e oblC)
3 The operations of ¢ are the restriction of

thase of B.

[This means!

(a) the identity arrows of O are identity ar-

rows of B
(b) composition in ¢ is restricted from 1.

¢ is a full subcalegory of B if for all objects

A Bed, Cla,l

3 = B(A, B).

E.g. The full subcateogry of gel of finite seis
and functions,
functions.

versus finite sets and injective




Functors

Let ¢, be calegories. A functor FC—="Dis

a pair I = (Fop larr ) wherc
B :_:.,_ﬂ.,..,_h_q..mm.h,."_ — H&.u__;,.,m__:_ﬁ..._ﬂ_m-.w_
and simitarly Tor arraws satisfying:
AL
At rB
wilh equations: [(gef) = gl f)
Plidg) = pa

A functor 0 o — DS mm:_mﬁ_::.,mnm:maE.f.T

rravariant. A contravariant functor F reverses
the order of composition:

Fgef) = (e g)
H...H..m..wmx__., — m_:_..ﬂ_n.__

Examples

1.

Fargetful (= Underiying) Functors.

1} Posets — Set, U/ Top — Secl,
7 Alg — Set (where Alg is any category
of universal algebros and hamemorphisims

between them).

1/ Obiects — Underlying Set {omitting
the other structure).& m_“._ﬁzﬂi pn AfTows,

Sometimeas, ane only forgets part of the
structure, e.g. the forgetful functor

17 TopGrp — QGrp

topological group and conl. group homs, 1=
underlying araups (+ unclerlying graup homs)

Rapresentable (or Hom) Functors. 1 A€

.€, we have the dual co- and contravariant

homs.




(a) Covariant Hom : €(A.-2} = € = Set by direct image: P{(S) = fI51. for

given by: 5 A
B o~ C(A ) (b) Contravariant Powersct, denoted P* oo
Set? — s Sel given by if A h_"..v 1, then

435 pdio s ClA D) CAB) = C(ALC) .
Hlg) = Jog PR — L) PLA)Y given by: PHT) =
11, for’ ;-m wWhoste

where C(A,

Usual nolation: k4 = C(A, =)
F(T) = FT_: fia) € A.W
(b) Contravariant hont. €(—,A) : €77 — Set 4. Free Algebra Functors. '@ set — Alg,
given by where (X)) = the free algebra gencrated
by set X (e.g. Alg can be Mon, Grp, Vec

B w— CLB,

A0 e, A C(CA) — C(B,A) )

._.___._..____._”.v:m _r_ﬂu._;_.._lm...”__nmmv — _.m_uﬁ1
5 Identity and Inclusion Functors: For ex-

Usual notation: hiy = C(—, A) .

ample, Id : Set — Sel, and Lhe evident
inclusion Ine : Vecy; — Vec of finite di-
mensional vector spaces among all veclor
spaces, |

3. Co- and Contravariant Powerset Functors.
Let P(A) = the sct of subsets of A. This
is Lhe object-part of two functors.

6. Exercise; If PI* are preorders, gua cale-

(a) Covariant Powerset P Set — m.uw givern . : L ¥
: I P gorics, a functor I * — P is the same as
by: if A — B, then Laﬁ_ == PB) 3 monotone (= order-preserving) map.
N — ¢ mu.nﬂ

Sl HmaWT S TA,

ay



= Dual Spaces: Let Vo & Vec apd Vo=
Lin(V.K), the dual space of V. [Exer-
cise: show there are two funciors: {=)" 1
Vec® — Vec and (—)-+:Vec— Vec.

Natural Transformations

Glven functors G : C — D, a natural trans-
formation is a family of arrows {fg @ I'C’ —
20 | C E '} satistying: for every I © =LK
Lhe following diagram commutes:

0
FC —= 3GC

Py G

o _..v r L
FD—2 SGD

Given m-ary functors I, (& M — P, a

family of arrows a4, .4, @ (A1 Aa)
G(Ay,-- -, An) issald Lo be astural in A; if Tixing

T

all the ather arguments A;, j 7 &, the resultant
family o g, - [ty fliggrea) — Gleooy Agyee)
determines a natural transformation between
functors € —» D with respect to the ith argu-

ment as variable.
Examples

\. Double Dual  Define 0 @ Id (=)Ll
Vec » Vec, where 8y @ vV — V1= s given

by

du(z)(f) = f(z) for fevizeV.
Exercise;
(a) 6 is well-defined and a n.L. .

(b) (Hard) @y is an isomorphism If and only
if V is finite dimensional

If V' is indeed Tinite dimensional, therc is no
‘natural isomorphism 5 @ Id — (=) L even

S

though for each V, V = v+ in this case.
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The reason is that this latter isomaorphism
depends on a choice of basis

runctor Categories:  Let €1 be cate-
gories.  Lel runcl(C. D) be the category
whose objects are Tunctors from g to D,
and whose arrows are nalural transforma-
tions between them, compose
natural transformations as follows! given
PG e Panct(C,D), define

wihigre wo

iy . # b a

Hﬂ_...._..v ﬁn__|m.,__...._ m.-_..«._— — .__.Ju.._..._. p__ A.._._u_.m . = .___L,.H.
ror each object A & ¢.  In particular, if
¢ is small, and D = Set, the cateaory
Funcl(C*, D) = Sett” is called Lhe cat-
cm_ozcﬁ tﬁ.mm:mmﬁ...maﬁa,

