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Abstract from the language. Not surprisingly, the resulting finitéan-
guage permitted a fully abstract semantics in terms of fidiite
Finding a denotational semantics for higher order quantoim-c  mensional spaces; this was hardly an acceptable solutitreto
putation is a long-standing problem in the semantics of turan  general problem. The second approath] [was to construct
programming languages. Most past approaches to this problea semantics of higher-order quantum computation by methods
fell short in one way or another, either limiting the langadg  from category theory; specifically, by applying a presheai-c
an unusably small finitary fragment, or giving up importaga{  struction to a model of first-order quantum computation. sThi
tures of quantum physics such as entanglement. In this paper indeed succeeds in yielding a model of the full quantum laanbd
propose a denotational semantics for a quantum lambdaleslcu calculus, albeit without recursion. The main drawbackshef t
with recursion and an infinite data type, using construstioom  presheaf model are the absence of recursion, and the fdct tha
quantitative semantics of linear logic. such models are relatively difficult to reason about. Thelthp-
proach p] was based on the Geometry of Interaction. Starting
. from a traced monoidal category of basic quantum operations
1 Introduction Hasuo and Hoshino applied a sequence of categorical censtru
tions, which eventually yielded a model of higher-ordermfuan
Type theory and denotational semantics have been sucttgssfucomputation. The problem with this approach is that thedens
used to model, design, and reason about programming laeguagyroduct constructed from the geometry-of-interactionstore-
for almost half a century. The application of such methods tGjgn does not coincide with the tensor product of the undiegly

quantum computing is much more recent, going back only aboyhysical data types. Therefore, the model drops the pisgit

10 years 17. . _ _ entangled states, and thereby fails to model one of the dgfini
An important problem in the semantics of quantum computingeatures of guantum computation.

is how to combine quantum computing with higher-order func-gyy contribution.  In this paper, we give a novel denotational
tions, or in other words, how to design a functional quantumMsemantics of higher-order quantum computation, based ¢in-me
programming language. A syntactic answer to this quest@s W 4s fromquantitative semanticsQuantitative semantics refers
arguably given with the design of the quantum lambda caculugg 4 family of semantics of linear logic that interpret proafs
[22, 19]. The quantum lambda calculus has a well-defined synjinear mappings between vector spaces (or more generaily; m
tax and operational semantics, with a strong type systemeandyjes), and standard lambda terms as power series. Thealrigin
practical type inference algorithm. However, the questitiiow  jqea comes from Girard’s normal functor semantiéis More re-

to give adenotationabemantics to the quantum lambda calculuscenﬂy’ quantitative semantics has been used to give 3 selit-
turned out to be difficult, and has remained open for manysyeariational semantics for various algebraic extensions oblarcal-

[18, 21]. One reason that designing such a semantics is difficul&ums, such as probabilistic and differential lambda daleug.
is that quantum computation is inherently definedfimite di- 1], [2]).

mensionaHilbert spaces, whereas the semantics of higher-order ‘5.4 teature of our model is that it can represiefinite di-
functional programming languages, including such feataesin-  ansionalstructures, and is expressive enough to describe re-

finite data types and recursion, is inh_erentlyinfinitary. cursive types, such as lists of qubits, and to model recarsio
In recent years, a number of solutions have been proposed i is achieved by providing an exponential structutelinear
the problem of finding a denotational semantics of higheleor logic. Unlike the Hasuo-Hoshino model, our model permits-ge

quantum computation, with varying degrees of success. Thgrg| entanglement. We interpret (a minor variant of) thenguia
first approach 20 was to restrict the language to strict linear- |3mpda calculus in this model. Our main result is the adeguac
ity, meaning that each function had to use each argument ex; the model with respect to the operational semantics.

actly once, in the SPi”,t (_)f linear logic. In thi; way, all i"“afY The model is the juxtaposition of a simple, finite-dimension
concepts (such as infinite types and recursion) were elteina model of quantum computation together with a canonical com-

*Partially founded by French ANR projecti@uas (number 12 3502 006 01)  Pletion yielding the structures of linear |99ic- OW modehabn-
and CNRS chair “Logique linéaire et calcul”. strates that the quantum and the classical “universes” weik
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qubit 1:|¢) —e— H |- Example 2. A slightly more involved algorithm is thquantum
‘ l teleportation algorithm(see [L6] for details). The procedure is
|

|
(i) (i) M - summarized in Figurd. Wires represent the path of quantum
qubit 2:10) —{ i | ¢ U bits in the computation, and time flows from left to right. The
gatg 1| stands for an application of the Hadamard gate, whereas
location A the gate? is a controlled-not: it negates the bottom qubit if the
qubit 3:0) I upper one is in statgl). The boxM is a measurement. The

unitariesU,,, are
Uoo=(59), Unn=(98), Uio=(§93), Ui =(5%)-

The goal is to send a quantum bit in an unknown sfaterom
Location A to Location B using two classical bits. The proges
can be reversed to send two classical bits using a quantummbit
this case it is called théense coding algorithifig)].

together, but also — surprisingly — that they do not mix toe@hmu The algorithm consists of three parts. In (i), two quantuta bi
even at higher order types. (qubits 2 and 3) are entangled in stat%(|00> -+ [11)). In (i),
Outline.  In Section2, we briefly review some background. the input qubit 1 in statgp) is entangled with qubit 2, then both
Section3 presents the version of the quantum lambda calculugre measured. The result is sent over location B, where)ra(ii

that we use in this paper, including its operational sensanti correctionl,, is applied on qubit 3, setting it to stajig).
Section4 presents the denotational semantics of the quantum

lambda calculus, and Sectidnproves the adequacy theorem. ; ; "
Section6 concludes with some properties of the representablez'2 gzg:lty matrices and completely positive

elements.

)

Figure 1:The quantum teleportation protocol.

Usy — |0)
(iii)

If we identify |0) and|1) with the standard basis vect((ré )and

( 0 ) the state of a qubit can be expressed as a two-dimensional
vectorv = al0) + 8[1) = (§). Similarly, the state of am-
qubit system can be expressed ag'&amimensional column vec-
tor. Often, it is necessary to consigeobability distributionson
Quantum computation is a computational paradigm based oguantum states; these are also knowmased states Consider

the laws of quantum physics. We briefly recall some basic noa quantum system that is in one of several states. . , v; with
tions; please seelf] for a more complete treatment. The ba- probabilitiespy, . . ., px, respectively. Thelensity matrixof this

sic unit of information in quantum computation isgaantum  mixed state is defined to b& = %" p;v;v;, where(—)* de-

bit or qubit, whose state is given by a normalized vector in thenotes the adjoint operator. By a theorem of Von Neumann, the
two-dimensional Hilbert spac&?. It is customary to write the density matrix is a good representation of mixed stateshén t
canonical basis of? as{|0),|1)}, and to identify these basis following sense: two mixed states are indistinguishableby

2 Background

2.1 Quantum computation in a nutshell

vectors with the booleans false and true, respectively. State

physical experiment if and only if they have the same density

of a qubit can therefore be thought of as a complex linear combmatrix [16]. Note thattr A = p; + ... + px. For our purposes,

nationa|0) + /|1) of booleans, called guantum superposition
More generally, the state of qubits is an element of the-fold
tensor product? ® ... ® C2.

it is often convenient to permit sub-probability distrilmuts, so
thatp, + ...+ pr < 1.
Let us writeC™*" for the space oh x n-matrices. Recall

There are three kinds of basic operations on quantum data: inthat a matrixA € C"*" is calledpositiveif v*Av > 0 for all

tializations, unitary maps and measurements. Initiabzapre-
pares a new qubitin stafe) or|1). A unitary map, ogate is an
invertible linear mag/ such that/* = U~*; hereU* denotes
the complex conjugate transposelof Finally, the operation of

measurement consumes a qubit and returns a classical bit. Ifk, where id, is the identity function orC***.

qubits are in state|0) ® ¢o+ 3|1) @ ¢1, wherep, andg, are nor-

v € C". GivenA,B € C"*", we write A C Biff B— A
is positive; this is the so-calleddwner partial order A linear
mapF' : C*" — C™*™ js calledpositiveif A J 0 implies
F(A) 30, andcompletely positivé F' ® idy, is positive for all
If F" moreover
satisfiestr(F'(A4)) < tr A for all positive 4, then it is called a

malized states af — 1 qubits, then measuring the leftmost qubit superoperator The density matrices are precisely the positive
yields false with probability«|?, leaving the remaining qubits matricesA of trace< 1. Moreover, the superoperators corre-
in statego, and true with probability3|?, leaving the remaining spond precisely to those functions from mixed states to chixe
qubits in statep; . states that are physically possibies]17].

