
MATH 2600/STAT 2600, Theory of Interest
FALL 2013
Toby Kenney

Practice Final Examination
Model Solutions

This Sample Examination has more questions than the actual midterm, in
order to cover a wider range of questions.

1. Calculate the price that should be paid for each of the following bonds to
obtain the desired yield:

(a) Face value $80,000, maturing at par in 12 years, coupon rate j2 = 7%,
desired yield j2 = 5%.

We use Makeham’s formula:

K = 80000(1.025)−24 = 44230.03. P = 44230.03 + (80000− 44230.03) 7
5 =

94307.99

(b) Face value $130,000, maturing at par in 35 years, coupon rate j2 = 3%,
desired yield j2 = 5%.

We use Makeham’s formula:

K = 130000(1.025)−24 = 23081.96. P = 23081.96+(130000−23081.96) 3
5 =

87232.79

2. (a) Write out a complete bond amortisation schedule for a bond with face
value $10,000 with coupon rate j2 = 2%, maturing at par in 2 years, sold
to an investor who wishes to receive a yield of j2 = 6%

Using Makeham’s formula, K = 10000(1.03)−4 = 8884.87, we get P =
8884.87 + (10000 − 8884.87) 2

6 = 9256.58 This gives the schedule:

Outstanding Balance Interest Payment Principal Repaid
9256.58 277.70 100 −177.70
9434.28 283.03 100 −183.03
9617.31 288.52 100 −188.52
9805.83 294.17 10100 9805.83

(b) Write out a complete bond amortisation schedule for a bond with face
value $20,000 with coupon rate j2 = 6%, maturing at par in 3 years, sold
to an investor who wishes to receive a yield of j2 = 2%

Using Makeham’s formula, we get K = 20000(1.01)−6 = 18840.90, so
P = 18840.90 + (20000 − 18840.90) 6

2 = 22318.19.
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Outstanding Balance Interest Payment Principal Repaid
22318.19 223.18 600 376.82
21941.37 219.41 600 380.59
21560.79 215.61 600 384.39
21176.39 211.76 600 388.24
20788.16 207.88 600 392.12
20396.04 203.96 20600 20396.04

3. A bond has face value $30,000, maturity in 20 years, coupon rate j2 = 6%.
After 2 years and 4 months, it is sold to Mr. Armstrong, who wishes to
receive a yield of j2 = 4%. Calculate

(a) The flat price.

After 2 years, the bond has 18 years to maturity, so we can use Makeham’s
formula, K = 30000(1.02)−36 = 14706.69, and P = 14706.69 + (30000 −
14706.69) 6

4 = 37646.65. We obtain the flat price by multiplying by (1.02)
4
6

to get $38146.95

(b) The quoted price.

The accrued interest is 900 × 4
6 = 600, so the quoted price is $37546.95.

4. Mr. Bruce buys a zero-coupon bond with face value $18,000, maturing
at par in 9 years, for a price to yield 4.7% annually. After three years,
interest rates increase, and he sells the bond to an investor who wishes to
receive a yield of 5.2% annually. What is Mr. Bruce’s rate of return?

The price Mr. Bruce pays is 18000(1.047)−9 = 11905.63. The price the
investor pays three years later is 18000(1.052)−6 = 13279.39, so Mr. Bruce
achieves a return of 13279.39

11905.63 − 1 = 11.5% in three years, so his annual rate

of return is
(
13279.39
11905.63

) 1
3 − 1 = 3.71%.

5. A company are considering a project. The project has the following ex-
pected cash flows (all amounts are calculated at the beginning of the year):

Year 0 1 2 3 4 5
Net Cash
Flow (000)

-100 10 20 20 10 50

(a) What is the Net Present value of the project at j1 = 2%?

The Net Present value at j1 = 2% is 50(1.02)−5+10(1.02)−4+20(1.02)−3+
20(1.02)−2 + 10(1.02)−1 − 100 = 2.39874.

(b) What is the Net Present value of the project at j1 = 4%?

The Net Present value at j1 = 2% is 50(1.04)−5+10(1.04)−4+20(1.04)−3+
20(1.04)−2 + 10(1.04)−1 − 100 = −4.46917.

