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Homework Sheet 3
Model Solutions

Basic Questions

. An insurance company collects the following claim data (in thousands):

1 0 0.4 -8 1.0 - 15115 20 - 10
2 0 1.6 -9 1.0 4.6 -1 16 2.0 - 10
3 0 - 20| 10 1.0 - 15|17 20 26 -
4 0 1.8 -1 11 1.0 1.8 -1 18 2.0 - 20
5 0 - 1012 1.5 - 10|19 2.0 14.6 -
6 05 1.9 -1 18 1.5 6.8 -1 20 5.0 - 15
7 05 1.6 -1 14 1.5 1.9 -1 21 5.0 8.4 -

Using a Kaplan-Meier product-limit estimator:

(a) estimate the probability that a random loss exceeds 17.3.

xZ; S; T S(.’L‘l)

04 1 5 0.8

1.3 1 10 0.72

16 2 12 0.6

1.8 1 10 0.54

19 2 9 042

26 1 12 0.385

46 1 11 0.35

6.8 1 12 0.3208333
84 1 11 0.2916667

146 1 6 0.24305556
So the estimated survival probability is 0.24305556.

(b) estimate the median of the distribution.

From the above table, we see that the survival probability is 0.54 from 1.8 to 1.9, but 0.42 from 1.9 to 2.6,
so the median is 1.9.

(c) Use a Nelson-Aalen estimator to estimate the median of the distribution.

The Nelson-Aalen estimator is an estimator for the cumulative hazard rate. That is H(z) = —log(S(z)).
The median is the solution to S(z) = 1, which gives H(z) = —log (3) = log(2) = 0.6931472. We therefore
need to adapt the table from part (a) to calculate the cumulative hazard rate, and find the value where it
first exceeds 0.6931472.



x; s r; H(z)
0.4 4 5 0.2
1.3 9 10 0.3
1.6 10 12 0.4667
1.8 9 10 0.5667
1.9 7 9 0.7889

So again 1.9 is the estimate for the median.

2. An insurance company observes the following claim history:

Number of claims  Frequency
2,846
701
360
202
114
56
12

0

2
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Use a Nelson-Aalen estimate to obtain a 95% confidence interval for the probability that a random individual
makes more than 5 claims.

A Nelson-Aalen estimate gives H(5) = 280 + oL+ 200 4 202 4 12+ 58 =3.572845.
2846 202 | 114

The variance of this estimator is approximately i203z T 112%2 + 346602 +agez t ez T % = 0.01728762

A 95% confidence interval is therefore
H(x) € 3.572845 £+ 1.961/0.01728762 = [3.315144, 3.830546].

The corresponding interval for the survival function is

S(x) € [e3-830546 =3:315144) — 1 02169777,0.03632882]

3. For the data in Question 1, use Greenwood’s approximation to obtain a 95% confidence interval for the
probability that a random loss exceeds 17.3, based on the Kaplan-Meier estimator.

(a) Using a normal approximation

Recall from Question 1, that the estimated survival function is S(17.3) = 0.24305556. The variance of the
Kaplan-Meier estimator is

1-0.8 0.8-0.72 0.72-6 0.6-0.54 0.54-0.42 0.42-0.385 0.385-0.35 0.35—0
0.24305556 ((1 + 5><O.8) (1 + 10><0.72> (1 + 12><0.6) (1 + 10><0.54) (1 T 0x0.42 ) (1 T 13x0.385 ) (1 T “1x0.35 ) (1 T 5250
0.01198086
The confidence interval is therefore 0.24305556 % 1.961/0.01198086 = [0.02852356, 0.45758756].

Using Greenwood’s approximation for the product, the variance of the Kaplan-Meier estimator is

1 1 2 1 2 1 1 1 1 1
.24 2 =0.011
0-24305556 (5><4+10><9+12><10+10><9+9><7+12><11+11><10+12><11+11><10+6><5> 0-01106503




which gives a confidence interval of [0.03688607,0.44922505].

(b) Using a log-transformed confidence interval.

1.961/0.01198086
Using the product formula, we have U = e0-2430555610(0.24305556) = ().5357895, and the confidence interval is

[0.24305556 7, 0.24305556] = [0.07136381, 0.46867036).

. . . . 1.961/0.01106503
Using the variance from Greenwood’s approximation, we have U = ¢0-2430555610£(0.24505556) = ().548982, and

the confidence interval is [0.243055567 ,0.24305556U] = [0.07603786, 0.46000591].

4. An insurance company records the following data in a mortality study:

entry death exit | entry death exit | entry death  exit
60.4 - 64.4 | 61.6 - 64.2 | 62.1 - 63.9
62.7 - 63.7 | 60.8 - 63.8 | 62.9 - 64.5
63.4 - 64.4 | 64.3 - 66.3 | 61.8  63.7 -
61.2 - 63.2 | 63.3 - 66.3 | 60.2  60.6 -
62.2 - 65.2 | 62.8 - 64.8 | 63.8 65.2 -
60.9 - 62.9 | 61.3 - 63.3 | 62.1 63.4 -
63.0 - 65.6 | 62.1 - 65.1

Estimate the probability of an individual currently aged exactly 68 dying within the next year using:
(a) the exact exposure method.