Example 1. A small algorithm is the simulation of an unbiased
coin toss: initialize one quantum bit t6), apply the Hadamard
gate sendingp) to \/%(|0) + 1)) and|1) to %(|0> — (1)), then
measure. The result is true with probabili%yand false with
probability 1.

2.3 The category CPM

The categorfCPM; is defined as follows: the objects are natural
numbers, and a morphisfi : n — m is a completely posi-
tive mapF’ : C"*" — C™*™. Let CPM be the free comple-
tion of CPM; under finite biproducts; specifically, the objects



of CPM are sequences = (ni,...,n;) of natural numbers,

and a morphisn¥ : 7 — 1 is a matrix(F;;) of morphisms ~ Terms M,N,P =

Fi; - nj — m; of CPM;. The categorie€PM,; andCPM are x| Az M | MN | skip | M;N |
symmetric monoidal, and in fact, compact clos&d| | u B
M®N|1etx ®Ry® = MinN|

in, M | in, M | match P with (z: M | yP : N) |

split? | letrec f4™Bx = MinN | meas | new | U

2.4 Limitations of CPM as a model

The categorfCPM can serve as a fully abstract model for a sim-

ple, strictly linear, finitary quantum lambda calcul®&)]. For Values V.W =
example, the typbit is interpreted aél, 1), and the typeyubit ' ) . .
is interpreted a2). Measurement, as a map frapabit to bit, z | ¢ | Art.M | Vew | in, V' | in, W

sendy ¢ %) to (a,d). The coin tossis a mad) — (1,1) send-

ing (p) to (5, &). Function spaces are interpreted via the compact Types A, B,C =

closed structure. qubit | A~B | (A—B) | 1| A®B | Ae B | A"
As mentioned in the introduction, the semantics2{ fis ex-

tremely limited, because it is completely finitary. Thuswec

sion, infinite data types, and non-linear functions (ileose that Table 1:Grammars of terms, values and types.

can use their argument more than once) had to be completely re

moved from the language in order to fit the model. For example, ) ]
even the simple squaring functigh Az.f(f z) is not repre- examples below, we will be using the Hadamard dgdtand the

sentable irCPM. controlled-not gatéV,., defined as follows1§]:
The purpose of the present paper is to remove all of these re- 1 1000
strictions. As an example, consider the following pseuddec H= 7 (14) N, = <8 50 ?) (@)}
(in ML-style): 0010
val glist : qubit -> qubit Iist Notice that bound variables are given in Church style,wéh
let recqlist g = if (cointoss) then [(q] a type annotation. This enables Propositipand simplifies the
else let (x,y) = entangle g in x::(qlist y) semantic interpretation of the typed terms. We omit suclotain

tions in the sequel if uninteresting or obvious.

We have two kinds of arrows: the linear arrow-B, and the
intuitionistic arrow!(A — B), which is obtained by the call-by-
value translation of the intuitionistic implication intméar logic
[3]. Intuitively, only the terms of typ& A — B) represent func-
tions that can be used repeatedly, whereas terms of Aype3
must be used exactly once. A type of the fotrhis called a

1 /a00b I-typeor non-lineartype, and all other types are calléidear.
(2b)— (— (2%), 1 (0 99 8) . ) . The distinction between linear and non-linear types isiatdor
c00d allowing the type system to enforce the no-cloning propefty
quantum physics.
By convention;— is associative to the right, while application

Here,coi nt oss is afair coin toss, and the functiemt angl e
sendsx|0) + S1) to «|00) + S|11).

So if the functionqlist is applied to a qubit|0) + 3|1), the
output isa|0) + 8|1) with probability 1, «|00) + 8]11) with
probability 1, «|000) + 3|111) with probability £, and so on. Its
semantics should be of tyge— (2,4, 8, ...), mapping

The categoryCPM is “almost” capable of handling this case, but
not quite, because it cannot express infinite tuples of wesri o
The model we propose in this paper is essentially an exteiasio and tensor are associative to the left. We use the notatitih

. ’ o
CPM to infinite biproducts, using methods developedsn15, for A tensorgdz times. The type_>4 denotes finite lists of type
11,17, A. When doing structural induction on types, we assumeAlat

is greater tham®", for anyn € N.
The set of terms and types is somewhat spartan; however it can
3 A quantum lambda calculus be easily extended by introducing syntactic sugar. Notg fba
technical convenience, we have only allowed types of thefor
!A when A is an arrow type. However, for an arbitrary tyde

We define a variant of the typed quantum lambda calculug®f [ the type! A can be simulated by usingl — A) instead

The main difference is that the language in this presentriape
true extension of linear logic (see the type assignmenesysff  Notation 3. We write bit — 1 @1, tt = in, skip,
Table2). In particular, in contrast wittifl], (A® B) — !A®!B £f = in, skip, nil = in, skip and M:T:N _
is not provable and there is no need for a subtyping relafibe. in, (M @ N). We write Askip.M for the termz'.(z;M),

operational semantics implements a call-by-value styaté |\ here » is a fresh variable, andf P then M else N for
untyped call-by-name variant has been studied 0j. match P with (2! : N | y!: M).

The classes oferms valuesand typesare defined in Ta-
ble 1. The symbolc ranges over the set of term constants A contextA is a function from a finite set of variables to types.
{skip,split?, meas,new,U}. The constant/ ranges over a We denote the domain ok by |A|, and we writeA = x; :
set of elementary unitary transformations on quantum bithhe ~ A4,,...,z, : A, wheneverlA| = {xy,...,2,} andA(z;) =



. | . —0
A linear a d INFV: A BV value

Az ALz A Ao (A—<B)rz:4d—<B ™ b

IAFV:!(4— B) !Ai—skip:llI

Ajz:AFM:B ., ATFM:A—oB 'ANFN:A  ATHFM:1 IANFN:A
AFXAM:A—-B IA\T,SFMN :B B IAT,SF M;N: A B

IANTFM:A IAJSFN:B INTHFM:A®B AYz:Ay:BEN:C
AT,SFMaN:AzB ! IAT,YFletzA®@y® = MinN:C

E

A z: AFM: C
INTFM:A ; IAN\TFM:B , IANTHFP:AeB AY,y:BEN:C

IATHin, M:A® B @ IANTFin, M : A9 B @1 IA,T,¥ Fmatch Pwith (2 : M |y®: N): C

23]

IATHFM:16 (ARAY IA,f:(A—B),z:Ar-M:B AT, f:!(A—B)FN:C

£ split rec

IAT - M : A* VN split? : Al—1 @ (ARAY) IA, T letrec fA~B gz =M in N : C
U of arity n
IA F meas : qubit o bit " TAF new: bit — qubit " AF U : qubit®" —o qubit®"
Table 2:Typing rules. The context andX: are assumed to be linear.
A;. We call A exponentialresp.linear) whenever all4; are!- qubit — bit ® bit, and the ternBellMeasureis defined
types (resp. nd4; is a!-type). We write! A for a context that as
is exponential. The notatioh, . refers to the union of the two Ag1 g ( letz®@y = Nc(q1 @ q2) > .
contexts” andX: and assumes thdt| and|X| are disjoint. in (meas (H z)) ® (measy)

A judgements a triplel’ = M : A of a contextl’, a termM
and a typeA. A judgement is calledalid if it can be inferred
from the typing rules in Figur@, using the convention that the
contextsl” andX: are linear.

