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Teedback theories (a calculus for isomorphism

clasces of flowchart schemnes)

by Gh. Steflinescu

A simple representation of multi-entry nmulti-exit
P b M

flowehart schemesg is giwven. This showg that tﬁe basic operations
on flowchart schemes are: sgeparated swun, composition with

tempty flowcharts,i and fecedback. The main teckhical point is
giving & calceculus Tor isomorphilsn classes of Tlowcunort schemes,
Thig caleculus is similar to that of polyromials and may e
considerecd as a fromework of our célculi for deterninistic ond

nondetverministic flowchart schemes presented in [5j.

'KEF voras, feedvoel, semanticz, flovehart schemes

he reascons for the present note is twofolds:

(a) we are trying to nrove that fzedbacl is rore natural then iteration;
(bl ve pive o ecaleulus for isomorphism classes of fleowchart scheyeé.
This paper may bé séen s a-natural extensicn of the last paper of
Elgot [4). The charvacteristic feature of [4] is the attenpt to
wearen the ‘algebfaic tneory! gtructure (in the sense of Luawvere),
wicdely used in semantics of flowelart algoritams.

{z) The Teedbzck iz 'scalar' and all usual flowchart scremes
grn o oe bullt up froa atomic flowcéart schemes and trivial ones
{(which may bé_ﬁhought of as redirecting flow of control) by mezns of

sum, composition and Icedbocei. " This is no longer true for scalar

iteration (cif. [4], ornly flowcharis {fulfiling 'for cvery closed path



2

C there is a vertex VC of € such that every bogin'path to a

vertex of € mecis vC’ can be obtained).

{(b) There is some interest in axiomaﬁization of isomorphiism
classes of flowchart schemesiﬂz; 3y 4]. Our calculus extend these;
its chaoracteristic features ore:

- the operations on flowcharts are defined by simple formulac
rather by some 'verbal descriptions' as in [2,4]; i

~ the.restriction to sum and composition of bur alrebraic structure
is more general then 'algebraic theories' used in t?,}] and essentially
corresﬁonds.to flow theories in [4], bput instead of surjeciive
" funcitiong we need only bijective cneg;

- our caleulus work in a uwore gencral (and usful) czse, e.r.
instead of irivial flovchart schiemes we ¢an use arbitrory krown
flovehart alipgorithns in which a change of mémory Stﬁto con accénpany

rodirecting flow of control,
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Thig shous thot the bhagic operations o flowchurt schemes arc:

geonarated sup (or parallel comvosition) +, composition {or serizl

commoaition) « and these have the folloving intuitive

menning:

™y
4
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4
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In the scqual

composition can be restricted to cowposition with 'euply.

ig floveharis sevccuwes without invernnal verticca., Generally,
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a fTunction,

notes kK-times apnlicaticn of T . By FIG, 2.1,




The class of bijective functiong in Fn is closed under ¢ and

cohtains the identities, hence it gives a subcategory Bi of In.

Horeover, Bi is closed under 4, Ve write m<4»n for the block

==

perimitation functien men @ fmen] — [nan] given by
x(m<¢»n) = 'if xgim] then n4x else x-m' for *x & [manj.

Given a bijective funciicn T : [n+t] — [p+1] ve define the function

£4: (1= [p] by

xIY = 'if xf £ p+t then zT else (n41)f' for =e&in].

4, Feedboeok thoories. Our basic algebraie structure is defined

as follovs.

