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Toby Kenney

Homework Sheet 2
Model Solutions

Basic Questions

. An insurance company has the following portfolio of auto insurance poli-
cies:
Type of driver Number  Probability —mean standard

of claim claim  deviation
Learner 1100 0.085 $3,900 $34,800
Normal 700 0.015 $3,400 $31,400
Advanced 400 0.011 $2,800 $32,100

Calculate the cost of reinsuring losses above $1,000,000, if the loading
on the reinsurance premium s one standard deviation above the expected
claim payment on the reinsurance policy using a Pareto approximation for
the aggregate losses on this portfolio.

We calculate the expectation and variance for aggregate losses in each
class

Type of driver Expected no. Variance of no. mean aggregate

variance of

of claims of claims loss aggregate loss
Learner 38.5 37.1525 150150 47190129525
Normal 10.5 10.3425 35700 10472139300
Advanced 44 4.3516 12320 4567920544

Therefore the expectation and variance of the aggregate loss are 150150 4
35700 4+ 12320 = 198170 and 47190129525 + 10472139300 + 4567920544 =
62230189369 respectively. For a Pareto distribution, we calculate the mo-
ment estimates

0 = 198170
a—1
0%
————— = 1877899049.48
(a—=1)*(a—2)
« 62230189369
— = 1.5846206232
a—2 1981702 58462062323

2 x1.58462062323

0.58462062323
0 = 198170 x 4.42102197653 = 876113.925089

= 5.42102197653




Using this distribution, the expected payment on the stop loss insurance
is
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= 6839.30585606

The expected square of the payment on the stop loss insurance is
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T 4.42102197653 x 3.42102197653 x (1000000 + 876113.925089)3 42102197653
= 7501452514.79

so the standard deviation is v/7501452514.79 — 6839.305856062 = 86340.4679753.
Thus the premium on the stop-loss insurance is 6839.30585606+86340.4679753 =
$93,179.77.

2. An insurance company is modelling claim data as following a Pareto dis-

tribution with o = 2.6. It collects the following sample of claims:
0.1 0.3 0.7 1.5 4.7 6.7 6.9 7.4 7.8 14.0 20.6 20.8

22.1 24.3 38.1 44.7 70.7 157.0 244.1 254.6 280.1 282.0
285.3 424.8 928.3 1119.9 1694.3 2792.2 2979.6 3613.8



The MLE for 0 is 405.5201. Graphically compare this empirical distri-
bution with the best fitting Pareto distribution with o = 2.6. Include the
following plots:

(a) Comparisons of F(x) and F*(x)

FxPlot<—function (x){
n<—length (x)
Fx<—seq_-len (n)/n
xv<—sort (x)
xvals<—c(as.vector (rbind (¢ (0,xv[seq-len(n—1)]),xv)) ,xv[n],xv[n]*x1.05)
distvals<—c(0,as.vector (rbind(c(0,Fx[seq-len(n—1)]),Fx)),1)
plot (xvals ,distvals ,ylim=c (0,1),xlab=expression (x),ylab=expression (F[n](

sampleHW2Q2<—c (
0.1, 0.3, 0.7, 1.5, 4.7, 6.7, 6.9, 7.4,
7.8, 14.0, 20.6, 20.8, 22.1, 24.3, 38.1, 44.7, 70.7, 157.0, 244.1, 254.6,

FxPlot (sampleHW2Q2)
points (1:4000,1 —-405.5201"2.6/(405.5201+(1:4000))"2.6,col="red” ,type='1")

Falx)

T T T
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(b) Comparisons of f(z) and f*(x)

hist (HW2Q2Sample, breaks=c(0,10,100,1000,4000))
points (1:4000,2.6%x405.5201"°2.6/(405.5201+(1:4000))"3.6,type="1",col="red”)



Histogram of HW2Q2Sample
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(¢) A plot of D(x) against x.

DxPlot<—function (x,F){
n<—length (x)
plotvals <—(max(x)*1.1)*(1:2000)/2000
Fstx<—F(plotvals)
xv<—sort (x)
Fnx<—rep (0,2000)
cval <—1
for (i in 1:2000){
while (cval<=n&xv|[cval]<plotvals[i]){
cval<—cval+1
}

Fnx[i]<—cval-1

}

Fnx<—Fnx/n



plot (plotvals ,Fstx—Fnx, xlab=expression (x),ylab="D(x)” ,type="1")
abline (h=0)
}

Fpareto<—function (x){return(1—(405.5201/(405.5201+x))"2.6)}
DxPlot (HW2Q2Sample, Fpareto)
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(d) A p-p plot of F(x) against F*(x).

