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Formula Sheet

General Mathematics

e Quadratic Formula: Solution to az? +bxr +c¢ = 0is ¢ =

—b+vb2—4ac
2a

e Gamma function: T'(e) = [~ 2% e "dx satisfies T'(or +

1) = al'(«).

Moments

Centralised moments in terms of uncentralised moments:

po = phy — i’
ps = iy — 3ty + 2u°

pa = py — dppy + 6p7 b — 3t

Risk Measures

e Standard deviation principle r = u + ao.

e Value at Risk r = .

S af(w)de
IL-p
L5 S(z)da
4+ P -
1-p

e Tail Value at Risk r =

Continuous Distributions:
Transformed Beta family

Transformed Beta

Inverse of Transformed Beta with a =7, 7 =, 0 =

S

Support [0, 00)

Density function

r ‘r—&-% IM(a—2L
Mean 0 ( F(T))Fé(a k))( ;
;. kL T+ I'a—=2
Raw Moments py, =0 ()T (o)
Moment Generating Undefined
Function
Burr

Transformed Beta with 7 = 1.

Support [0, 00)
Density function T) = M(%zva
Y @ = ™
Survival Function L
e b
Na—= )T (=
Mean HW ) i
Raw Moments = H”Tma;(iz))r(;)
Moment Generating Undefined
Function
Inverse Burr
Transformed Beta with a = 1.
xz \7T
Density function x) = (%) _
y f( ) ;v(l-l—(%)w) +1
Survival Function o (;)'y)oc
o
Mean 97F(T+%F)F(17%)
BV (1—k
Raw Moments = Hkr( +})(£)(1 )
Moment Generating Undefined
Function
Generalised Pareto
Transformed Beta with v = 1.
Support [0, 00)
Density function f(z) = (FF((QC;}F(TT)O $(1+((§%)))u+7
Mean 015
Raw Moments W, = 9’“%

Moment Generating Undefined
Function



Pareto Support [0, 00)

Density function f(x) pa
Transformed Beta with 7 =~ = 1. o(1+(5)")"
Survival function S(x) = R
Support [0, 00) ( )1(+ 2)7)
Density function f(z) = ()~ o Mean ="
[ k _k
Survival Function W = (Mix) Raw Moments Wy, = GkF(H})(:gW 2)
Mean L (fa>1) Variance _
Variance (a—gz((la—z (if @ > 2) %‘/fﬁlncltelr;g Generating  Undefined
gk D(14+k)(a—k)
Raw Moments Wy = ka
Moment Generating Undefined
Function Inverse Paralogistic
Transformed Beta with a =1, 7 = 1.
Inverse Pareto Support [0, 00) e
Density function flx) = 7(5)7 —
Transformed Beta with o = v = 1. ) ) 2(1+(2) 2
Survival function S(x)=1-— R
Support [0, 00) (1+(2)")
Densitv functi B (& Mean
eosity function @) = iy Raw Moments G
Survival Function 1— —Fr i I
(1+(2)) Variance
Mean undefined Excess loss
Moment Generating Undefined Moment Generating Undefined
Function Function
log-logistic Continuous Distributions:
Transformed Beta with o = 7 = 1. Transformed Gamma famlly
Support [0, 00)
_ _ ~(5) Transformed Gamma
Density function flx) = W
Survival Function — ’ Limit of Transformed Beta as o — oo and 6 — oo with af* = €.
(1+(5)") Support [0, 0)
Mean or 1+5)r( —5) e
. . (5 e
Raw Moments W, = orT (1 + %) r{1- %) Density function  f(x) _( 1301“(a)
T+
Moment Generating Undefined Mean p="0 T(a)T
Function Raw moments o, = 6" F(l?(z)% )
Paralogistic Gamma
Transformed Beta with 7 =1, a = 4. Transformed Gamma with 7 =1



Support [0, 00)

Density function flz) = 5 )
2 o—1

Survival function S(x)=e (14 + ((2)71)1 )
(for « € ZT)
Mean u=0c
Raw moments py, = 0" F(Fog)n )
Variance pn = 0"
Moment Generating M (t) = m

Function

Weibull

Transformed Gamma with o =1

Support [0, 00)

r(3)7e \?