(c) Which of the following is the internal rate of return? (Justify your
answer.)
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(i) 2.54% (ii) 2.68% (iii) 2.72% (iv) 5.10%

We calculate the Net present value for each case:

(i) 50(1.0254)−5+10(1.0254)−4+20(1.0254)−3+20(1.0254)−2+10(1.0254)−1−
100 = 0.47596.

(ii) 50(1.0268)−5+10(1.0268)−4+20(1.0268)−3+20(1.0268)−2+10(1.0268)−1−
100 = −0.01405.

(iii) 50(1.0272)−5+10(1.0272)−4+20(1.0272)−3+20(1.0272)−2+10(1.0272)−1−
100 = −0.15342.

(iv) 50(1.051)−5+10(1.051)−4+20(1.051)−3+20(1.051)−2+10(1.051)−1−
100 = −7.96564.

so (ii) is the internal rate of return.

6. A company are considering two projects. The projects have the following
expected cash flows (all amounts are calculated at the beginning of the
year):

Year 0 1 2 3 4
Project 1 Net
Cash Flow (000)

-150 20 40 70 90

Project 2 Net
Cash Flow (000)

-110 40 40 40 40

(a) Which project should they prefer if the cost of capital is j1 = 2%?

At j1 = 2%, the net present value of Project 1 is 90(1.02)−4+70(1.02)−3+
40(1.02)−2 + 20(1.02)−1 − 150 = 57.16324. The net present value of
Project 2 is 40(1.02)−4 + 40(1.02)−3 + 40(1.02)−2 + 40(1.02)−1 − 110 =
42.30915, so they should prefer Project 1.

(b) Which project should they prefer if the cost of capital is j1 = 12%?

At j1 = 12%, the net present value of Project 1 is 90(1.12)−4+70(1.12)−3+
40(1.12)−2+20(1.12)−1−150 = 6.76614. The net present value of Project 2
is 40(1.12)−4 + 40(1.12)−3 + 40(1.12)−2 + 40(1.12)−1 − 110 = 11.49397, so
they should prefer Project 2.

7. Mrs. Chapman has $300,000 in her investment fund at the start of the
year. One month later, she withdraws $140,000. Another 3 months later
(4 months from the start of the year), she withdraws a further $90,000
(there is enough money in the fund to cover this withdrawl). After another
5 months, (9 months from the start of the year), she invests $160,000 in
the fund. At the end of the year, she has $305,000 in her account. What
is her dollar-weighted rate of return for the year?

This is an equation of value with focal date the end of the year at simple in-
terest, so we get 305000 = 300000(1+i)−140000

(
1 + i 1112

)
−90000

(
1 + i 8

12

)
+

160000
(
1 + i 3

12

)
. This gives

(
300000 − 11

12140000 − 8
1290000 + 3

12160000
)
i =

75000, so i = 49.45%.
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8. Mr. Davies is managing an investment fund. At the start of the year,
there is $8,000,000 in the fund. The fund activity is summarised in the
following table:

Months from
start of year

Fund value be-
fore transaction

Net Deposit
Fund value after
transaction

0 8,000,000
1 7,920,000 -1,000,000 6,920,000
3 7,150,000 500,000 7,650,000
4 7,720,000 100,000 7,820,000
5 7,830,000 600,000 8,430,000
6 8,660,000 -400,000 8,260,000
8 7,840,000 500,000 8,340,000

10 8,220,000 -100,000 8,120,000
12 8,400,000 8,400,000

Calculate his time-weighted rate of return for the year.

His time-weighted rate of return is(
792

800

)(
715

692

)(
772

765

)(
783

782

)(
866

843

)(
784

826

)(
822

834

)(
840

812

)
−1 = 2.75%

9. A company has an account which pays interest at j1 = 3% on credit bal-
ances, and charges interest at j1 = 5% on debit balances. The company
is considering using this account to fund possible projects with the follow-
ing expected cashflows: (All amounts are calculated at the begining of the
year.)