(i) performs a correction. It takes one quantum bit, twassli-
cal bits, and outputs a quantum bit. It has a type of the form
qubit — bit ® bit —o qubit. The termis

. . o . , U=X x®y.ifzthen(if ythenU;qel seUq)
Proposition 4. There is at most one derivation inferring a given el se (i f ythen Uy gel se Uy q).

typing judgement' - M : A. O

Example 5. In Section2.4, we wrote the informal program We can now write the term

qlist. Our language is expressive enough to represent it. The (elep = Askip.let 2 ® y = EPR skip in

termcointoss can be defined aseas(H (newtt)), and it has let f — BellMeasure = in
type bit. The termentangle is Azt N, (z ® (newff)), letg =Uy
which has typejubit — qubit ® qubit. Then,qlist is inf®yg.
letrec fqubit—oqubit"]q _ It can then be shown that
if cointoss then ¢::nil F telep :!(1 — (qubit —o bit®@bit) ® (bit®@bit — qubit))
bi bi I . . S .
else let 2P @ y 9P — entangle ¢ in z:: fy is a valid typing judgement. In other words, the telepootati

) . o algorithm produces a pair of entangled functighs qubit —
which has typequbit — qubit”. In Examples9 and28we it  bit andg : bit @ bit — qubit. These functions have
discuss its operational and denotational semantics, ctgply. the property thay(f(|¢))) = |¢) for all qubits|¢), and f(g(z ®

Example 6. In Example2 and Figurel, we sketched the quan- ¥)) = (z @) ,fo_r all booleansz andy. These two functions
tum teleportation algorithm. We said that the algorithm ban &€ €ach other's inverse, but because they contain an emtedd

decomposed into 3 parts. Each of these parts can be describ@dPit €ach, they can only be used once. They can be said to

and typed in the quantum lambda calculus, yielding a higher‘iorm a “single-use isomorphism” between the (otherwise-non

order term. This is an adaptation of an example providedgh [ SOMOrphic) typesjubit andbit © bit. However, the whole
procedure is duplicable: one can generate as many onedte-

(i) generates an EPR pair of entangled quantum bits. Itsisype isomorphism pairs as desired.
thereforel — qubit ® qubit. The corresponding term is

EPR = \skip.N, ((H(newff)) ® (newff)). 3.1 Operational semantics

The operational semantics is defined in terms of an abstract m
(i) performs a Bell measurement on two quantum bits and outehine simulating the behavior of Knil's QRAM moded] It is
puts two classical bits,y. Its type is thusqubit —o similar to the semantics given i2]].



Definition 7. A quantum closurés a triple|q, ¢, M| where

* ¢ is a normalized vector of2", for some integen > 0.
The vector is called thequantum state

e M is aterm, not necessarily closed;

 (is a one-to-one map from the set of free variabled/ofo
the set{1,...,n}. Itis called theinking function

We write |¢| for the domain off. By abuse of language we may
call a closurdg, ¢, V] avaluewhen the termV/ is a value. We
denote the set of quantum closuresyand the set of quantum
closures that are values Byal. We write ¢|,, for the linking
function whose domain is restricted to the set of free véembf
M. We say that the quantum closuig?, M] is total when|¢|

In summary, the quantum state acts as a shared global store
that is updated destructively by the various quantum ojzersit

Note that the only probabilistic reduction step is the oneeso
sponding to measurement. Also, we underline that the hysath
associated with a congruence rite/, C[M]| 2 [, ¢/, C[M"]]

takes into account the whole quantum stateend¢’. In fact,

because of the entanglement, the evaluatiofydof;, M| may
have a side-effect on the state of the qubits pointed to byatie
ables occurring in the conte&t| ].

The rules assume that the involved closures are well-defined

In particular, whenevely, ¢, M] £ [q, ¢, M'], the two terms\/

and M’ have the same free variables. For example, the closure
[|00), |yz), (Ax.y)z] cannot reduce and it represents an error: it

would reduce to the erroneous quantum closlie), |yz), z],
where the domain of the linking function is not the set of free

has cardinalityr, the size of the quantum state. In that case, ifyariables, as specified by Definitidn The type system will pre-

|| = {x1,...,2,} and¥(z;) = i, we writel as|zq,...,x,).
A quantum closuréy, |21, . .., z,), M| has a typed, whenever
21 : qubit, ..., x, : qubit - M : A. Incasel = |z1,...,z,)

we can also writé - M : A.

The purpose of a quantum closure is to provide a mechanisr??
to talk about terms with embedded quantum data. The idea g

that a variabley € FV(M) is bound in the closuréy, ¢, M]
to qubit number/(y) of the quantum state. So for example,
the quantum closur%(|00> +11)), |21, 22), Ay .yw122] de-
notes a termy“.yz; zo with two embedded qubits, , 5 in the
entangled stater; ) = %(|OO> + |11)).

The notion ofa-equivalence extends naturally to quantum clo-

sures, for instance, the statgs|z), \y“.z] and|q, |2), \y*.2]

are equivalent. From now on, we tacitly identify quantum-clo behaves

sures up to renaming of bound variables.

The evaluation of a term is defined as a probabilistic remgiti
procedure on quantum closures, using a call-by-value temuc
strategy. We use the notatidq ¢, M] 2 [¢/, ¢, M'] to mean
that the left-hand side closure reduces in one step to tln-rig
hand side with probability < [0, 1].

Definition 8. The reduction rules are shown in Tal8e The
rules split into three categorie¢a) rules handling the classical
part of the calculug(b) rules dealing with quantum data; ac)
congruence rules for the call-by-value strategy. Note ith#he
statement of the rule$] andIV refer to values.

In the rules in Tabl&(b), the quantum statg has sizen. The
qguantum state’ in the first rule is obtained by applying the
ary unitary gatd’ to the qubite(x1), ..., £(zx). Preciselyg’ =
(o0 (U ®id) o a71)(q), wheres is the action orC2" of any
permutation ovef1,...,n} such thato(i) = £(x;) whenever
1 < k. Inthe rules about measurements, we assume thasifid
¢1 are normalized quantum states of the form

>-5195) @ [0) ® |v5), >2.B5le5) @ 1) ® [¢;),  (2)
theng(, andgq} are respectively
22505185 @ [5), 32585195 @ [¥5), 3)

where the vectors; have dimensiord(z) — 1 (so that the mea-
sured qubit ig(z)).

vent such an error as proven in Propositidh

Example 9. Recall Examplés. We have]|), |), cointoss]
(1), |z), meas(Hz)] L [\/ii(|0) +11)),|z), meas ], the latter
ducing to eithef]), |), tt] or [|), |), ££], with equal probability
As forentangle, we have that

[«|0) + 5]1), |z), entangle ]

[@]0) + BI1),|2), Ne(z ® (new ££))]
[@|00) + 8110}, [zy), Ne(z @ y)]

L [a]00) + BI11), jzy), = @ ).

1
ER

Similarly, one can check thata|0)+ §|1),]q),qlistq]

as described in Sectio2.4, reducing to
[@|0) + B]1),]q),¢::nil]  with  probability 3, to
[a]00) + B]11), |qq’), ¢’ : ::nil] with probability 1, etc.

In particular, notice that in any single reduction sequetiee

variableq has not been duplicated, as correctly asserted by the

type ofqlist.

Lemma 10 (Substitution) SupposéA.I',z : A+ M : B and
IAY F Vi A wherel’ and X are linear contexts with disjoint

domain. ThenA, T, ¥ + M{V/z} : B. O
Proposition 11 (Subject reduction)When[q, |y1 ... y,), M] £
¢, |z1 ... 20 ), M'] andy; : qubit, ..., y, : qubit - M : A,
thenz; : qubit, ..., z, : qubit - M’ : A. O

Proposition 12 (Type safety) If [q, ¢, M] is typable then ei-
ther M is a value or there is a closurg/, ¢', M'] such that
[q,¢,M] 2 [¢/, ¢, M']. Moreover, ifM is not a value, the total
probability of all possible single-step reductions frgm¢, M1 is
1 O

Lemma 13(Totality). If [¢,¢, M] 2 [¢/,¢', M) and[q, ¢, M] is
total, then[q’, ¢/, M'] is total too.

Proof. By induction on a derivation ofy, ¢, M] % [¢/, ¢/, M'],
one proves thaflim(¢’') = dim(q) + dim(¢") — dim(¢) where
dim(q) is the size of the quantum stat@anddim(¢) is the cardi-
nality of the domain set of the linking functiagh Then, one gets
the statement, sinde, ¢, M| is total iff dim(q) = dim(¢). O



[0, 6, Az M) V] 2 [q, 6, M{V/z}] [¢.61et 2 @y® = VoW in N 5 [q,0, N{V/z, W/y}]
[¢, £, skip;N] % [q, 4, N] [q,¢,match (in, V) with (z : M | oF : N)| & [q, £, M{V/x}]
[q,4,sp1it V] 5 [q,4, V] [¢, £, match (in, V) with (* : M | 2 : N)]| L [q, ¢, N{V/y}]

[q,¢,1etrec fAF 2 = M in N] & [¢,£, N{(Az* .letrec fA 8 x = M in M)/f}]

(a) Classical control.