4.1, A biflov (T,4,¢,%) is an extension cf {@},+,c,¢;1m,m%+-n)

in a4 monold;

(4.1.27 lock verzutation axicn: for I, & T(mi,nﬁ), 1el2
L

C T, e(n, Ly = (o, 4 ) P S I
({1+12) (”1 >_2) (I.1 rn210(f2+ 1),

e (01,3 (T,U,In)' is @ categery, having the same objects 2o Bi;

(4.1,4)  Coumpositien and sus zre related by:  for f{E-T(mi,nﬁ),
. A

{7.’_: = L‘(I’]l,}) s ie {2_‘

(£1+f2)n(g1+m Vo= (f cg1) + (L,eon s

PR . n o
(4.1.5.1) & 4 o= D



(4.1.5.2) for fg T{(m+p, mp), £ T{m',n')

£AT 4 5 = (T4 m' e p)olf + g)e(I_v pern)) 40,

(4.1.5.3) f'fpc g = (i‘c(g+1p)) &P;
(4.1.5.4) fogt? = (£4I ) ee)t?;

(4.1.6) Snifting block on feedback: for T & T(nmsp,ntq), & & T(a,p)
: AP L . ey G
(£e{T +5))4" = (X +ghe £} 10

4,2, verark, (i) According to [4], this should be called =

——

(scalar) fcedbaci flov theory over Bi.
{ii) The wxions are not indepeandent, In foet, (4.1.5.2)
follous from (4.1.5.41) using {(4.1.2), (4.1.5.3), {4.1.5.4),

(iii) Fror f£& T(2,n), g & T(n,p) wve have

Hi

(4.2.1) Lo . fc(lL+#I}YH1 o o=) ((f+g)c{11¢¢}3))f'n.

4,7, LM Fiasse 23 with the overations defined in % iz o biflow,

- .

11 itocration theorics ¢f i1, otrong iteration thoorics ef, {51 and
tRaad) § 2 y

. . Y - e e 1= - e ) - o
theories with iterate cL.LE], naturally arce biflows (as feedbacx wveo

' +

1ol (1n¢0p)(f(1q+om+l ))T, for £ & T(mip,n4p) —— ' is the richt
! , : .

iteration),

4,4, In practice, 1t is ustul to hnve A giwmpler characierization

of this clpeoraic stiructure. Such a simplification con be outoined.

in Bi  and teling (4.2.1)

————a

41

ucing only couwposition with morshisnme

m

as o deiinition for fencral composition., ore precisely, if T

endoved witn sua, left and rignt corposition with morphisms in 24,

T

PR L AT AU B S, - R Y e K .
and jeedtoci:, extonds Fio oarnd fuliils:




~ (A1), (Farn), (41050105

s
—_—

- (T,G,Im) ig o bimedul over DL, i.e.
Tel =1 vl =1, for f¢g Mm,n}, and
fel{reh) = (fegleh, vwhenever two morphisus are in  3i;
- {4.1.4), (£,1,5,%), (4.1.9.4), (4.1.6) whenever the 68 rmorphisms
are in 5};
then T is a biflew (compdsition being extonded ﬁsing {4.2.1)).

objects hiflows and as norphisos

A5. The cotepory
functors vinich preserve Li, sus and Teedback.,

. R T e . e o .
5., nabsirect theerics of fevwchart o Such a2 theory is

of wrricbles for atemic flevchart . achenes

{1t is, every x & X has o onuslber of entries "x and a nunber of

-e 3 - " ~ . 1 4 " o g 3 e - * . - .
onits g -~ wucther way to specify this v x & Z(Tx, 1))
O IR e e cna mn P S A ROV K R Y e e . =
- ataupport theory' T econcisting of o Tocily of sets Tlm,n), n,n&

{on clenent o & T(m,n) i ccensidered as o knovwn cowputabion procecs

s - N . " N v g Al
with o entTios and nhoocnits).

iote, The type of T corresnonds to ihe tyne of Tlowehnrt

—

connider,  Woile in Lhe case of deverrinicstic floivrchoaris

achicnnes o

o . ) e s . - .
the bvesic cupport theory is siven by Fin{m,n) = 'the =et

of o110 partinl Functions frg.