Year 0 1 2 3 4 5
Net Cash Flow (000) -150 30 50 90 50 20

How much money does the company have in its account at the start of the
fifth year, when it receives the final cash-flow, if it invests in this project?

If it invests in the project, it has a debit balance until the start of the third
year, when its balance is 90 + 50(1.05) + 30(1.05)2−150(1.05)3 = 1.93125.
From this point on, the balance grows with an interest rate of 3%, so the
balance after receiving the final payment is 1.93125(1.03)2+50(1.03)+20 =
73.54886, so the company has $73,548.86.

10. The current term structure has the following semi-annual yields on zero-
coupon bonds:

Term(years) 1
2 1 1 1

2 2 2 1
2 3 3 1

2 4
rate 6% 6.2% 6.2% 5.8% 5.3% 5.1% 4.8% 4.7%
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How much should be paid for a $100 face-value bond with semi-annual
coupons, maturing at par in 4 years time, with 6% annual coupon rate?

This is just the sum of the present values of all coupons and the final
redemption value. That is

3(1.03)−1 + 3(1.031)−2 + 3(1.031)−3 + 3(1.029)−4 + 3(1.0265)−5 + 3(1.0255)−6

+3(1.024)−7 + 103(1.0235)−8 = 104.43

11. For the term structure in Q. 11, what is the implied forward rate for an
18-month loan starting in 1 year’s time?

The implied forward rate over a 6-month period is given by
(

(1.0265)5

(1.031)2

) 1
3 −

1 = 2.351%, so the implied forward rate is j2 = 4.70%. [The annual
effective rate is 4.76%.]

12. The spot-rates for 1, 2 and 3 year strip bonds are 4%, 4.3% and 4.2%
annually. You have the opportunity to borrow or lend money at these
rates, and you also have the opportunity to arrange to borrow money in two
year’s time for one year, at an annual rate of 4.4%, or to lend money in
two years time for one year at an annual rate of 4.2%. Can you construct
an arbitrage possibility?

The implied forward rate for a one-year loan, starting in two year’s time

is (1.042)3

(1.043)2 −1 = 4.00%, which is lower than the rate at which you can lend

money in a forward rate agreement, so you can construct an arbitrage as
follows. Arrange to lend $1,000,000 in two years’ time for one year at
4.2%, borrow 1000000(1.043)−2 or $919,245.26 for three years at 4.2%,
and invest it for two years at 4.3%.

After two years, this $919,245.26 has grown to $1,000,000 which you then
lend at 4.2% for a year. After this year, you recieve $1,042,000 and you
owe 919245.26(1.042)3 or $1,040,002.88 from the original loan. This leaves
you a profit of $1,997.12.

13. Mr and Mrs. Eastman are borrowing $70,000 at a variable rate of prime+2.4%.
They are making interest-only payments annually. They make a forward
rate agreement with the bank, so that the interest rate for the third year
(starting two years from now) will be 6%. In two years time, the prime
rate is 4%. How much money changes hands at the end of the third year,
and in which direction?

The payment due on the original loan is 6.4% of $70,000, which is $4,480.
The payment agreed in the forward rate agreement is 6% of $70,000, which
is $4,200, so the bank pays the difference, which is $280 to Mr. and Mrs.
Eastman.
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14. Mrs. Funk can borrow at 8% on the fixed-rate market, or at prime+6.5%
on the variable rate market. Dr. Green can borrow at 5% on the fixed-rate
market, or at prime+2.9% on the variable rate market. Mr. Harris offers
to arrange interest rate swaps with both of them so that Mrs. Funk can
borrow $200,000 at prime+6.3% and Dr. Green can borrow $200,000 at
4.8%. How much spread income does Mr. Harris make on this transac-
tion?

If Mrs. Funk and Dr. Green both borrow $200,000 on appropriate markets
(Mrs. Funk borrowing on the fixed-rate market, and Dr. Green borrowing
on the variable rate market) the total interest would be prime+2.9%+8%,
or prime+10.9% of $200,000. Under the arrangements with Mr. Harris,
the total interest they are paying is prime+6.3%+4.8%, or prime+11.1%
of $200,000. Mr. Harris’ spread income is the difference between this and
the total interest they could achieve on their own, or 0.02% of $200,000,
which is $400 a year.