[.6,U(x1 @ @ax)] 5 [¢ o1 ® - @y

2

l4.0.new ££] 2+ [ ® |0), {y = n.+ 1}, [ago + Bar, {z > i}, meas 2] " [4f,0, v4]
2

(g, 0, new tt] EN lg®|1),{y = n+1},y] [aqo + Bq1, {z +— i}, meas z] &) (g0, 0, ££]

(b) Quantum data. The variabigis fresh. The decomposition of the quantum array in the chaeas x is explained in Definitior8.

lg,£, MN] % [¢/, €', M'N] lg,6, M ® N] % [¢', ¢, M' @ N] [q,¢,in, M] 5 [¢', ', in, M']
[q7 é? VM} £> [q,’él’ VM,} [q7 67 V ® M} £> [q,7 él? V ® M’} [q7 67 inT M] £> [q/’él7 in’f‘ M’]
[q,¢, M;N] 2 [¢/, ¢, M';N] [¢,01et 2? @yP = MinN| D [¢/, ¢ 1et 24 @ y® = M’ in N]

[¢,¢,match M with (z* : P | y® : N)] B [¢/, ¢/ ,match M’ with (z* : P |y : N)]
(c) Congruence rules, under the hypothesis that for stywee havel = £y W £| s, £/ = Lo & €|y and(q, €| ar, M) 2[q, €| e, M)

Table 3:Reduction rules on closures.

Notation 14. The reduction relation~ defines the probability the quantum lambda calculus. Sectibd sketches the proof of
that a closure reduces to another one in a single step. Wadextethe soundness of the model with respect to the operational se
this relation to an arbitrary large (but finite) number ofuetion  mantics. Finally, Sectiod.5 discusses the denotations of the
steps with the notatioRedﬁI_’LM]_’[q,_l,_rv]: it is the total proba- programgjlist andteleport.

bility of [g, ¢, M] reducing to a valugy’, ¢’, V]. Itis defined as

the sum of all[ [}, pi, wherelg, ¢, M] = [q1,61,M1]--- ™% 4.1 Preliminaries: from CPM to CPMs
[q,¢', V] is afinite reduction sequenceof < n steps. We write

Red [y g a1), 147,011 fOr the sup oven of Redf, , rr1qr,0,v)- Fi- Pe_rmutation groups. LetS, t_Je the symmetric group of degree
nally, we define theotal probabilityHalty, , »s of (g, ¢, M] con- 7. .€., the group of permutations of = {0,...,n — 1}. Any
verging to any value a5,/ ;. vjeva Redjg e, (7,1,v) - permutationy € S,, gives rise to a matri’, € C"*", defined

by Py(ei) = eq(:), Wheree; is theith standard basis vector. We
define an action of onC"*" by g- M := PqMR(;l. Moreover,

4 Denotational semantics for a subgrous? C S,,, we define
. . . 1

We mterprgt the quantum lambda cal.culus. in a §U|table exten G- M= v Z g- M, (5)

sionCPMs™ of the categoryCPM described in Sectiod. What geG

CPM essentially misses is the linear logic exponentigl and _

our plan is to introduce it via the equation where£G is the number of elements 6f.
0o Lemma 15. Given a subgrougs C S, its action onC™"*"™ is

1A =P A%*, (4) idempotent (i.e7 - G- M = G - M for all M) and completely

k=0 positive.

where @;° , is the infinite biproduct of the familyf A®*},,  Proof. Forthe idemlootencei notice that for every G, gG =
eachA®* being the symmetrié:-fold tensor power of4, i.e., G, therefore:G -G - M = =3 o9G-M = G- M. The
the equalizer of thé&! symmetries of the-ary tensorA®* := complete positivity ofG is derived from the complete positivity
AR A. of eachmapV/ — g- M = P,MP;". O
The categoryCPM cannot express this equation because it In the sequel, we use the notatiéhboth for a subgroup of

Iack§ both infinite biproducts and_a con\e/Be.nl(-ent definitiomyoh- Sy, and for the completely positive map defined by it. The above
metric tensor powers. The categ@PMs  is in some sense the | gmma allows us to define the set of completely positive maps
minimal extension o€PM having these two missing ingredients. .o cnxn 1o cmx™ invariant under the actions of two sub-

The plan of the section is as follows. Sectiég presents groupsG C S,,, H C 8., by
some preliminary material. Sectidm2definesCPMs ™~ and Sec-
tion 4.3develops the categorical structure allowing us to interpre CPMs(G,H) :={f € CPM(n,m) | G; f; H = f},



where f;¢ is the diagrammatic compositiofif;g)(z) =  Composition of ¢ € CPMS®(21,%) andy € CPMS@(%,Q)
g(f(x)), andCPM(n,m) is the set of completely positive maps is the matrix¢ ; ¢ defined by, fora € || andc € |€],
from C™*"™ to C™>"™, (¢ ; dj)a,c = Zbe\%| d’a,b ; wb,c-

Identity is the diagonal matrix built with the symmetries 2f

Completion of the Lodowner positive cone. The set X Y 2
i.e., fora,a’ € [A],id; ./ = a0 Gy -

CPMs(G, H) is a module over the semi-rin®®*™ of the

non_—nega‘uve real numbers. The Lowner.orti_[eon completely The description of the objects and the morphisms as indexed
positive maps 17] endows this module with the structure of a

. families is crucial for inferring the structure of a compalttsed

boundeddirected complete partial order (bdcpo), i.e., there is ) o !
minimum element (the zero functia), and any directed sab 4 afont category (SectioA.3). However, it is worthwhile to no

that is bounded (i.e., such that there exits CPMs(G, H) tice thatCPMs" can also be presented as a concrete category of
such that for allg e, D, g C f) has a least upper 7bound modules and linear maps between modules. Let us sketch such

\/ D € CPMs(G, H). However there exist unbounded directed 2N alternative presentation. -
subsets inCPMs(G, H). We therefore need to complete Let2 be an object oCPMs". We define a modul@os(A)
CPMs(G, H) to a dcpo. overR+ = RT U {oo} as follows. For every in |2, let us write
The relevant construction is ti-completionof [23], which ~ Pos(a) for the cone of the positive matrices G2 (C% *.),
we briefly recall. Given any poset, say that a subseX is this latter being the subspace of the matrice8dn <<= invariant
Scott-closedf it is down-closed and for every directddC S,  underG?. This positive con@os(a) is anR*-module. We then
if the least upper bouny/ I exists inP, then\/I € S. We define:
say that a monotone function between posgts P — Q is Pos(2A) := @ (c(Pos(a))}). (6)
Scott-continuou# it preserves allexistingleast upper bounds acll|
of directed subsets. Ldt(P) be the set of Scott-closed sub-
sets ofP; this forms a dcpo under the subset ordering. Dae I fact, we have tha})os(a) ~ CPMs(5;, G3) andPos(2) ~
completione(P) is defined to be the smallest sub-depd¢P)  Dacjay CPMS(S1, G7)- Hence Pos(2) is a continuous module
containing all sets of the for. Thenc(P) is a dcpo, and there  overR+*: addition and scalar multiplication are defined pointwise
is a canonical injective Scott-continuous map P — c¢(P),  and are continuous operations with respect to the Lowrderor
defined by.(z) = |z, which allows us to regard® as a sub- Let f : Pos(2) — Pos(B) be a continuous module homo-
set of¢(P). The D-completion preserves all existing least up-morphism. We say that is completely positivé all the module
per bounds of directed sets, is idempotent, and satisfiefokhe homomorphismg, , = 1% ; f ; #* are completely positive maps,
lowing universal property: given any other dcpband Scott- for all a € |2(] andb € |B]. (Indeed, since the positive matrices
continuous mapf : P — FE, there exists a unique Scott- span the complex vector space of square matrices (of camesp
continuousy : ¢(P) — E such thatf = ¢ ; g. It follows that ing size), one can canonically extend the definition of catepl
the D-completion is functorial. Moreover, I is a bounded di-  positivity to module homomorphisni®s(a) — Pos(b)).

rected complete partial order, thénis an initial subset of(P), N ) ) )
i.e., the only new elements added by the completion are fain Proposition 16. There is an isomorphism between the homset

ity”. We call these thénfinite elements of:(P). CPMs" (2, B8) and the continuous module homomorphisms from

The homseCPMs(G, H) is then extended by D-completion, Pos(2l) to Pos(%B) that are completely positive. O
namely,CPMs(G, H) := ¢(CPMs(G, H)). The categorical op-
erations are extended in the unique Scott-continuous way, u
ing the universal property of D-completion. This allows us
to define indexed sums ove&€PMs(G, H), as follows. If

{fitier € CPMs(G, H) is a (possibly infinite) indexed fam- A compact closed category is a special case of symmetric
ily, 32ic; fi is defined a8/ /(X ;cp fi). Indeed, the set  monoidal closed category. A symmetric monoidal closed cat-
{Xier fi s F Can I} is always directed, so has a least upperegory with finite products, such that each object has a corre-

4.3 CPMs® as a model of the quantum lambda
calculus

bound in the order completiddPMs(G, H) of CPMs(G, H). sponding free commutative comonoid, is calledlafont cate-
gory, which is known to be a model of intuitionistic linear logic
4.2 The categoryCPMs@ [9, 14]. The categorCPMs can be endowed with such a struc-

ture, as we will show in Section4.3.14.3.4below. We can
therefore interpret the quantum lambda calculuSMs” .
The denotatiorfA] of a type A is an object ofcPMs”. In
Objects are given by indexed familied = {(d2,G2)}.cjo,  cased is the ground type (i.el, qubit), its denotation is:
where the index séf!| is called thewebof 2 and, for every
a € |2, d¥ is a natural non-negative integer, a6 a [[qubit]| := {x}, alaP*.—o  glawbitl . _ (i),
subgroup of permutations of degrég, called respectivel 1 1 :
thegimegsior%nd thepermutatior?;%umf A P ’ 001 = {} al = L = {id}.