civen by 2ellr,n) = 'the ced of oll relaitions

REAS
T8 fomAa, T [ RSP SRR Ry B ¢
£3'}- iC i;lu_hl.,L:.’, u_]_“uO ¢ Bhopnerdson L) e our,
= i
o a1 4ot AN . EN T Ay - o e
A1 curjective funcliong in Ufn,. In vhis rapar e
voe  oi. Al Yneso theorien noedel only ro 0¥
—=
Lo L h e e Tioenn vonaricens enn leo be usen, o.0,
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1,0) = 'the sct of ol partinl functvions fren Do Tml

to. Dx [al' in wnich a change of memory stete 4 & D nmay wccompony

reaireching flew of control, 1

A flowchard schemes is absiracted to an ‘- iloxnou;%l over T

defined as an expression

vhere x, € X, the sum is finite and ¢ & Thmfzjxi, n+j2'xi)
i ) +

aenote by Jloyn)  their set,

The intorerelntion of an A-Tlowncmial over T in a suruciure Q

in vihieh I, sum, compasitlon ond feedbocok huve cenec, in opeciiied

by o romgepreserving fanefion oot K- 1 (d.o. wy(rie Az, 7))
amg o ‘morphion! Yot T3 {i.o, 1T prosorves Im and operations)i
it i

“* I 5, n,

rt;{\{(J s e g :((IJ'I*X}{“:(;Z \')""’_(()‘)'T -,

-

Toand X cun natv roll

[
(94
w
-
5
=
-~
£
jo)
o
N

Ia the genusl we gholl dreguently write x, "X, X ingtead of
Wt oar ‘-,-r'“ Ko TV Ty T ‘V-,"[ '
P G dua g L oy ranplclLavely .

SR

H, oot

T extena theanolives Lo



Gryn) = 'the get of all paritinl funclions freom D x Tl

to. in which a clienge of memory state d & D noy acconpuny

reairveciing flow of control, I

”

A flovelhizrt schones is abstracted to an A-{lovnoninl over T

defined ag an expression

vheve xi.é X, the sum is finite and ¢ € Mo+ *xi, n+j2'xi);
+

An,n) their set,

3

Tho internretoatios of an X-flownoerial over T in a2 svructure Q

in which im’ cury, compasiilon end Feedhoek huve genge, o apeciiied
by o ronu-uvreccrving tnetion ﬁfv t X — 0 {i.e. (fy(x)ii Q('X,_K)}
P s
nng oo 'morphiont S w3 (di,0. 2% proserves I] aad operations};
b it
it in
— " @
. & , o
{0+ E eyt o= (0 e e eyt T
{ w1 n ) e -
Toand X cun noturolly b oenncdded in g Tollovia:
-
-y L0 N 3 . Ny X
- o = ((L] X and n o= ({(T._+ c)e{*x or X
7 . )
* i Ly (4.2.17).
Ia the seound we choell Freguently vrite =, "x, x  instend of
: S
ol G S Slxj rospoetively,

Nwin, connositicon ang feedoell dn

»ll

coarniven o a=2lowanconindls over 0



L. et
{1} For ¥ = ((IFJ_H',:‘)UC)‘T =t =31 and P! = ((Im,qr;f._'):c')'\‘ =

m' e— nt' wo define 437 @ maiml—3 a4n' as

. - L]
i T - X E x4+t
P4 = ((Ilil-i»Iﬂ"l:-'_;"-i-é' )O(Lm-m' v xvl _Jelete! e (_[n+ z<>ntel. ) e,
. L

(ii) for ¥ = {(Im's-;:)rfc)"i“ £ pme—»n, fe TMy,m), and g & T(n,q)

—-

wg define

We yr = e T :‘g
Peg= ((Imt’—:_) CC(U-iI.:g))T , and
f_«'—,F = ((Ip+§)t(f+1.§)ac)1‘ £,
(1ii) for T = (“i-_m"l_*“"“\ E . e —3 n+1 ve define F4:m «-»n as

o= ((I{i-l-}j_:)‘- ((Imﬂﬁ-.’-;‘i)quJ(Inln-‘l «> 2™t Z,

o —

Suppose T is a biflow. Ifrom these basie operuaticns we derive

*
s s _ \ - b
the general feedbnel and composition, nomely for F o= ((J.F\F,_J.-:-:)c.c)/i\ =
‘ - b=
I
N L
AE

r4it =3 n+lt the flovnonmiel I P e—=a-n io

. .
PAY = ((T 43)e ({T 4+, xen v ce(I 4kenx)) 4 ) &
n = mootE _ 1 =
. __ 'v‘
cand for ¥ = ((I_q-}—i{)oc)”‘\ Lm0, P o= ((I.I-FE')&C')T‘ 2 i — P

the {lounouinl ¥FeF' ' nm —» p is

$ars St
DI

(]