15. The current term structure has the following annual yields on zero-coupon
bonds:

Term(years) 1 2 3 4 5 6
rate 4.2% 4.1% 4.3% 4.5% 4.6% 4.8%

Mr and Mrs. Ive have a floating rate loan of $600,000, with annual
interest-only payments. They wishes to exchange this for a fixed rate over
the next 6 years (i.e. They want to pay the same interest rate over the
next 6 years). What should this rate be?

The present value of the interest payments made can be found by consid-
ering the outstanding balance after 6 years, which is still $600,000. The
present value of this is 600000(1.048)−6 = 452880.43. The present value
of the payments made must therefore be 600000−452880.43 = 147119.57.
If the equal payments are X, then we have the equation of value

147119.57 = X(1.042)−1+X(1.041)−2+X(1.043)−3+X(1.045)−4+X(1.046)−5+X(1.048)−6

This gives X = 147119.57
(1.042)−1+(1.041)−2+(1.043)−3+(1.045)−4+(1.046)−5+(1.048)−6 =

28534.74.

16. For the spot rates from Q. 15, which of the following is the at-par yield of
a 6-year bond with annual coupons?

(i) 4.60% (ii) 4.68% (iii) 4.72% (iv) 4.76%

The prices for a bond with face value $100 at the given coupon rates are:

(i) 4.6(1.042)−1+4.6(1.041)−2+4.6(1.043)−3+4.6(1.045)−4+4.6(1.046)−5+
104.6(1.048)−6 = 99.20

(ii) 4.68(1.042)−1+4.68(1.041)−2+4.68(1.043)−3+4.68(1.045)−4+4.68(1.046)−5+
104.68(1.048)−6 = 99.61
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(iii) 4.72(1.042)−1+4.72(1.041)−2+4.72(1.043)−3+4.72(1.045)−4+4.72(1.046)−5+
104.72(1.048)−6 = 99.82

(iv) 4.76(1.042)−1+4.76(1.041)−2+4.76(1.043)−3+4.76(1.045)−4+4.76(1.046)−5+
104.76(1.048)−6 = 100.02

so the at-par yield is 4.76%.

17. Calculate the modified duration and Macauley duration of a 10-year bond
with semi-annual coupons at coupon rate 8%, if it is purchased for a yield
of 6%.

The Macauley duration is given by

D =
1 + i

i
− 1 + i + n(r − i)

r((1 + i)n − 1) + i

Which in this case gives

D =
1.03

0.03
− 1.03 + 20(0.01)

0.04(1.0320 − 1) + 0.03
= 14.57

coupon periods, or 7.29 years. The modified duration is given by D
1+i =

14.57
1.03 = 14.15. This is the sensitivity to change in the rate for half a year

(or j2
2 ) so the sensitivity to change in j2 is a modified duration of 7.07.

[For a change in effective rate is is 6.87.]

18. A company expects to pay $2,000,000 in 4 years time, and $4,000,000 in
6 years time. If the current spot rates are as in the following table:

Term(years) 2 4 6 9
rate 3.7% 4.3% 4.6% 4.8%

find a way for the company to Redington immunise these cash-flows by
buying zero-coupon bonds with maturities in 2 or 9 years.

The total present value of the companies liabilities is 2000000(1.043)−4 +
4000000(1.046)−6 = 4744029.56.

The modified duration is given by 4×2000000(1.043)−5+6×4000000(1.046)−7

2000000(1.043)−4+4000000(1.046)−6 =
5.0589.

