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Homework Sheet 2
Model Solutions

Basic Questions

1. Calculate the probability density function of a random variable that is 7
times a beta random variable with o = 3 and B = 2. The density function
of this beta random variable is

[ 2*(l-2) fO0<z<l
x(@) = { 0 otherwise

The density function of 7X is

1oy [ L(®)P(1-2) fo<a<T
f7X(x)—7fX(7>—{6 ! ’ otherwise

2. Calculate the distribution of X8 when X follows a gamma distribution
with o = 3 and 8 = 13.

The density function of X is %6_%. The density function of X8 is

2 a —
fxs(a®) = ormse 13, so we have fxs(2) = toimsa , so X8
has a transformed gamma distribution with @ = 3, v = é and 6 = 138,
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3. X is a random variable with moment generating function Mx (t) = [EIEDE
5

What is the variance of the random variable e ?
We know that (e¥)? = e®X) so E((e¥)?) = Mx(2), while E(e¥) =

Mx (1), so we have Var(eX) = My (2) — (Mx(1))2 =  — (&) = 1.14.
4. X is a mizture of 3 distributions:

e With probability 0.2, X follows a gamma distribution with o = 2

and 6 = 2000.

e With probability 0.35, X follows a gamma distribution with @ = 3
and 6 = 4000.

e With probability 0.45, X follows a Weibull distribution with = 2000
and 7 = 4.



(a) What is the coefficient of variation of X ¢

The mean of a gamma distribution is af, and the mean of a Weibull distri-
bution is 0T (1 + 1). The variances are a6* and 6? (F (1+2)— (D (14 %))2)
respectively.

In this case, the first distribution has mean 4000 and variance 8000000;
the second distribution has mean 12000 and variance 48000000; and the
third distribution has mean 1812.805 and variance 258645.631975. The
expected value of the mixture is therefore 0.2 x 4000 + 0.35 x 12000 +
0.45x 1812.805 = 5815.76225. The variance of the mixture is 0.2 x (4000%+
8000000)4-0.35 x (1200024-48000000)+0.45 x (1812.805%+258645.631975) —
5815.762252 = 29772117.871474937, so the standard deviation is 5456.38,

and the coefficient of variation is géi’g:?g = 0.938.

(b) [bonus] What is the kurtosis of X ¢
We have the following:
Distribution 1  Distribution 2 Distribution 3

w4000 12000 1812.805

w2 80000000 48000000 258645.631975

us 3.2 x 1010 2.56 x 10 11474411.56287975

pa  3.84 x 1014 1.152 x 1016 183821938794.038572798
wh 2.4 x 107 1.92 x 108 3544907.60000

Wy 2.56 x 101 5.44 x 1012 13309852126.945560125
Wy 2.944 x 1019 1.6896 x 1017 59198070889950.1844896020

The raw moments of the mixture are therefore

iy = 0.2 x 2.944 x 10'° + 0.35 x 1.6896 x 107 + 0.45 x 59198070889950.1844896020 = 597514391319004
ph = 0.2 x 2.56 x 10" +0.35 x 5.44 x 10'2 + 0.45 x 13309852126.945560125 = 1961189433457.12550205

ph =0.2x2.4x 10" +0.35 x 1.92 x 10® 4- 0.45 x 3544907.60000 = 73595208.42000000
= 0.2 x 4000 + 0.35 x 12000 4 0.45 x 1812.805 = 5815.76225

We therefore get that the centralised moments of the mixture are

fa = ply — Apply + 6421, — 3p* = 25631493270307355.9794255146
pis = pby — p? = 39772117.8714749375

25631493270307355.9794255146 __
39772117.87147493752 = 16.2037850282.

so the kurtosis is

. For a particular claim, the insurance company has observed the following
claim sizes:

12.3, 16.8, 2.6, 25.2, 25.4, 25.8, 30.2, and 35.3.



Using a kernel smoothing model with a Gaussian kernel with variance 0.5,
calculate the probability that the next claim size is between 22 and 26.

