MATH 3090, Advanced Calculus I
Fall 2006

Mock Final Examination
Model Solutions

1 Which of the following series of functions converge uniformly on the in-
terval (0,1)? Justify your answers.

(a) gz 2"

This does not converge uniformly on the interval (0, 1), since > > " =

L N
Ea 1\~ s 1
i, soife =1, given any N, we can choose z = (3) ¥, then = > 551,

and 1—z < 3 £,80 > % v a™ > €, so the series does not converge uniformly.

() Yo, 2" (1 - 2)?

We can show that 2™(1 — x)? is maximised when z = 5 (either by
differentiating, or by uslng the AM-GM inequality). We therefore have

(1 —2)? < (n+2)n+2 < (n+2)2 Therefore, by the Weierstrass M-test,
with M, (n+2)2, o2, 2™(1 — x)? converges uniformly.

2 Find the radius of convergence of each of the following power series. Do
they converge at the points where |x| is equal to the radius of convergence?

(=) 2n
(CL) Zn 2 nlogn

. . . (=D)"z?"(n+1) log(n+1) _ _ (n+1)log(n+1)

The ratio of consecutive terms is )" 1227 2n log n Pnlogn
11 1 1

However, % —1asn — oo (it’s less than " : 1 which is less

than 1+ 2) so the ratio of consecutive terms tends to z? Therefore by
the ratio test, the series converges whenever |z| < 1, and diverges when
|z| > 1, so the radius of convergence is 1. When |z| = 1, the series becomes

—1)" . . . .
>, fllog)n, which converges by the alternating series test. (nlogn is
clearly a decreasing function of n, since nlogn is an increasing function

of n.)

8 Which of the following series converge? For series which converge, is
the convergence absolute? Justify your answers (You may assume con-
vergence of geometric series and - for p > 1, and divergence of

Zn*l np fO?”p < 1)

(a) Zn =0 n2+3n+6

n= 1nP



This series diverges by comparison to > - — for n > 4, we have that

1
n=4 n+2

ny/n = n+ 2, while n? +3n +6 < (n+2)?2, so for n > 4, n21\£+6 > 71—1&-2

(b) 32525 log(n?) —log(n® — 1)

n?—1= (n+1)(n—1), so log(n? — 1) = log(n + 1) + log(n — 1), and
so log(n?) — log(n? — 1) = 2logn — log(n + 1) — log(n — 1). Therefore,
2512 log(n?) —log(n? — 1) = —log(N + 1) + log(N) + log 2 — log 1, since
the middle terms all cancel. Now, as N — oo, log(N) —log(N+1) — 0, so
the series converges (and its limit is log2). The convergence is absolute,
since all terms are positive.

(c) >, Coran)t [Hint: Recall the duplication formula: T'(2z) =T (2) T (z + 1) 2221

2271. n|)2

@2n)! =T@2n+1) =T (2(n+1)) =T (n+3)T(n+1)22"773, so the
series becomes Y o | %, and we know that 11:((2)20;)
o0, so the series Y7 | % is approximately Y %7 which
does not converge absolutely. However, given two consecutive terms for n

and n + 1, the ratio of their moduli is %, which is always less
than 1, so the terms of the series are decreasing in modulus, so by the

alternating series test, the series converges.

—lasz —

Show that if a series ZZOZO an converges absolutely, then it converges.

Given € > 0, there is an N such that > % v la,| < e. For, mi,mg >

N, we have |E?:10 Ay — | = |Zn mi+1 an’ < Zn mi+1 |an| <
Yoo n lan] <€, so the series is Cauchy7 and therefore, it converges.

Find the Fourier series for the following functions: [You may use either
the Y07 cn€™® or the 2ag+ Y ne o an cos(nz)+by, sin(nx) form for the
Fourier series]

(a) f(z) = 2% — 22 — 72 for —m < x < 7, and f 2m-periodic.

o0 ine,
Zn:—oo Cn€ *

The coefficients ¢,, are given by:
1 s

Cp = —
2w

1 2 90 g2 e—inz " w —ina
:<[($ T -7T)6 1 _/ (2x_2)6 : dx)
2m —in o —in

(x2 —2x — 7r2) e dy

2]



_ 1 (—1)' dm [(2z —2)e +/ o€ i
2m —in —n? . _. —n?

forn # 0. Forn =0, ¢g = %f:r(xz—Qx—wQ)dxzﬂ'z—ﬂz = 0.

Therefore, the Fourier series is f(z) =3_,,_(—=1)" ( 4 %) ene,

—in n

Lag + 307 an cos(nz) + by sin(na):

The coefficients a,, are given by

Qy, = %/ (2° — 2z — 7%) cos(nz)dx = %/ (* — 7%) cos(nx)dz

—T —T

({@;2 —Wz)sin(nx)]w - /“ 22 sin(nz) dm)
([ )~ [ et

= (-1

n?
for n # 0. As above, ag = 0.