Ve (I +"méy x')e(e'+I. )e (Ip+'_>£_' -

s

Feli' = ((Ir*+f—_‘——.+§)° (c+I

Rermerih that all thege Jormmlze are rules of compuisation in a
bifliew, nawely their instonces ovitained by replaocing x$§  with
eleuents in " ore identities in T. Yhis gives o hoalf of the main

theoren, i.e.



UNIQUE BXTLRSION LEMMA, For every morphism ‘?T : T —=» Q in
BFl and every rank-preserving function (fx : XI—-¥-Q the extension

T ey f_;L p <t X cto'w' : le T—)- Q preserves the operatlons.

i
é\\\\\\\ : //,///// . Moreover, this is the unique extension of
N V‘ ) .
Q

(Cfx, ¢n) with respect to this property. 4

T. Isomorphic flownomials. Given (X1""’Xk)' (x{,...,x',)

a function y : [k]—~[k'] such that x, = xi,» ¥ il nas a

.

unique 'block extension' to entries ‘y :[fx1+...+’x£]—%['x;+...+'xi‘]
and a unique block extension to exits |y i [[Xy+...+ X ]~
[.x{+...+'x£,j (see £4] for more details).

_ 3 *x,
We say two flownomials F = ((Im+x1+...+xk)uc)1‘ i m-—n
‘x!
and F' o= ((I_+x! >
m

[tee .+x]:1)cc')’f‘

: m—3n are igomorphic if there
is a bijection y : [k} -»Ix] such that
JU— T 1.
(1) X, = xiy_’ ¥ ie {u1;

-(ii) co(In+‘y) = (Im+_y)ec' .

The isomorphism relation @ is a congruence relation, hence the

operations are well defined in the gquotient structure le T/ Cn
the other hand, two isomorphic flownomials have the same interpretation
in a biflow, hence the interpretation <F#-: E}x T ~>» Q induces one

A . e s .
(? s F1., TAx -—— J on isomorphism classes of flownomials.
, :

[
-—_

8, The algebraie structure of TF1 X T/g . Suppose T dis a biflow,
]

-

f pr F IO) is a monoid,

{ri.,. ., °®, I_) is a bimcdul over Bi and (4.1.5.1) holds in Fl_ .
=4,T n . = =X,T

A zinple computation shows that (111
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The identities (4.1.4), (4.1.5.3), (4.1.5.4), and (4,1.6) hold,
whenever the g8 morphisms are in T. In addition, the two sides
in {(4.1.2) give isomorphic flownomials. By 4.4 these give the

other half of the main result, i.e.

STRUCLURE PRESERVING LEFMA, If T is a biflow, then Fl /s

is a biflow,

9, The main result. This shows why we have asserted that this

caleculus is similar to that of polynomials. It follows from the

above lemmas and the last sentence in 7.

THEORsM, TIf T 1is a biflow, then Fly Tﬁm is the coproduct
——ty

of T and the biflow freely generated by X in BFi.

T ;E}',Tﬂﬁrf—J X This means that ggx,T is the biflow
. i
%& .‘A ?X' freely generated by adding X to T.
v ,
¥4
Q

10, Extansions. The class of I'iflows T which extends

Fn and fulfils

(10.1) Omf = £ , for f£& "{m,n)

{10.2) (mvr)ef = {f+F) (nyj\),' for fle T (m,n)

vhare Om is the unique function in E;fﬂ,m) and mym
is the function in Fn(mém,m)  given ky x(nvym) =

bif x& [m7 then x else x—m: for xe [r+m]

equals the cless of alcetraic theories with i+rarate in [ﬁ].
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