MATH 3090, Advanced Calculus I
Fall 2006

Toby Kenney

Homework Sheet 5
Due in: Monday 16th October, 11:30 AM

Please hand in solutions to questions 1-4. Question 5 is for interest only —
feel free to collaborate on it or ask me about it.

Compulsory questions

1 (a) Find the radius of convergence of > (_i)l#

n=0
of convergence [Hint: it’s a geometric series]. On what interval is the

function you get infinitely differentiable?

(b) Evaluate Y_°7 % on the interval (—R, R), where R is the radius

2 Let

_ e ifz#0
f(”:){o if 2 =0

Differentiate f(z). Show that % — 0 as x — 0, for any n. Can f be
expressed as a power series about 07

3 Suppose that fozo anx™ has radius of convergence R, and suppose xy €
(—R,R). Show that f(z) = > ° a,z™ has a Taylor series expansion
about x¢ with radius of convergence at least R — |zg].

[Hint: Calculate the coefficients as power series in zq by differentiating the

m=0

series repeatedly. Now observe that Y~ o [a,| [ Y» < Z’L ) ||~ |2 — a:0|m>

converges when |z —xo| < R—|zo|. Therefore, we can rearrange the terms

toget that Y °_, (Zzo_m |ay| m

pare this to the Taylor series we got by differentiating at xg.]

|zo|" ™ |z — J:0|m) converges. Com-

4 Find power series about 0 for the following integrals:
(a) [, cos(t®)dt
(b) [izo St

Optional questions

5 Show that if Y ° ja,2" has positive radius of convergence, then for any
€ > 0, we can find 6 > 0 such that Y > | a,2™ < € for all z < §. Deduce
that we can find § > 0 such that >~ ,a,z" < ex [Hint: consider the



series Y ° | ap412"]. Deduce that if f has a Taylor series about every
x € [a,b], and f'(x) < C for all x € [a,b], then |f(b) — f(a)] < C(b— a).
[Hint: show it is less than (C' + €)(b — a) for any € > 0.]