Morphisms from 2l to B are matrices) indexed by|2| x |B| The denotation of the other types is given by structura@l}dmi(m,
and such thap, , € CPMs(GZ,GF). following the compact closed Lafont structure ©PMs ~. We

Given asetd anda,a’ € A, define thekronecker symbal, . €
N which takes valué if « = o’ and0 if a # o.
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Table 5: Sketch of the interpretation of the typing judgements, gisive Lafont structure d&EPMs® defined in Sectiod.3. The morphisms, 1, ¢ 4, ¢ refer to
the denotation of the premises of the unique derivation loding a typing judgement. In (c) and (n), the morphigratands fom! or the suitable sequence o,

depending on the contektA.

—

a ifm=[]andb= £f,

[[meas]]ﬁ?&%tntwblt =(5 g) Qo ifm= [_] andb = tt,
0 otherwise.

e (§§) ifsit=[]andb = £,

[new] > (bit)%qu o (99) if m =[] andb = tt,
0 otherwise.

[[U]]'Mf;‘b‘twﬁq“b‘t@ M UMU-Y if m = _[],
%) 0 otherwise.

Table 4: Interpretation of the quantum constants. The writifigstands for

a sequence of multisets jfi!A]|, the equalitym. = ﬁ meaning that each of

these multisets is empty’ and M have the same dimensidz?” 2"
unitary.

, U being

note in particular that the permutation groups play a rolly on

when interpretind-formulas.
Letl’ = xl.Al, ..

mentl' - M : Aisa morphlsnﬂM]]”A JA®--- A —

[A]. The definition is by structural induction on the unique type

derivationw of I' = M : A (see Propositiod). The denota-

tions of the constaniseas, new and the unitary transformations
are given in Tablel. Table5 briefly recalls the denotation of the

usual linear logic rules. Here, the morphisms), ¢ 4, ¢ refer
to the denotation of the premises of the last rulerpivhich are
uniquely defined givel - M : A.

In the interpretation of théetrec constructor, the fixed point POSitive maps fromC to C (i.e., [tt]
operatorY is defined as follows. Lep be a morphism in the set [tt],

CPMS®(!C ® 1A,1A). By induction onn, we define the mor-
phism¢® € TPMs  (IC,14): ¢° = IC % 14, gn+1l =

. Zn:A,. The denotation ofatypmgjudge- CPMs” (21;,B)) is defined by((¢:)ie1)a, Gib)

ICS1Ice!C LELANTS ®!1A 2514, Since¢ can be regarded

as a continuous module homomorphism (in particular it is @aon
tone), the se{¢"} is directed complete. We definé(¢) as its
least upper bound.

4.3.1 Biproduct @ & B)

Let I be a (possibly infinite) set of indexes. The biproduct

@, 2A; of a family {A;},c; of objects inCPMs’ is defined

by

Dl = x ), dZs™
(4,a)

el iel

G@1€I

A A
= dy’ (4,a) =Ga’

The corresponding projections and injections are denetgukc-
tively by 77 and¢’ and defined as:
J ] 5 A;
Tr(i,a),a’ = La’,(i,a) = 5],1511,11’0(1 .
The tupling{(¢;)icsr (resp. (co)-tupling);];cs) of a family of
morphismsz)i elements oCPMs (2A,B,;) (resp.y; elements of

(¢j)a,b (resp'
([¢1]161) (4,a),b *= ("/’J)a,b)

Example 17. Recall that in Notatior8, the typebit is inter-
preted as the biproduft] @ [1], which is the two-element fam-
ily {(1,{id})¢t, (1,{id})s£ }. The positive cones associated with

1 andbit are:Pos([1]) = RT andPos([bit]) = RT

The typing judgemerit tt : bit is interpreted as the right in-

jection, which can be seen both as a family of two completely

Fbit

wit = P p and

bt — p— 0) and as a quantum compatible and completely
positive map sending € R¥ to (0,p) € R¥
[££] ™" is the map — (p,0).

. Symmetrically,



As an example of a term with free variables, consieg, := Example 19. The denotation of the unit type list igf1¢]| = N
if x then ff else tt. The_ denotation of : bit Neg%‘é}_lt))i'ﬁ and, for everyn € N, dgllf]] -1, Ggllf]] = {id}. This object
can be seen both as a family of four constant nfaes, [,

from C to C of valuel if b # b’ and0 otherwise, and as a single
map fromR+- to RF~ sending(p, p’) to (p', p).

can be associated with the mod@é  and is suitable for de-
noting the numerals in unary notation. Indeed, writinpr the

list skip::...skip::nil of lengthn, we have[[@ﬂkle =p—
0,...,0,p,0,...).
4.3.2 Symmetric monoidal structure @ @ 9B, 1 and ) (;\/_—/ b )
n—1times
The bifunctor® : CPMs~ x CPMs — CPMs. is defined on
objects2(, B by: 4.3.3 Compact closuref+,2 — B)
20 ® B| = A x B, d?@ﬁ% = d x dP, Dual objects coincide: we hav* := 2. The unitn® €
’ CPMs” (1,2 ® 2) and co-unit™ € CPMs (2 ® A, 1) are
G?fl@b‘f ={(g.h); g€ G he G}, defined componentwise composing the unit and co-ur@Ri

with the correspondent permutation group. Writilg; for the
whered? x df is the multiplication of the two number#  matrix that ha®) everywhere exceptat (i, j), we have:
andd}®, which can be seen as the lexicographically ordered set

of pairs (i, j), fori < d%, j < d. Hence, the action of a M gy =17 Z GM(Ei;) @ GME; ;)

permutation(g, h) € G5 ondZ x dif can be described as i e
(i,5) = (g(3), h(5)). o 1

The bifunctor® on morphisms is defined componentwise, us- “(a.a’).x = (Bij @ By jr) = Z #G2 Og(i).g'()9g(s).9" (i")+
ing the standard tensor of the categ@®M extended to the infi- 9.9'€GY

nite elements by the universal property of the D-complefftet-

. L ) . . . Compact closed categories are monoidal closed. Let us re-
tion 4.1). The tensor unit is the obje¢t] interpreting the unit P g

call the monoidal closure structure, which is needed to rhode

type. L . . . the abstraction and the application of the quantum lambda ca
The associativity, unit, and symmetry isomorphisms are deéulus The internal hom object is defined #s — B :—

fined componentwise from the corresponding isomorphisms iTQLL © B) = A ® B. The evaluation morphisrival®®

CPM, d with the acti f th f the objects, o .
composed wi > actions ot e groups ot s SalcC CPMS@((Q[ —o B)®%2A, B) and the currying isomorphisra(—)

E.g., the symmetry ig™2 = 5y 00y y GROB . gdid
o Y Y Flan.w.e) O (a,b) fromCPMs (€ ® 21, B) to CPMs. (€, 2 —o B) are,

where o424 is the symmetry inCPM betweenCd: *da g
Ca’ x4 and C% x4 @ C4a x4, Notice that it is sufficient Eval®Z= g:a;(eid):A, A(¢) 1= X 4(nwid):a (ide(0; ¢)),

@B (or, symmetrically, post-

to pre-composer: @ with Gl . , .
compose WithGZ®%), in order to have a map invariant under yvherea, A, ando are the associative, left unit and symmetric

(b,a) - Bl v isomorphisms associated with
both the permutation groum%(fb) andG(b%) . This is because
G(Ql®b)% A _ G2 o G2 'U'dgl,d? _ Ud’;n,d? LGP G = Example 20. Let us consider the abstractiohr.Neg, of