Density function  f(x) =
G

Survival function e

Mean u=06r (1 + %)
Raw moments p, =0T (14 2)
Exponential

Transformed Gamma with « =7 =1
Support [0, 00)

: . -(3
Density function f x,) =<
Survival function e e
Mean =
Raw moments W, =nlon
Variance L = 0"
Excess loss fe— o

: _ 1
Moment Generating M (t) = 1=5;
Function

Inverse Transformed Gamma

Inverse of transformed gamma with 6 = %.
Support [0, 00)

()5
Density function f(z) = R (R

a_l
Mean = F(F(a)’) (if Ta > 1)
Raw moments = 6" F(Fa(;)%) (if T > n)

Inverse Gamma

Inverse Transformed Gamma with 7 = 1.
Inverse of gamma distribution with 6 = %.

Support [0, 00)

Density function  f(z) =

Survival function S(z)=1-— e*%(l R ey
(for a € ZT)

Mean p=- (ifa>1)
Raw moments fy, = 0" F(Fa(z;)n) (if @ > n)
Variance Lo = (a—lfg’m

Inverse Weibull

Inverse Transformed Gamma with @ = 1. Inverse of Weibull

distribution with 6 = 1

G

Support [0, 00)

Dewsi . ey (&)
ensity function flx) = —

Survival function 1- e (8)

Mean p=0r(1-1) (ifr>1)

Raw moments = 60"T (1 —2) (if 7 > n)
Moment Generating Undefined
Function

Inverse Exponential

Inverse Transformed Gamma with 7 = a = 1, inverse of expo-

nential with 6 = %.
Support [0, 00)
| | (%)
Density function  f(x) = "eT
. . )
Survival function 1—e =
Mean Undefined

Linear Exponential Family

Density  fo(z) = 28—~

(6
mean  p(0) = o

Variance pug(0) = rI0)



Normal
Support (—00,00)
(x—m)?
Density function flx)= 2177067 207
Mean w=pu
Variance o?

Moment Generating M (t) = eht+3a’t?

Function

Beta
Support [0,1]
Density function f(z) =z~ (1 — 2)?~!
Mean b= 355

. af

Varlance W
Function

Uniform

Scaled Beta with a = 8 = 1.

Support [a, b]
Density function f(@) = 5= (for a <z <b)
Survival funtion S(z) = 2=L (for a <z < b)
Mean = “7“’

2
Variance (bzza )
Moment Generating M (t) = e(l::iae;;
Function
Log-Normal
Exponential of a normal distribution.
Support [0, 00)

(log(x) —p)?

Density function flx) = 271mz€_ e
Mean ettt
Variance e2nto’ (6‘72 -1
Moment Generating undefined
Function

Continuous Distributions:
Extreme Value Distributions

General Extreme Value Distribution

o—(14x) € ifE#£0

—e

Distibution function He(x) = {

e otherwise

Gumbel Distribution

Sometimes add scale parameter § and location parameter pu.

Support (—00,00)
Distibution function F(z) =e"¢ "
Density function flz)=e e "
Mean 0.57721566
Variance %2

Moment Generating M (¢) =T'(1 —¢)
Function

Fréchet Distribution

Sometimes add location parameter. This is an inverse Weibull
distribution.

Support [0, 00)

Distibution function F(z) = e (5) " (x > 0)

Density function f(z) = az—-1gee (%) " (x =2 0)
Mean or(1—=1) (a>1)

E(X*) OFT (1 - £) (k < «)

Moment Generating Undefined Function

Weibull EV Distribution

Sometimes add location parameter.

Support (—00, 0]

Distibution function F(z) = ¢~ (%)

Density function f(z) = azo—1p—oe(%)" (x <0)
Mean —6T (1 + é)

Variance 02 (I‘ (1 + %) -T (1 + é)z)



Continuous Distributions: Probability pp = e A

k!
neralised Pareto Distribution mean i A
Generalised Pareto stributio raw moments E(X(X —-1)---(X+1—-—m)) ="
Variance W = A
>0 _B
Support o0) if £ > 0, 1 1f§ <0 k. P(2) = M)
75 a, b, 0)-class a=0,b=A\
Survival function (1 +€ £¢#0 ( ) T Ae A
o5 £=0 zero-truncated  p; = 75—
et probability
1 3
density function  f(x)=< &8 ( ) ¢#0 . . .
%e—% £=0 Negative Binomial
e Gamma mixture of Poisson distributions where A follows a
e For £ > 0 this is the Pareto distribution. gamma distribution with § = 8 and a = r.
. - C e e Number of successes before r failures if probability of success
e For ¢ = 0 this is the exponential distribution. o B
1+8
e For £ < 0 this is a scaled g distribution with o = 1. e Compound Poisson-Logarithmic distribution, where A =
rlog (ﬁ) and a = %
Hill estimator N ity (8 \F r
» Probability pr = ( A ) ( ﬂ> (—5)
i i log(x(k)) _ log(x(j)) _r(r+1)-(r+k=1) r+k 1) iﬁ) )
! Pyl n—j+1 mean p=rp
Variance pn =181+ B)---(n—14p)