ppPlot<—function (dist){
n<—length (dist)
xv<—seq_len(n)/n
xvals<—c(as.vector (rbind (¢ (0,xv[seq-len(n—1)]),xv)),xv[n],1)
distsort <—sort (dist)
distvals<—c(0,as.vector(rbind(c(0,distsort [seq_len(n—1)]),distsort)),1)
plot (xvals ,distvals ,xlim=c (0,1),ylim=c(0,1),xlab=expression (F[n](x)),yla



abline (0,1,col="red”)

}

ppPlot (1—(405.5201/(405.5201+HW2Q2Sample)) " 2.6)
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3. For the data in Question 2, calculate the following test statistics for the
goodness of fit of the Pareto distribution with a = 2.6 and 0 = 405.5201:

(a) The Kolmogorov-Smirnov test.

For the observed data points we calculate:



x F*(z) Fu(zT) Fu(z7) D(x™) D(z™)
0.1 0.0006408675 0.033333 O 0.0326921325 0.0006408675
0.3 0.0019208974  0.066667 0.033333 0.0647461026 —0.0314121026
0.7 0.0044741555 0.1 0.066667 0.0955258445 —0.0621928445
1.5 0.0095536075 0.13333 0.1 0.1237763925 —0.0904463925
4.7 0.0295164736 0.16667  0.13333 0.1371535264 —0.1038135264
6.7 0.0417112833 0.2 0.16667 0.1582887167 —0.1249587167
6.9 0.0429190732 0.23333 0.2 0.1904109268 —0.1570809268
7.4 0.0459293414 0.26667  0.23333 0.2207406586 —0.1874006586
7.8 0.0483281249 0.3 0.26667 0.2516718751 —0.2183418751
14.0 0.0844649177 0.33333 0.3 0.2488650823 —0.2155350823
20.6 0.1208784034 0.36667  0.33333 0.2457915966 —0.2124515966
20.8 0.1219503014 0.4 0.36667 0.2780496986 —0.2447196986
22.1 0.1288737236 0.43333 04 0.3044562764 —0.2711262764
24.3 0.1404191580 0.46667  0.43333 0.326250842 —0.292910842
38.1 0.2082227086 0.5 0.46667 0.2917772914  —0.2584472914
44.7 0.2380481751  0.53333 0.5 0.2952818249 —0.2619518249
70.7 0.3415358650 0.56667  0.53333 0.225134135 —0.191794135
157.0  0.5729553513 0.6 0.56667 0.0270446487 0.0062853513
244.1 0.7062907520 0.63333 0.6 —0.072960752 0.106290752
254.6 0.7182833508 0.66667  0.63333 —0.0516133508 0.0849533508
280.1 0.7447210558 0.7 0.66667 —0.0447210558 0.0780510558
282.0  0.7465512445 0.73333 0.7 —0.0132212445 0.0465512445
285.3  0.7496870652 0.76667  0.73333 0.0169829348 0.0163570652
424.8  0.8448349990 0.8 0.76667 —0.044834999 0.078164999
928.3 0.9547540895 0.83333 0.8 —0.1214240895 0.1547540895
1119.9 0.9680831815 0.86667  0.83333 —0.1014131815 0.1347531815
1694.3 0.9860953913 0.9 0.86667  —0.0860953913 0.1194253913
2792.2  0.9953414899 0.93333 0.9 —0.0620114899 0.0953414899
2979.6  0.9959826507 0.96667  0.93333 —0.0293126507 0.0626526507
3613.8 0.9974293944 1 0.96667 0.0025706056 0.0307593944

We see that the Kolmogorov-Smirnov statistic is 0.326250842.
(b) The Anderson-Darling test.

The Anderson-Darling test statistic for a finite sample is given by

A% = -

k
ntny (1= Fu(y;))? (log(1 — F*(y;)) — log(1 — F*(y;+1)))
j=0

k
Y (Fa(y;)? (log(F*(yj+1)) — log(F" (y;))
j=0

For our dataset, we calculate this in the following table:



yi  Fu(ys) F*(y;) (1= Fa(yy))® Fo(y;
(log(1 — F*(y;)) —log(1 — F*(y;+1)))  (log(F*(y;+1)) — log(F*(y;)