The b,, are given by

1 (7 1 (7
by, = 7/ (2° — 22 — 7%) sin(nz)dz = 7/ 2z sin(nx)dx
) )
4
= —1 n_
(-1
So the Fourier series for f is f(z) = >0, (—1)" -5 cos(nx)+(—1)"2 sin(nz).

(b) f(x) = 2® — 32% — 37z for —m < x < 7, and f 2m-periodic.

The derivative f/(x) = 3% —6x—372 is 3 times the function whose Fourier
series we computed in (a). The Fourier series in (a) had constant term 0,
so we can integrate it termwise, and just worry about the constant term.
The constant term of the Fourier series is 5= [*3z2dx = n? (since the odd
terms ® and —72x cancel when we integrate from —m to 7). Therefore,

the Fourier series is f(z) = 7% + Zoon - (-1)™ (jﬂ + 71»2"3) eine,
n#0

or f(z) =724+ 07 (=1)"* 4 cos(nz) + (—1)" % sin(nz).

(c) f(x) =e® for =1 < & <1 and f 2-periodic. [Note, the period of this
fasntw.]



The coeflicients ¢,, are given by ¢,, = % f_ll e(l—m'n)mda: = % {

ell—min)z 1 _
1—min 1 -

()i (76*3_1 ) Therefore, the Fourier series is f(x) = Y 00 (721)71 (eje_l) emine,

2 1—min n=-—o00o 1—min

6 Find the Fourier sine series for the following functions on the interval
[0, 7].

(a) f(z) = cosz.

The coefficients of the sine series are given by

2 [T 1 (7

by, = f/ cos z sin(nz)dx = f/ sin ((n+ 1)z) +sin((n — 1)z) dz
T Jo T™Jo

_ ﬁ + ﬁ if n is even
0 if n is odd

. . . . _ 1 oo 4m : :
So thg F9ur1er sine series is cosz = > " | 7 sin(2mx) (using the
substitution n=2m).

(b) f(x) = 3.

The coefficients of the sine series are given by

2 T L . .
b, = f/ 3sin(nz)dr = { T %f n odd
T Jo 0 if n is even

Therefore, the Fourier sine series is 3 =>""_, m sin((2m + 1)z).

7 An elastic string of length 7, satisfying the wave equation %%‘ = 02% 15

fized at one end (so u(0,t) = 0) while the other end is made to oscillate
so that u(m,t) = sint. Assuming that u(z,t) does separate as a sum of
products ©(x)®(t) that also satisfy the wave equation, find the motion of
the rest of the string. [2 marks]

We use separation of variables on the wave equation: if u is of the form
u(z,t) = O(x)®(t), then © and ® satisfy O(z)®(t) = ¢*0”(x)®(t), and
therefore, % = 2 %“(Sc)). But the right-hand side of this equation de-
pends only on z, while the left-hand side depends only on ¢, so they must
both be constant. Also, to get the boundary condition u(w,t) = sint, we

must have ®(t) = Asin(t) for a constant A = O(7). This means that % =

—1, and therefore, % = =+, And so, O(z) = asin (%) +bcos (£). How-
ever, from the condition u(0,t) = 0 for all ¢, we must have that b = 0, so
the solution must be u(z,t) = %



8 The temperature u(x,t) in a thin metal rod of length m, at position x and
time t, satisfies the heat equation % = k%, where k is a positive real
constant. The rod is heated to a uniform 50°C, then one end is fived at

0°c, and the other end is fixed at 100°C.

(a) Use separation of variables to find solutions satisfying the boundary
conditions u(0,t) = 0, u(mw,t) = 100, for all t. [Hint: consider v(x,t) =
u(z,t) — 18z ]

v(z,t) = u(z,t) — 18 satisfies % = %7; = kg%‘ = k%, and has bound-
ary conditions v(0,t) = v(m, t) = 0. If we suppose v(z,t) = ©(x)P(t), then
© and ® satisfy: ©(z)®(t) = kO”(2)®(t), and therefore, % = k%.
The left-hand side depends only on ¢, while the right-hand side depends
only on x, so they must both equal some constant A\. The boundary con-
ditions ©(0) = O(w) = 0 mean that we must have O(z) = asin(nz) for
some integer n, and some a. This means that A = n2, so ®(t) = be*n’t
for some b. Therefore, the solution to the equation with the boundary
conditions is u(z,t) = 18z + 3> | bye~kn’t sin(nz) for some values of
by,

(b) Use Fourier series to find u(x,t) fort > 0. (From the intial condition
u(z,0) =50 for all x.)

We know that u(z,0) = 50 for all z, so v(z,0) = 50 — 2z We can
therefore use Fourier series to find the coefficients b,, above, by substituting
t =0. We get

2 (7 100
by, = f/ (50 - x) sin(nx)dx
™ Jo ™

1 1-2 o if 0 i
_ 100 ([_( 27) coS(nfﬂ)] _/ cos(nx)dx) _ { (;00 if n is odd
o ™ ™

n if n is even
0 ™

Therefore, we have that u(z,t) = 20z 4+ 37 %e“‘km% sin(2maz).