Set

If ¢ is the small catcgory wilh two ob

jects and two non-identily arrows, o m,
W1 iy

we identify Sett” with the category of
small graphs, dencted Grph

LT E

) mbl._r W

m% a_ ﬂom&xu :
= Sdbs el
it ﬂﬂ:m_, E Yiap X |._.uw|m|ux

T e

m

m“ .AP%WN Models  of mﬁ.ﬁ%ﬁ ._.%uq

¢ Set (M

Eo 2 -
wharo K = F(x)

g Q,w

AJbDﬁD...M. .uﬂ,.,, ,X,
an W-Sef =
¢ Ml —%%

a. {Eqﬁm?_y

X .
monaid hom M-

, #= Hr ons apg,m.
7 M

°) = _gwg,ﬁgamgm?
M@FZLmﬁim .
m,.._____,uﬁ.h._xn_.._./ o, VN

s4. (mnyrg = me(nes
e.x =%

Wﬂggmm : EH_./GMT (S & J.\..(z/. @

M-sebs € (et

N atwra § #ﬁgﬁu v

e DR

Fimy = 7 et



3 There is a calegory Cat of grmall categories
and functors between them. There is a for-
getful functor U . Cat — Grph which asso-
ciates to every small category ( its under-

lving graph.

Adjoints and Equivalences

An arrow in a category is an 150 if it has a two-
sicled inverse. This corresponds 1O the usual
mathematical notion of “isomorphism” in most
familiar categories. In the casc of TUnclof cate-
gorias, we oblain the following related notions:

e Naturat Fﬁ,,::n_..h..:__f:.ﬂ A natural transfor-

! I . . :
mation 7 — ( is a natural isomorphism

. A e |
ir, for cach A, I'A A, GA is an is0.

._Em:_r_:.m_qma,,.:..,&__m:nm.. b_.hm_,.mﬂ_ﬂ::ﬁ?:m
._ru .
ﬁ.ﬁltll - —Pis5 2 hatural cquivalence of
(7

cateqgories if there are natural isomorphisms
GF = Ide and FG = Idp. Ve shall see
many examples of this notion below.

Most mathematical dualily theories, as in the
case of the Tamous representation theorems
of Stone, Gelfand, and Pontrjagin, amount to
vcontravarianl’ natural eguivalences (S TR

Barr's book an s-autonomous categories, which
analyzes such duality theories, is an Important
source of concrete maodals for (fragments of)
linear logic.

Adjomt Funclors

One of the most impertant concepts In cate-
gory theory. Given funators

I’
1 e ——
{(/

we say I is left adjoinl 1o 1/ (denoted I AU)
if there is a natural isamorphism

PO, D) = C(CLUD} .



i.e., therc is @ family of arrows
o= {agp: DIFC, 1) — C(CU [}
which delermines & natural isomaorphism of
functors (natural in € and m,
g D(F=,—) — (= U~)

qua funclors CoP x D — Set. This isomorphism
determines a natural bijection of arrows

=
FC — £ in T
G =0 inG
Universal mapping property VICW.
Hdl Fe h
B

™D
e gD
C cl

Facl: Notions defined by universal mapping
propertics are unique up to Isomor phism.

S ——— S SRS

e g ——

Adjoint functors abaund in mathematics. Law-
vere has used this in an attempted axiomatic
foundation for large parts of mathematics

Adjoints

1. Free Structuras. Typical examples are left

adjoints to forgelful functors, which deter-
.___..a

mine "“free’ structuras: e.4. Kigse——=be

{7
in which F(X) is the free (universal) alge-
bra generated by the scl X

P

Caoncrote Example: Mon—— ——— =l

U

Here Mon is Lhe category af monoids and
monoid homs. (X)) = X" = the free
manoid on X = all finite lists or words (in-
clucling the emplty list) of elements ol X
Y* is o monoid, by letting multiplication =
cancatenating lists.
ny i X - UFX I8 sinclusion of generators”
map x — {z), where {x) is the word of
lenglh one centaining symbol z.




The universal property of adjoint funcLors
reduces Lo the familiar one for free alge-

bras. FA i

.“,....v. .mnu Jx. i M & wr (- §§
JC..F 2 § gives a monotone closure operator salisfy-
é ing: () a < j(a) and (i) j%(0) = ile), for

. all a e P
K 5] !
7 M

X, N + | awvere's slogan:  many categorical notions

arise as adjoints to proviously defined functors.

Another such example: Graph- ¥ sCat giv-

ing the free (small) cateqory generated by
a (small}) graph.

We now illustrate this viewpolnt by introducing
products, coproducts, and funclion spaces.

2. Galois Correspondences: Consider two
pre-arders as categorios, with a pair ol ad-
joint functors ( = monotone maps) be-

H..I
tween them @ (F) y————=(Q,<). Then
(s
F o1 means: F(a) <h Iff @ < G(b), for all
aePbec @ Letj=GF: () — Q. This

- b

*
i
i
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Hﬁ ﬂ, s o ﬁn.‘_ﬂminﬂu DO sy

lo %8 .
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Maps : Pain  Ap) Y9, (c 1)
of Maps ,

Composition 2 tdeniti ey Compornf-

Wise .
€A, exe
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Ly
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Dually, to ey 31 s
rUﬁHAm.

ﬂ J.)ccu Ho“ﬁgmw ﬁﬂwﬁwmcﬁ.ﬁw
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