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Homework Sheet 3
Model Solutions

Basic Questions

1. A distribution has hazard rate A\(z) = x + 6_% for x > 0. Calculate its
density function.

The survival function is
S(a) = e~ i Mo ds _ g [ oty a
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The density function is negative the derivative of the survival function.
That is
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2. A continuous random variable has moment generating function given by
M(t) = ﬁ + ﬁ What is the skewness of the distribution?



We calculate

M(t) = (1 _2,5)3 + (1 _8tt2>5
2
M"(t) = (1 _6t)4 + (1 _8t2)5 + (18_02;2)6
4 4 3
M™(t) = (1 i t)? + (12_22)5 + (19§0;2)6
M'(0) =2
M”Eoi =14
M"(0) = 24

Thus E(X) = 2 and E(X?) = 14 and E(X3) = 24. This gives Var(X) =
14 — 2% =10 and

pz = E(X?) - 3E(X)E(X?) +2E(X)? =24 -3 x2x 14+2x 2% = —44
Thus, the skewness is 755 = —1.39140217047

3. Calculate the mean excess loss function for a distribution with hazard rate
given by AN(x) = ;55 for x > 0.

Rewriting A(x) =1 — Q%H, we have

S(z) =e Jo X dy = o~ Jo =g dy _ p—axtlog(a+1) _ (z+1)e®
The mean excess loss function is given by
[ee]
B(X - )= [ S
d

7/ (r+1)e “dx

d

4. Calculate the probability generating function of a discrete distribution with
p.m.f. given by



The probability generating function is given by
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Standard Questions

. The total cost of handling a claim is X1 + Xo + Y where X7 and X5 are
i.9.d. discrete non-negative random variables with probability generating

function Px(z) = zié and Y is a discrete non-negative random variable
with probability generating function Py (z) = 4(5’7:_1), independent of X,

and Xo. What is the moment generating function of X1 + Xo +Y ?

We have

Px,+x,+v(2) = Px, (2)Px,(2) Py (2)
= Px(2)*Py(2)
[zt 2 37
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The moment generating function is given by My (t) = Px(e!), so
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Mx 4 x,+v (1) = Pxy x4y (e') =



6. An insurance company is considering two models for its data. The first is
a Pareto distribution with survival function

Sle) = <eix)a

The second is a Weibull distribution with survival function

S(x) = e (3)

They find that for the fitted parameters, both distributions have the same
values of 0, and the same values for the 90th and 95th percentiles. Which
distribution has a higher 99th percentile?

[You should get an equation for one of the unknown parameters o or T.
You can numerically solve this equation by trying a range of values and
seeing which satisfies the equation.]

The pth percentiles of the Pareto and Weibull distributions are obtained
by solving

x=0(1-p) “—1
e—(%)T =1-p
= 6(~log(1 ~p))*
Setting the 90th and 95th percentiles equal gives:

0(—1log(0.1))7 = 6(0.17* — 1)
6(—10g(0.05))7 = 6(0.05"* — 1)
log(—1og(0.1)) ~log ((0.1)%! B 1)

T

log(—1og(0.05)) — log ((0.05)* — 1)

log ((0.1)"> —1) log(—1log(0.1))
log ((0.05)= — 1) _ log(— log(0.05))
= 0.760154060074

log ((0.1)~* — 1) = 0.760154060074 log ((0.05)~* — 1)

(0.1)% — 1= ((0.05),a B 1)0.760154060074

Numerically, we see that this is solved by a = 1.3228. Substituting this



for a;, we get

log(—log(0.1)) = log ((0_1)—1.3228 . 1)

.83403244524
0831032445246 = 2.9971362061
Jn
_0.834032445246
29971362061
T =10.2783

The 99th percentiles are
6 ((0.01)7"%28 — 1) = 441.1809210746
for the Pareto distribution, and
0(—1og(0.01)) 72mmeism222 = 241.7718113470

for the Weibull distribution, so the percentile is larger for the Pareto
distribution.

Bonus Questions

. X and Y are continuous random variables with moment generating func-
2

tions Mx (t) = % and My (t) = %
X +Y are independent. What is the probability generating function of

X+Y?

You are given that X and

Since X and X + Y are independent, —X and X +Y are independent. so
My (t) = M_x(t)Mx1y (t). We have
864

o= B((170) <5 it

so we have
et 864
t+1  (t+4)(t+6)
(t+4)(t+6)3 "
864(t + 1)

sMx 1y (1)

Mxiy(t) = —

The probability generating function satisfies P(z) = M (log(z)), so

(log(z) + 4)(log(z) + 6)3e loa(2)°

Pxyy(z) = — 864(log(2) + 1)