>0 o v ) the term Neg, discussed in Examplel7. The denota-
oled ; GREN. Similar simplifications will be done henceforth - [\z.Neg,] ™" is obtained from [Neg,]" PP

without explicitly mentioning it just by shifting the matrix indexes:[[Ax.Negm]]i}z;f;‘;bit —
Example 18. The denotation ofjubit @ qubit is the single-  [Neg, ]y . Looking at this matrix as a module homomor-
ton web family {(4, {id}).}. This object is associated with phism t7he magirz.Neg, [ PPt
the cone of positive matrices of dimensidnx 4 plus the in- amap’fron@toR;Jr *
finite elements needed to complete the Lowner order. The d&;hare we make exp
notation ofbit ® bit instead has a web of cardlna_llny I8, aments offbit — bit] and the components of the biproduct as-
{(££,££), (££, tt), (vt,££), (££,££)}, and, for each indek €  ( iated with

. . bit®bi bit@bi . :
|[bit © bit]|, we haved; "™ = 1 andG}"**™™ = {id}. Application corresponds basically to matrix multiplicati

This object is associated with the biprodEct &R ©RFGR*.  For example,[(\z.Neg,,)(meas y)]]fjgumtkbit is the function

isp +— (0,p, p,0), which is

(££,£1) D R_Jr(ff,tt) ORT (¢4,28) ORT (g¢ ¢1)
licit the correspondence between the web el

- Fbit—obit :qubitkbit
Notice that in the above example the tensor product digegou  defined asy ", (.. ¢+, [Az.Neg, ], ;)" [meas ylLy :
over the biproducts:[bit @ bit] = [(1®1)® (1&1)] =  whichis sending S)todif b= £, aif b = tt, and0 other-

[1e1a1@1]. This is true in general: the isomorphism be- wise.
tween2l @ (P,; B:) andP, ., (A ® B;) is

4.3.4 Free commutative comonoids(®*, 12l
distT(q,(i,b)),(i’,(a’,b') = 6i,i/6a,a/6b,b/G(g,ll®b)%i- _ X ) _ _
’ Let us now focus on the crucial structure modeling the linear
This isomorphism allows us to define the list constructorhas t logic modality!. We first define the notion of-th symmetric
infinite biproduct of tensor powerd’ := @, ,A®". In fact, power of an object and then we show how the biproduct of all

we havedl’ ~ 1 @ (A @ AY). such symmetric powers yields an exponential structure.



Notation 21. Given a setX, amultisety, over X is a function  Concerning the module associated with symmetric tensor pow
X — N. Thesupportof ;i is the sety| = {a | u(a) # 0} € X,  ers,Pos([qubit]®?) is the D-completion of
the disjoint unionis (1 W v)(a) = p(a) + v(a), and theempty o an s s
multisetis the zero constant fu_nctu_)n.. '_I'mrt_jlnallty_of 1 is {<§j a5 as o7 > positive; Vi, a; € (C}
> aex #(a) € NU {oo}. A multiset is finite if it has finite car- ag ag ag 1o
dinality. My (X) (resp.M (X)) is the set of the multisets over
X with cardinality & (resp. finite). Finite multisets can be de- i : ) . o
noted by listing the occurrences of their elements betwgeare ~ CONCerNIng biproducts, the denotationaibit © qubit is
brackets, i.e.u = [a,a,b] is ji(a) = 2, u(b) = 1 and zero on the  9VeN BY{(2, {'d})“’.@b{;q})ff_}' while its symmetric tensor
other elements, and is the empty multiset. POWGF[[qublt @ qubit] is given by t_he three-element_fam-
ily {(4,{id, 0}) e, e1)5 (4, {id}) ee, 257, (4, {id, 0} ) g5,25 }. Notice

In a symmetric monoidal category, given a natural numiber the difference between the pair, {id}) associated witlict, £ ]
the k-th symmetric poweof an object is a pair(2A“*, qu‘Qk) and the pai(4, {id, o }) associated with the two multisets of sin-
of an object2®* and a morphismeg®”" from A®* to ALk, gleton support.
which is an equalizer of thé! symmetries of the:-ary tensor
A%k Such equalizers do not exist in general, but they do exisﬁl

in CPMs® and can be concretely represented using the multisets

which is a subcone of the positive cone@f<* of dimensionl0.

The biproduct2l := @, , Ak of all symmetric powers of
can be defined as

notation, as follows: 1A = Ms(1]), & = di‘@i G = Gﬁl@’“ (n € My(|2))
|ACF| = M (|2]), dﬁ‘m = H (d¥y@ This object yields a concrete representation of the freensom

a€lul tative comonoid generated . The counit (also calledveak-

Ok (a i . == =P ! T . _

G2 = {(hay g0 9"V aciul 5 ha € Spga)s gl € G2, ening w € CPMs ™ (!2(, 1) and the comultiplication (ocontrac

tion) c € CPMS®(!QI, A @A) are:
where (ha,g;,...,gf{(“))aam is a |u|-indexed family of se-

. Ok . . WL*I:(S []G!Ql C (') =0 /_’_L//G!Ql.
guences of permutations alﬂf is a group (composition be- 1 w0 msH PR

ing defined componentwise) whose action(@ﬁ@k xd2 ™" can The freeness of the comonoid gives the structure of exponen-

be described by seeimﬁj‘@k as the set of families of sequences of fial comonad. The functorigl promotion maps an %bm‘m 1A
and a morphism € CPMs (2,8) to !¢ € CPMs (12(,!8)

the form(sl, ... i*@), .. .1, with i/ < d2 for everyj < ) X
(i, 70" aciu = Yi'S @) Getined by, fops € M (|21]) andv = [br,. .., ba] € My (5],
Then, the action ofh,, gz, ..., g4 )ae|y ON such families is:
k
(izlza cee aig(a))ae\m = (gzlz(iga(l))a cee 795(11) (iZa(H(a))))aelul' !¢M,u = Z Gfl 5 ® (blli,,bi 5 G;/%
(al,...,ak) st i=1
The morphismaqm@k is given by [a1,....ak]=p
Ok Gil@“ if uw=[a1,...,ax, The counit of the comonad (alereliction) d € CPMS®(!91, 20)
€ para) T ) g otherwise. and the comultiplication (adigging) dig € CPMS@(!QL, 1nA) are
.f 2A - — 20
Remark 22. The objec]A]“* describes: unordereduses of an dp.a = Opja) G dig, ar = Ouy MG,

element of typezl.. The fact that our model useks the symmetric\,narens |19(| is a multiset of multisets over|2(| and>> M €
tensor poweR(®” instead of the:-fold tensorA®* means oper- 12| is the multiset union of such's, i.e., for everya € |2,

ationally that the behavior of a program calling its inputmes S Ma) =Y, ciur v(a)M®)
ve -

does not depend on the order of the calls. Finally, the last two morphisms that are essential to irrrp

Example 23. In Example18, we have seen thdtjubit]®® =  our calculus are Biermanis® CPMs” (12 @ 198, (A © B))
{_(4, {id})+}. The symmetri_c?—power[[qubit]}m_ is instead the andm! € CPMS®(1, 11), given bymaum = 6,7,HX1,G%(Q[®%)
singleton web family{(4, {id,o}).}, where4 is represented andm! , := 4, ,jG%, wherey x v is the multiset in!(A @ )|
as the lexicographically ordered §g0, 0), (0,1), (1,0), (1, 1)} defined byu x v(a,b) := u(a)v(b).
and the permutation acts on it by(b,0’) — (’,b). The group _ _ _
of permutationgid, o'} shrinks the set of possible morphisms to Example 24. Using the isomorphism betwee¥ ¢ ({+}) and the
or from [qubit] 2. For example, the matri¥, associated with ~ S€tN, and between\(;({tt,££}) andN x N, the free com-
the controlled-not gate (Equatioh)f defines a complete positive Mutative comonoids associated with] and [bit] are![1] =
endo-map ofC**4, which is an endo-morphism deubit]®? (1, {id})n}nen, and![bit] = {(1,{id})( m)}n,men. In gen-
but not of[[qubitﬂ®2 becauséV. is not invariant under the ac- €ral: notice that all constructions of the Lafont categorg-p
’ ¢ serve the underlying paifl, {id}) and act only at the level of

tion of {id, o }: ) X
webs. For more involved examples, one should look for object
: 1. 1 /2000 with larger dimension, lik§qubit]. For example![qubit] =
— — 0101
{id, o} (Ne) = 5('d(NC) +o(Ne)) = 2 (8 01 (1)> # Ne. {(2™, Sn)n }nen. Notice that'1, 'bit and!qubit are not allowed
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by our type grammar. In factqubit is meaningless because
of the no-cloning constraint on quantum bits. However, suc
spaces should exist in the model since they are isomorphic
the denotations of legal types, likél — 1), !(1 — bit) and
(1 — qubit).