If the company arranges assets of A2 after 2 years and A9 after 9 years,
the present value of these assets will be A2(1.037)−2 + A9(1.048)−9 =

4744029.56 and the modified duration will be 2A2(1.037)
−3+9A9(1.048)

−10

A2(1.037)−2+A9(1.048)−9 =

5.0589. which gives 2A2(1.037)−3+9A9(1.048)−10 = 5.0589×4744029.56 =
23999593.11. Subtracting 2(1.037)−1 times the first equation gives

(1.048)−9(9(1.048)−1−2(1.037)−1)A9 = 23999593.11−2(1.037)−14744029.56
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so

A9 = (1.048)9
23999593.11 − 2(1.037)−14744029.56

9(1.048)−1 − 2(1.037)−1
= 3400645.87

The present value of A9 is just 3400645.87(1.048)−9 = 2230025.68, so the
present value of A2 must be 4744029.56−2230025.68 = 2514003.88, so we
must have A2 = 2514003.88(1.037)2 = 2703481.84.

Alternatively:

The modified duration of A2 is 2(1.037)−1 and the modified duration
of A9 is 9(1.048)−1, so if the present values of A2 and A9 are a and b
respectively, with a + b = 1, then the modified duration of both pay-
ments is 2(1.037)−1a + 9(1.048)−1(1 − a) = 5.0589, which gives a =

9(1.048)−1−5.0589
9(1.048)−1−2(1.037)−1 = 0.5299300621. We know that the total present value

of A2 and A9 is $4,744,029.56 and A2 makes up 52.99% of that, so the
present values of A2 and A9 are 0.5299300621× 4744029.56 = 2514003.88
and (1−0.5299300621)×4744029.56 = 2230025.68 respectively. This gives
A2 = 2703481.84 and A9 = 3400645.87.

19. Explain the difference between full immunisation and Redington immuni-
sation.

Under Redington immunisation the present values of assets and liabilities
are matched, as are their first derivatives with respect to interest rate,
while the second derivatives with respect to interest rate of the present
value of assets must be greater than the second derivatives with respect
to interest rate of the present value of liabilities. This means that for
sufficiently small changes in interest rates, the value of assets will always
exceed that of liabilities. However, for larger changes in interest rates, it
may be possible for the present value of liabilities to exceed that of assets.

Under full immunisation, whatever the interest rate is, the present value
of assets is certain to be at least as large as the value of liabilities.

20. Find two payments in 5 and 16 years that immunise the liabilities of a
15-year bond with face value $120,000 and semi-annual coupon rate 7% at
a price to yield j2 = 5%.

The Macauley duration of the bond is given by D = 1+i
i − 1+i+n(r−i)

r((1+i)n−1)+i =
1.025
0.025 − 1.025+30(0.01)

0.035(1.02530−1)+0.025 = 20.106 coupon periods, or 10.05 years.

To match the durations, we need the present values of A5 and A16 to be
in proportions a and 1 − a so that 5a + 16(1 − a) = 10.05, which gives
a = 16−10.05

16−5 = 0.5406.

The present value of the bond is calculated using Makeham’s formula:
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K = 120000(1.025)−30 = 57209.12, and P = 57209.12+(120000−57209.12) 7
5 =

145116.35. Therefore the present values of A5 and A16 are 0.5406 ×
145116.35 = 78456.20 and 0.4594 × 145116.35 = 66660.15.

Therefore, A5 = 78456.20(1.025)10 = 100430.56 and A16 = 66660.15(1.025)32 =
146902.78.

21. The current term structure has the following yields on zero-coupon bonds:

Term(years) 1
2 1 1 1

2 2 2 1
2 3

rate 6.3% 6.5% 7% 7.1% 7.1% 7.2%

Calculate the modified duration of an 8% semi-annual 3-year bond, based
on a parallel shift in the term structure.

The present value of the bond with face value 100 is

4(1.0315)−1+4(1.0325)−2+4(1.035)−3+4(1.0355)−4+4(1.0355)−5+104(1.036)−6 = 102.19

The derivative of the present value with respect to a parallel shift in the
term structure is

−(4(1.0315)−2 + 2 × 4(1.0325)−3 + 3 × 4(1.035)−4 + 4 × 4(1.0355)−5 + 5 × 4(1.0355)−6

+6 × 104(1.036)−7) = 542.36

The modified duration is therefore 542.36
102.19 = 5.307. This is with respect to

a change in the rate every half-year. To get the modified duration with
respect to j2, we need to divide this by 2, to get 2.15
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