0.0 0 0 0.000641072943356
0.1 L 0.0006408675 0.00119765104272 0.001219694471:
0.3 2 0.0019208974 0.00223130738088 0.003757889538:
0.7 % 0.0044741555 0.00414342659473 0.00758601213(
1.5 A 0.0095536075 0.0152936098555 0.02005386138:
4.7 % 0.0295164736 0.00878147300638 0.009606198342
6.7 S 0.0417112833 0.00080713990752 0.00114178595¢
6.9 % 0.0429190732 0.00185162729098 0.003690671025:
7.4 = 0.0459293414 0.00135381681259 0.003620233118!
7.8 S 0.0483281249 0.0189686950814 0.05024903271°
14.0 B 0.0844649177 0.0180379824358 0.03982764852:
20.6 01208784034 0.000489366349455 0.001186940953:
20.8 B 01219503014 0.00284985049392 0.00883511071:
22.1 0 0.1288737236 0.00428428614481 0.01611112624:
24.3 % 0.1404191580 0.0233712989485 0.08579928007:
38.1 15 (1.2082227086 0.009599205693 0.03346621206:
44.7 B8 02380481751 0.0317897358289 0.1026786491:
70.7 % 0.3415358650 0.0813118119102 0.1661284701
157.0 B 05729553513 0.0598877193344 0.07531890840:
244.1 B 07062007520 0.00560479392964 0.006753566922;
254.6 B 07182833508 0.0109494366244 0.01606470947"
280.1 B 07447210558 0.0006475672296 0.001202721881:
282.0 B 07465512445 0.000885317715911 0.002254155832
285.3 B 7406870652 0.0260365747205 0.07023090272:
424.8 3 (.8448349990 0.0492950713172 0.07827997989:
928.3 B 0.0547540805 0.00969386649473 0.009627920464¢
1119.9 B 0.0680831815 0.0147717822263 0.01384679400:
1694.3 3% 0.0860953913 0.0109352467035 0.007559558719¢
2792.2 B 0.0953414809 0.000658103861999 0.0005609557025!
2979.6 B ).0959826507 0.000496089770955 0.001356369701:
3613.8 % 0.9974293944 0 0.002573915279
0.416864927651 0.8405892755:

The Anderson-Darling statistic is therefore 30(0.416864927651+4-0.840589275536—
1) = 7.7236260957. For a fully specified distribution, the critical value is
2.492 so we reject the Pareto distribution with o = 2.6 and 6 = 405.5201.

(¢) The chi-square test, dividing into the intervals 0-100, 100-500, and

more than 500.

The observed frequencies of these intervals are 17, 7 and 6 respectively.

Under the Pareto model, the expected frequencies are 30 (1 — (

13.086497847, 30 ((

405.5201+100

2.6
405.5201 )

__405.5201 _
405.52014100

405.5201

2.6
- (m) ) = 13.197992364

)-



2.6
and 30 (2552055 ) " = 3.71550978906 respectively.

The chi-squared statistic is therefore

(17 — 13.086497847)% (7 — 13.197992364)> (6 — 3.71550978906)>

=54 2712
13.086407847 | 13.107992364  3.71550078006 5485630927

There are 3 classes, which gives 2 degrees of freedom, and one estimated
parameter reduces this to 1 degree of freedom. For a chi-squared distribu-
tion with one degree of freedom, at the 5% significance level, the critical
value is 3.841459, so we reject the Pareto distribution.

. For the data in Question 2, perform a likelihood ratio test to determine
whether a Pareto distribution with fixed o = 2.6, or a Pareto distribution
with « freely estimated is a better fit for the data. [The MLE for the
general Pareto distribution is o = 0.4254277 and 6 = 9.096.]

For the Pareto distribution with o = 2.6, the log-likelihood is
30
Zlog(a) + alog(f) — (o + 1) log(0 + x;) = —205.1907
i=1

while for the general Pareto distribution with o = 0.4254277 and 6 =
9.096, the log-likelihood is —192.3921. The log-likelihood ratio is therefore

2(—192.3921 — (—205.1907)) = 25.5972

Under the null hypothesis, the log-likelihood ratio should follow a chi-
square distribution with 1 degree of freedom, so the critical value is 3.841459.
We therefore find that the general Pareto distribution is a significantly
better fit for the data than the Pareto with o = 2.6.

. For the data in Question 2, use AIC and BIC to choose between a Pareto
distribution with o = 2.6 for the data and a gamma distribution. [The
MLE for the gamma distribution is « = 0.2962591 and 6 = 1726.7992261.]

The log-likelihood for the gamma distribution is

30
Z(a — 1) log(z;) — alog(8) — log(v(a)) = —190.8537
i=1

The gamma distribution has two estimated parameters, while the Pareto
distribution has 1. We have that the AIC is given by

—190.8537 — 2 x 2 = —194.8537
for the gamma distribution and

—205.1907 — 1 x 2 = —207.1907



for the Pareto, and the BIC is given by

log(30)
2

—190.8537 — 2 = —194.254897382

for the gamma distribution and
log(30
~905.1907 — # — —9206.891298691

for the Pareto. Thus, both AIC and BIC prefer the Gamma distribution.