4.4 The soundness theorem

The soundness &PMs - with respect to the operational seman-

the category gives a (dcpo-enriched) model of linear lodic.
fact, the operational semantics is a trivial extension okadh
reduction strategy of linear logic cut-elimination.

Proposition 25. The categor)CPMs69 is a dcpo-enriched com-

pact closed Lafont category, hen€®Ms is a model of linear
logic.

Proof (Sketch).This basically amounts to showing tHaPMs "~
is the result of a categorical construction applie@€&M g which
is known to give, under certain circumstances, a dcpo-kadc

r[]gxample 28. Recall the terms of Examplé.

4.5 The denotations of glist and teleport

The web
of [qubit] is N, while [qubit‘], =(2",{id}). Note
that Pos([qubit‘]) is equivalent to the D-completion of
@, P(C?"*2") where the seP(C2"*2") is the cone oR™ x
2" positive matrices. The denotation of the teqtist is a
morphism in CPMSGB(qubit,qubitl), that is, a map send-
ing a2 x 2 positive matrix onto@, P(C%"*2"). The pro-

tics given in Figure3 is an easy consequence of the fact thatgramqlist is defined using recursion: its semantics is the limit

of the morphismsf,, sending(¢}%) to the infinite sequence

(0,%e1,...,57€,,0,0,...) wheree; is the2/x2’ positive ma-
trix

a 0 -+ 0 b

o0 -+~ 00

00 o 00

c 0 -0 4

This limit is the map sending? %) to the sequence of infinitely
increasing matrice$0, 1ei,..., 5en,...). Note that the first
element of the sequencelisas the programlist never return the
empty list. Also note that all the positive matrices in thgisence
represengéntangled states of arbitrary sizeSur semantics is the

Lafont category and to preserve the compact closed steiCtufirst one to be able to account for such a casesjndnly fixed

of CPM;. This construction was sketched if] [and detailed
in [15, 11, 12]. It consists in moving: (i) fromCPM; to a
categoryCPMs with symmetric tensors, which is actually a
full sub-category of the Karoubi envelope 6PMg; (ii) to a
dcpo-enriched categoi@PMs using the D-completion defined
in [23, 7]; and, finally, (iii) constructing the free biproduct com-

pletion CPMs" of CPMs and applying Equatiordj. O

Given a linking? = |y1,...,ym), we write? = M : A for the
judgementy; : qubit, ..., y,, : qubit - M : A.

Proposition 26 (Invariance of the interpretation) et ¢ be the
linking |y1,...,ym), and assumé + M : A. If M is not a
value, then for all quantum statess C2",

>

lq.6,M] B[ ¢/, N]

[M]**(qq") = p- [N (dq). (@)

Proof. By hypothesis|q, ¢, M| is a typable total closure, and so,
by Propositionl1 and Lemmal3, all of its reductdq’, ¢', N] are

typable total closures, so th[{dv]]g,FA( ) is well-defined.

v

aq

Equation? is proven by cases, depending on the rule applied

to [¢, ¢, M]. The cases of Tabl&(a) follows from the fact that

CPMs' is a dcpo-enriched model of linear logic. The quantum

rules (Table3(b)) are trivial consequences of Tabde and the
congruence rules of TabBc)are done by induction o/, using

the fact that the catego()‘/PMsEB is linear. O

Corollary 27. We havgM] " > Haltyy 1y, 0

Proof. By induction on n and wusing Proposition?7
/1

we can show that[M], "(¢¢*) is greater or equal to
n 1,

Ziq,’e,’v] Red[f,q,M],[q’,f’,V]' Then [[]\/[]]* (qq ) > Halt[qﬂg_’k{]

follows by taking the limit asn — oo,and invoking the

monotonicity of{ Red" },,. O
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sizes were allowed for entangled states.

Example 29. We claim in the introduction that the model is ex-
pressive enough to describe entanglement at higher-orpes t
As we discuss in Examplg the encoding of the quantum tele-
portation algorithm produces two entangled, mutually isee
functions: f : qubit — bit ® bit andg : bit ® bit — qubit.
The term(teleport skip) of type (qubit —o bit ® bit) ®
(bit ® bit — qubit) is one instance of such a pair of functions.
Its denotation is a finite sequence Idf square matrices of size
4 x 4. Using a lexicographic convention, we can lay them out
as in Fig.6. Because of the convention, morally each row corre-
sponds to an element of typdt @ bit — qubit whereas each
column corresponds to an element of typgbit — bit ® bit.
Picking a row, i.e., a choice of two left-sided booleans, anis
to choosing the two booleans that will be passed to the fancti
g. Picking a column, i.e., a choice of two right-sided bookan
amounts to deciding on the probabilistic result we get from t
function f. The intersection of a column and a row is therefore
the representation of a mambit — qubit. This map is a de-

scription of a possible path in the control flow of the algmit
The matrices on the diagonal correspond to a run of the algo-
rithm as it was intended: applyingto the result off. Since they
are supposed to be the identity qabit, we can therefore de-
duce that the matriceﬂooyoo, AOl.,Oli AlO,lO andAll_’ll are all
1001
equal to<8 99 8) . Since this matrix cannot be written as the
tensor of t\}v820>1< 2 matrices, we conclude that the denotatibn
of (teleport skip) is indeed entangled.
We can compute the other matricds, .: using the same ar-
gument: in generald,, .: is a composition off andg, except
that instead of applying to (z,y), we apply it to(z,t). We
therefore get a functioqubit — qubit constructed out of the
U__ that might (ifxy = zt) or might not be the identity. In gen-
eral, the matrix4,, .. is the denotation of the unitaliyztU;y.
The denotatiom is given in full detail in Tables.



Remark 30. Example29 is a good illustration of what we Lemma 33 (Strong normalization) If [qq,¢1, M;] is fini-
claimed in the introduction: the model reflects the juxtapos tary and typable, then every reduction sequence of the form
tion of quantum and classical structures, even at highderor [q;, ¢, M| 25 [go, £o, M) 225 [g3, €5, Ms] 25 - is finite.

types. Here, the control-flow is handled by the biproduaitcstr

ture’ and the quantum part of the a|gorithm is Sp“t acroasigh Proof (Sketch)We reduce the ﬁnitary quantum lambda calculus
of 4 x4 matrices. to a simply typed non-deterministic language without quamt

states, for which a standard proof technique can be used. The
terms of this language are the terms of the extended quantum
5 Adequacy lambda calculus, minus tHeet r ec construct. The operational
semantics is obtained from Taleand the rules fof et r ec”
In the following, we prove the adequacy aPMs (Theo- by replacing closures with the respective terms and thes rofle
rem 38). This amounts to achieving the converse inequality ofTable 3b by dummy reduction rules: liké/(e @ --- ® o) —
Corollary27. The proof uses a syntactic approach, followiy[ e®:--®e, ornew ff — o. The symbob denotes a distinct term
We introduce a boundeldet r ec™, which can be unfolded at Vvariable, which, by convention, it is never bound by an aestr
mostn times. On the one hand, the language allowing onlytion. Clearly, the strong normalization of this languaglies
bounded! et r ec is strongly normalizing (Lemma&3), hence that of the finitary quantum lambda calculus. O
the adequacy for it can be easily achieved by induction on the . .
longest reduction sequence of a term (Corolgdy On the other ~ corollary 34 (Finitary adeﬂuacy) Let M be a closed finitary
hand, the unboundédet r ec can be expressed as the supremurmf€m of unittype. ThefM [, = Halty | ar -
of its bounded approximants, both semantically (Len3@eand
syntactically (Lemm&7). We then conclude the adequacy for
the whole quantum lambda calculus by continuity.

Proof (Sketch).We prove that, for any total finitary quantum clo-
sure of unit typdq, ¢, M] we have[[M]}gH(qu*) = Halt{g ¢ a1)-
Infact, by LemmaB3, there existsn € N such thatlalt(, ; /) =
Definition 31. Let us extend the grammar of terms (Tab)eoy Z[q,yg,yv] Redfy a1 We conclude by inductionom. O

adding: (i) a new tern2*; (i) a family of new term constructs . ) o
letrec” fA—B g = M in N indexed by natural numbers>  Definition 35. Letabe arelation between finitary terms and gen-

0. eral terms defined as the smallest congruence relation orster
The typing rules for these new constructs are satisfying, for everyl < M’ andN < N":
IA,f:(A—oB),x:A+-M:B N{(A\z*.Q8)/f} <« (letrec fz = M’ in N'),
AT, f: (A= B)FN:C (letrec™ fx = M in N) < (letrec fo = M' in N').