Using the exact exposure, the total exposure for lives currently aged 63 is 1 4+0.74+0.64+02+14+0+ 1+
14084+04+07+1+034+14094+1+0.7+0+0.24 0.4 =12.5. The number of deaths aged 63 is 2, so

the hazard rate is % = 0.16. The probability of dying aged 63 is therefore 1 — e~%16 = 0.1478562.

(b) the actuarial exposure method.

Using the actuarial exposure method, the exposureis 1+0.7+0.6+02+1+0+14+1+0.8+0+0.7+1+
03+14+09+14+14+04+0.241=13.4. The number of deaths aged 63 is 2, so the mortality probability
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Standard Questions

5. An insurance company collects the following claim data (in thousands):

1 di Z; U; ) dz €T, (17 1 di ZT; U;
1 0 0.7 -8 1.0 - 2015 2.0 4.1 -
2 0 1.3 -9 1.0 4.2 -1 16 2.0 - 15
3 0 - 10 10 1.0 - 10117 20 2.9 -
4 0 11.8 - 11 1.0 1.5 - 18 2.0 8.6 -
5 0.5 - 15112 1.0 - 10| 19 5.0 - 10
6 0.5 - 1513 1.5 4.8 -1 20 5.0 - 15
7 1.0 3.6 -1 14 1.5 2.9 -1 21 5.0 184 -

It is attempting to price a new policy with a deductible of 1.0. Using a Kaplan-Meier estimator, calculate
the probability that a random claim on a policy with a deductible of 1.0 exceeds 5.0.



We have the following table. (Since we are calculating the conditional survival, we do not need to consider
claim values less than 1.0.

XT; S; i Sl (.’Ez)
1.3 1 11 0.909
1.5 1 10 0.818
29 2 15 0.709
3.6 1 13 0.655
4.1 1 12 0.6
42 1 11 0.545
48 1 10 0491

so the probability is 0.4909 [or ZI].

. An insurance company has historical data from 2,861 claims. It finds that 1,830 are less than $5,000, 793
are between $5,000 and $20,000, 168 are between $20,000 and $100,000, and the remaining 70 are more

than $100,000. Calculate a 95% confidence interval for the probability that a random claim is more than
$30,000.

The empirical estimates are F),(20000) = 2323 and F,,(100000) = 2224 so the ogive gives

70000 » 2623 100000 » 2791 2644
80000 ~ 2861 80000 ~ 2861 2861

F,(30000) =

The variance of F,(20000) is 2623x238 and the variance of F),(100000) — F,(20000) is 168x289 and the

covariance is —198%2823 5o the variance of F,(20000) + £ (F,(100000) — F,(20000)) is %gfgg@?’s + 4 X
168x2693 _ 2 . 168%2623 _ 4085481
2861° 8 2861° 8x 28613

The confidence interval for F,(30000) is therefore 2357 + 1.96,/ 525248, = [0.9149996,0.9333052] so the

confidence interval for S,,(30000) is [0.06669477,0.08500045].

. An insurance company observes the following claims (in thousands):
0.8 2.3 5.7 4.2 11.6 8.7 3.0 7.4 1.5 16.2 9.3 2.5 3.8

using a kernel density estimate with a triangular kernel with bandwidth 1, estimate the expected loss per
claim if the company introduces a deductible of 2.0 on each policy.

We sort the sample to get

0.8 1.5 2.3 2.5 3.0 3.8 4.2 5.7 7.4 8.7 9.3 11.6 15.2

Under the kernel density distribution, the probability that a random loss exceeds 2.0 is 9+0-125+0.T55+ 0.8 Lt 14 1e Ib Lb I+ L0141
10755 — 0.8273

The conditional expected loss of a claim given that the claim exceeds 2.0 is therefore




22'5 z(2.5 — z)dz + f22'3 z(z — 1.3)dz + f23v'33 z(3.3 — z)dz + f22'5 z(z — 1.5) dz + f;;’ (3.5 — x) dz + 69.9

10.755

_69.9+ 1.25(2.5% — 22) — # + # ~0.65(2.32 — 22) 1 3.3(3.32 — 2.32) — 3.33g2.33 + 2.533—23 —0.75(2.52 — 22) + 1.75(3.52 — 2.52) — 3.5352.53
10.755

699+ 1.25 x 2.25 — 025 4 4167 _ (.65 x 1.29 + 3.3 x 5.6 — 23577 4 1625 _ .75 x (2.25) 4+ 1.75 x 6 — 2022

B 10.755

_69.9 4 2.8125 — 0.8385 + 18.48 — 1.6975 + 10.5 4 467 — 23,77 _ 27.25

B 10.755

_99.1565 4 — 46:853

- 10755

= 7.767442