Standard Questions

. An inland marine insurance company insures three types of vehicles and
has the following estimates:

Property type  Probability —mean standard

of claim claim deviation
Train 0.01 $35,600  $594,800
Ship 0.03 $21,300 $334,900
Truck 0.13 $ 8,600 $217,300

The insurance company estimates the mean p and standard deviation o
for the aggregate loss distribution, and buys stop-loss insurance for losses
above $2,500,000. One reinsurer models aggregate losses as following a
Pareto distribution and sets its premium as 120% of the expected claims
on the stop-loss policy. Another reinsurer models aggregate losses as fol-
lowing a Gamma distribution, and sets its premium at 150% of the expected
claims. The company insures 134 trains, 211 ships and 403 trucks. Which
reinsurance company is cheaper?

We calculate the expectation and variance for aggregate losses from each
line of insurance:

Type of policy Expected no. Variance of no. mean aggregate

variance of

of claims of claims loss  aggregate loss
Train 1.34 1.3266 47704 475755913376
Ship 6.33 6.1401 134829 712745905269
Truck 52.39 45.5793 450554 2477189648130

The aggregate loss over all lines therefore has expectation 47704+ 134829+

450554 = 633087 and variance 475755913376+712745905269+2477189648130 =

3665691466775

Matching moments gives the following parameters for the Pareto distri-
bution

10



Ll = 633087

P asee01466775
(=12 (a—2)
a 3665691466775
- — 9.1459561
— e 9.14595619956
2

= 2.24552059341

o = 1
(1~ 51a593610056)
0 = 633087 x 1.24552059341 = 788522.89592

Therefore the expected claims on the stop loss insurance policy are given
by

o0 9a
E((X — 2500000 = / ——dx
(« +) 2500000 (0 + )~

oo
= 0¢ / u %du
2500000+

= Q¢ [ ul=« :| >
a—1 25000006
_ 0«
" (o — 1)(2500000 + §)o
788522.805922-24552059341

(1.24552059341) (2500000 + 788522.89592) 124552059341
= 106907.521541

so the premium is 1.2 x 106907.521541 = $128,289.03. For the gamma
distribution, the parameters are

af = 633087
af? = 3665691466775
6330872
= aecrcoraner = 0L
O = oo eomms = 0-109337938886
633087

= = 185.972
0.109337938886 STI0185.9725

so the estimated payments on the stop-loss insurance are
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x

©  (x — 2500000)z* le~F
E((X — 2500000 = / dx
(« J+) 2500000 0T ()
0—01 o0 v o0
= (/ x%e” 7 dr — 2500000/ 2% e 7 dx
F(a) 2500000 2500000
2500000 2500000
= abS,(ar1) <9> — 25000005, () <9>
= 257444.4

where S, (,) is the survival function of a gamma distribution with shape
parameter o and scale parameter 1. The premium from the company
that uses a gamma distribution to model aggregate losses is therefore
257444.4 x 1.5 = 386166.6. Therefore, the reinsurance company that uses
the Pareto distribution is cheaper.

. An insurance company collects a sample of 40 past claims, and attempts
to fit a distribution to the claims. Based on experience with other claims,
the company believes that a Gamma distribution with o = 2 and 8 = 1,400
may be appropriate to model these claims. It constructs the following p-p
plot to compare the sample to this distribution:

1.0

F*(x)

0.4

0.0
I

(a) How many of the points in their sample were less than 2,3007

We calculate that F*(2300) = 1400F, ) (¥333) = 0.4888011. From the
graph, we therefore read that F,(2300) = 0.625 = 23, so there are 25

40°
samples less that 2,300.

(b) Which of the following statements best describes the fit of the Gamma
distribution to the data:

(i) The Gamma distribution assigns too much probability to high values
and too little probability to low values.

12



Falx)

(ii) The Gamma distribution assigns too much probability to low values
and too little probability to high values.

(iii) The Gamma distribution assigns too much probability to tail values
and too little probability to central values.

(iv) The Gamma distribution assigns too much probability to central values
and too little probability to tail values.

We see that the p-p plot is below the line y = x for small values of F,(x).
This means that for small values xz, we have F,(z) > F*(z), so (i) best
describes the fit.

(¢) Which of the following plots shows the empirical distribution function?
Justify your answer.

(i) (i) (iif)

Fa(x)
Fa(x)

T T T T T T T T T
2000 4000 6000 8000 0 1000 2000 3000 4000 0 5000 10000

We know that F),(2,300) = 0.625, which is clearly not the case in (a) or (b),
so (¢) must be the empirical distribution.
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