The kernel to be used for each observation a is ﬁe*W*“F. The kernel
distribution is given by taking the average of the kernels from each ob-

servation. The probability of being between 22 and 26 is therefore given
by

é(@((% —12.3)V/2) + ®((26 — 16.8)v/2) + B((26 — 24.6)V2) + ®((26 — 25.2)V/2)
+®((26 — 25.4)V/2) + ®((26 — 25.4)V2) + ®((26 — 30.2)V2) + ®((26 — 35.3)V/2)
—®((22 — 12.3)V2) — ((22 — 16.8)V2) — ®((22 — 24.6)v/2) — ®((26 — 25.2)V2)
—®((26 — 25.4)v/2) — ©((26 — 25.8)v/2) — B((26 — 30.2)V2) — ®(22 — 35.3V/2))

This is

(9(19.37) + $(13.01) + $(1.98) + B(1.13) + B(0.85) + B(0.28) + B(—5.94) + $(—13.15)

1
8
72) — ®(7.35) — B(—3.68) — B(—4.53) — B(—4.81) — B(—5.37) — ®(~11.60) — B(—18.81))

—(13.

1
:g(l+1+O.9761+O.8708+O.8023+O.6103+0+0f1—170.00017070707070)

~3.2594

=0.4074
8

Standard Questions

. An insurance company finds that the loss experienced by an individual
follows an inverse exponential distribution with 6 depending on the indi-
vidual. It models this 0 as following a gamma distribution with « = 3 and
0 = 2000. What is the distribution of the loss of a random individual.

The density function of the conditional distribution given 6 is f(z) =

e o
fe = | and the distribution of 0 is fy(0) = 92252026’83 . The distribution of

the loss for a random individual therefore has

o (po—2 §2e~ 2000 1 < s —(L+35%3)0
f(x)—/o <x2 ><2X20003>d9_2x20003z2/0 ore v




If we let a = p o then the integral becomes fooo 93¢~ adf which is
x ' 2000
a*T'(4) = 6a?, so
6a* 3 600022
fla) = = =

32 4 4
2% 2000%2 1092 (1 + ;1 )T (z+2000)

. A life insurance company models the mortality of an individual as following
a Gompertz law with hazard rate given by A = 0.00001ae® ™, where a is
the frailty of the individual. It models a as following a gamma distribution
with « = 0.4 and 6 = 2. Calculate the probability that a randomly chosen
individual lives to age 100.

The probability that an individual with frailty a lives to age 100 is e~ Jo°° 0.00001ae’ M dt

We have foloo e 0ldt = 10 [eo'“];oo = 10(e!® — 1), so the probability

—0.0001a(e™~1) — —2:202547a  The probability for a random individ-

(6_2'202547A),

is e
ual is the expected value of this probability — that is E
where A follows a gamma distribution with o = 0.4 and 6 = 2. This is
M 4(—2.202547) = (1 + 2 x 2.202547) 794 = 0.509188664.

. An insurance company wants to model a random variable X. It believes
that for large values, it should use a Pareto distribution with o = 4 and
0 = 300 to model the distribution of values above 5000. For values below
5000, it plans to use an inverse gamma distribution with o« = 3 and 0 =
800. If 5% of values are above 5000, what is the probability under this
model that the value of X is between 3000 and 100007

Given that the value is under 5000, the probability that it is above 3000
is the probability that its inverse is above 3000 The inverse of the inverse
gamma distribution follows a gamma distribution with @ = 3 and 6 =
f“{% 800%z%e %" dg
is given by f%%fo
5000

0.00125. The probability that this is below

3000 8003 x2e—800z dg

Integrating by parts gives

oo 800 00 ., —800z —800a —800a —800a
_ e xe a’e L ae e
/ 12e 8007 gy = [—} +/ dzx = +
a a a

800 400 S00 320000 ' 128000000
so the probability above is
(640000 (355)” + 1600 (s55) +2) I 1 ggug17806
o -1 = 1-0.998013464 = 0.00199
(640000 (55)” -+ 1600 (55h55) +2) e~k 1.998788471
For the Pareto distribution, the probability of being above 5000 is (1 + 2209) ™ —
0.000181358, while the probability of being above 10000 is (1 + 19990) ™% —

0.000024709, so the probability of being below 10000 conditional on be-
ing above 5000 is 1 — F350921188 = 0.863755666. The total probability
that X is in the interval (3000, 10000) is therefore 0.95 x 0.00199 + 0.05 x

0.863755666 = 0.0451.