IAFQA: A IA,T F letrec” fA™Bx =M inN: C

_ _ ) _ Lemma 36. If ' - M : A, then[[M]]FFA: Vs am [[M’]]FFA.
Their denotations are given, respectively, by the raegnd the M’ finitary

family of maps U

id®(digm;!(Ad))" IA@T@!(A —o B) Yol Lemma 37. If M < M’, thenHalt [, ¢ a5y < Haltg ¢ ar1)-

IAQT S IART®!A
Proof (Sketch) By induction onn, one proves the inequality:

e vi Redig oo o) S 2jg e viRedjg o ar g e vy
from which the statement follows trivially. O

where ¢ € CPMS®(!A ® (A — B)® A /B) andy €
CPMS®(!A @I ® (A — B),C) are the denotations of the
premises anddig;m; !(A¢))" € CPMs@(!A, (A — B)) is de-

fined in a similar fashion as in Tabke Theorem 38. Let M be a program, i.e., a closed term of unit
The reduction rules are updated as follows. type. Therff M|, " = Haltyy |y ar -
[q,0,1etrec’ fABx = M in N % [¢,4, N{(\z*.QP)/f}]  Proof. By Corollary27 we have[M].' > Halty |, a. Con-
(¢, €, letrec™™! fA—B & — M in N versely, by Lemma6, [M].' = V5., [M'].", which is
L g, 6, N{(AzA letrec” fA—~B z = M in M)/f}]. equal to\/,,, ., Haltjy |y a1 by Corollary34, which is less or
equal toHalt|y |y as) by Lemma37. O

The additions to the language do not modify the properties
of the language: subject reduction (Propositidy and totality
(Lemma13) hold as they are stated, while type safety (Propo6  Structure of the sets of representable
smor_l 12) and squn(jness (Propositi@s) are satisfied, W|.th the elements
proviso of considering the set of normal forms to consisthef t

set of valuesand the set of terms containirg in evaluating po-  \we conclude this paper with an analysis of some of the prigsert

sition. of the denotation of terms. Recall that a morphisrﬁ:ﬁﬁMs69 is
Definition 32. A term is calledfinitary when it does not con- an indexed family of either completely positive maps, omiité
tain any occurrence of the un-indexedt r ec construct. It can elements added during D-completion. We show that (1) altsyp
however contaif2 and any of the indexeldet rec™. We calla  have a non-zero inhabitant; (2) provided that the term ot
closurefinitary when its term is finitary. ranges over arbitrary unitary matrices, the representbiaents
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L Tt
Acoijo=10000 ), Aomi=1(0i710];
100 1 0000
0990 30070
Aoio=1|p410)> Aoni={0000 |-
0000 100 1
e it
) AlO,lO_ 0000 | > A10,11: 0110 |>
1001 0000
0199 3000
) All,l(): 0110 ) All,llz 0000 .
0000 1001

Table 6:The denotation of the quantum teleportation algorithm.

1 b 00
A = 7 A= (0000): Aoor= (0110
1001 0000
i i
/101700 — Vo110 /> 1401701 — V0000
0000 1001
i it
Ar000=1{ 0000 )> Awo0=1{01710
100 1 0000
ey L
All,OO =lo-110)> All,()l =1o0000
0000 100 1
Wqubit = Askip.newff
WA = Askip.\z?. (@A x);(wp skip)

Wi(A—B) = Askip. Az (wa_op skip)

w1 = Askip.skip

wapp = Askip.(wa skip) ® (wp skip)

wapp = Askip.if c then (w4 skip) else (wp skip)

WAt = pfskip.if ¢ then (skip) else (w4 skip):: (f skip)

Wqubit = Azdubit 5 f meas 2 then skip else skip
Waop =MA""PWp (f (waskip))
Wya—op) = pgf @ P) if c then skip else (Wa—p f); (9 f)
w1 = Askip.skip
Gagp =M®Bletz; @2 = zin (W 21);(0B 22)
Gagp = \r29B matchrwith (21 1WA 2 | 22 : Wp 22)
Wt = ufoe matchsplit xwith

(212 | 289 letyr @ yo = 20 in @Ay )i(f 2)

Table 7:Two mutually recursive families of terms

of a given homset form a convex set includibigand (3) infinite
elements are not part of any representable map.
We first need two auxiliary definitions.

Definition 39. We define two type-indexed families of termg
andw, by mutual induction in Tablg. The termc represents
the fair coin tosseas (H (new£f)) (recall Examplel) and the
notationu fx.M stands fofletrec f2 = M in f.

Lemma 40. For all typesA, we have- wy : 1 — Aand- @y :
A —o 1. Moreover, the morphisnfeo 4]~ and [w4] ",
seen as indexed families, do not contain the zero map. O

Proposition 43. If I' - M : A is valid, then no infinite element
is part of the denotatioq‘_ﬁ]\/[]}”A of M.

Proof. Suppose that one of the infinite elements of the D-
completion were to be found in the interpretation :of
Ay,...,xy: Ay, M : A. Then the closed term

(Az1...2,.04 M)(wa,skip) ... (wa,skip)
of type1 has infinite denotation, contradicting Theor8 [

This last proposition indicates that infinite elementsadtrced

Corollary 41. All types are inhabited by at least one closed valueduring the D-completion are really an artifact only needed f

of non-null denotation.

Proof. Immediate with Lemma&0: for a given typeA, choose
the term(w4 skip). O

Proposition 42. Given a typed and a context’, the denotations
[M]" of valid typing judgements — M : A form a convex
set including.

Proof. Suppose that' is x; : Ay, ...,z, : A,. Aterm M
mapping to0 is (Wa,x1;...;Wa, Tn; ) Where the ternf2 is a
shortcut forletrec fx = fx in f skip, of denotatior0.

Now, suppose thayf = [[Ml]]FFA and g [[MQ]}FFA,
and choose two non-negative real numbgers p, such that
p1 + p2 = 1. There exists an angle such that(cos ¢)?> =
p1 and that(sing)? = py. As the term constants range
over arbitrary unitaries, the unitary matrig, = (579 " 5"9)
is representable in the quantum lambda calculus.
¢’ = meas(V, (newff)) has denotatior(p1, p2). We then
conclude that the termif ¢’ then M; else M, has denotation

pf + p2g. O
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the categorical construction. The representable elenierite
model are only built out of families of completely positiveaps.

7 Conclusion

We presented a higher-order lambda calculus for quantum com
putation featuring classical and quantum data, duplioatiecur-
sion, and an infinite parametric type for lists. We then amede
a long-standing open question: the description of a modehfo
full quantum lambda calculus. The model we propose is a free
construction based on the known model of completely pa@sitiv
maps, but nevertheless has a concrete presentation.

One thing that this model explains and illustrates is the dis
tinction between the quantum and classical parts of thalage.
The quantum part is described by completely positive maps (fi

The termite dimension), whereas the classical control is giverhieylia-

font category (i.e., linear logic). The model demonstr#tasthe
two “universes” work well together, but also — surprisinglthat
they do not mix too much, even at higher order types (we always



have aninfinite list of finite dimensional CPMs). The control [13] O. Malherbe Categorical models of computation: partially

flow is completely handled by the biproduct completion, antl n traced categories and presheaf models of quantum compu-

by the CPM structure. The adequacy result, moreover, \tekda tation. PhD thesis, University of Ottawa, 2010.

that the model is a “good” representation of the language. N ) ) ) )
One should also note that the product and the coproduct cét4l P-A. Mellies. — Categorical semantics of linear lagic

incide in our model. For example, the model has morphisms ~ Panoramas et Synéses12, 2009.

that correspond to a program returning true with probabilit [15] P.-A. Melligs, N. Tabareau, and C. Tasson. An expfiit

and false with probabilit. We would like to point out that mula for the free exponential modality of linear logic. In
our interpretation is nosurjective For example, there are also ICALP'09 (2), pages 247260, 2009,

morphisms in the model corresponding to “probability 2"n-(l
cidentally, adding terms with such behavior makes it pdegild  [16] M. A. Nielsen and I. L. ChuangQuantum Computation and
build a term whose denotation é® — so the fact that this prov- Quantum InformationCambridge University Press, 2002.

ably does not happen somehow captures the sanity of the jnodel . _
Interpretations in denotational models are often not stie. In 171 P- Selinger. Towards a quantum programming language.

fact, it is an open problem to give a non-syntactic charaer Mathematical Structures in Computer Scienté(4):527-
tion of the image of our interpretation. Similarly, the pledn of 586, 2004.

full-abstraction is still open. [18] P. Selinger. Towards a semantics for higher-order tran
computation. InQPL'04, TUCS General Publication No
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