" j( N >_@;f pgf. P(z):(Hﬁl )

T(n_j) (a,b,0)-class an 1+ﬂ’ b= (r1+1gﬁ

zero-truncated p; = W
probability

Discrete Distributions
(a,b,0) and (a,b,1) Classes

Binomial , _
pr = (a+ 2) pr—1 for k> 1 (and for k > 0 in the (a,b,0) class).
Probability P = (Z)p’“(l —p)nk mean = atb
l1—-a
mean W=mnp Variance o = 1““’2
raw moments E(X---(X+1—-m))=n---(n+1—m)p™ (1=a) C(142)
Variance o =mnp(l —p) p.g.f. P(z) = (111‘1(12) ’
p-g.f P(z)=(1—p+pz)" zero-truncated p = atb -
(a, b, O)—ClaSS a = —ﬁ, b == % mean (1_0') (1_(a+b)l+g>
zero-truncated pl = % zero-truncated  pj = %
probability probability (1—a) @/l
. Logarithmic distribution
Poisson
Negative binomial with » = 0. (a,b,1)-class with a + b = 0,
Limit of binomial as n — oo, p — 0 with np = A. a= -2

et



zero-truncated  p? = —=¢

B
(1+8) log(1+p)

i Tog(i—a)

probability

probability Pn = ann_ 1pl

mean H= (1_a)(1;)§(1—a)) - log(iﬁ)
Variance po = (1)11:512 = fg((l;fg)) - 1og(1ﬁ+5)2
p.g.f. P(z) = %

(a, b, 1)-class a= 1+B’ b=—-17%

Compound Distributions

Moments:
Let the moments of the primary distribution be u, po, i3, . . ., and
the moments of the secondary distribution by v, v, v3,.... The

moments of the compound distribution are given by:
J17%
uve + ,u21/2
uvs + povvs + /,63V3.

Recursive formula:

If the primary distribution is a member of the (a, b, 1)-class, the
probability mass function is defined as

— (a+b)po) fx (k) + 30y (a+ %) fx (i) fs(k — i)
1-— an(O)

(p1

fs(k) =
where:

e fx is the probability mass function of the secondary distri-
bution

e fg is the probability mass function of the compound distri-
bution

e p, is the probability that the primary distribution is n (so
Pn = (a + %)pnfl)

Information Criteria
o Akaike information criterion (AIC) I(6;x) —p

e Schwartz Bayesian criterion/Bayes information criterion
(BIC) 1(6; z) — 2los(n)

Hypothesis Tests

Anderson-Darling test

e Test statistic nfu %JC (x) dx

e For complete data, given by the formula:

—nF*(u) +n Z log(F* (Yit1)) — log(F*(yi)))
k
+n Y (1= Fu(y:)?(log(1 — F* (i) — log(1 = F*(yis1)))
i=0
where

n is sample size.

Unique observed values are t = yg < y1 < ---
Ye+1 = U

<Y <

t is the (left) truncation point (can be —oo or 0 if no
truncation).

— u is the (right) censorship point (can be oo if no cen-
sorship).

Claims Reserving

Biihlmann-Straub Credibility Reserves

S0 Brei (5? - 5)2 —Id

0= =77 1 T 52
Zi:o Br—i — m Zi:o ﬂlﬂ‘
where
I
o >izoCig—i
== ~
Zi:O Br—i



Then estimate
7= P
Br—i+ %
G S ZiCi g
T T I -
Zizo Zi
CES = Z,Cioy+ (1 — Z0)i
Af';g =Cir—i+ (11— B])C’?L?

Mack’s Model
I—1—j
1 AN\ 2
57 = .. P . . _
Fly S ; Ci(fi—F)  forj<I—2

Use 651 =min (07_y,07_3, =
0j-3

Var(C; 51Ci 1—i) = éiz,J Z ) 4
7

J
E ((CA’@J - E(Ci,jDI))2> ~C?, Z 2
= F

E((Ci —E(CislDD)) (éi/,J—JE(ci/,j\Dz)))zéi,‘féa,g >

R S
where S; =3, 7 Ci ;.



