MATH 3090, Advanced Calculus I
Fall 2006

Toby Kenney
Homework Sheet 7
Model Soultions

1 Find the Fourier coefficients for the following functions. You may use
either f(z) =07 cae™ or f(z) = lao—FZZO:l ay, cosnz + b, sinnx.

(a) f<x>—{ Lol < o< 2

if 2 < < (2n+ )7 for any integer n.

f is an odd function, so the a,, will all be 0. The b,, are given by
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Therefore, the Fourier series is ), ~ ) =5~

(b) f(z) = y* where y is the value of x — 2nm with smallest modulus, and
f(2n+1)m) =0 (so f(x) =2 for —m <z < m, and f is 2mw-periodic).

f is an odd function, so all the a,, are 0. We calculate the b,, as follows:
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2 (a) Show that f(x) given by f(x) = 2* on [—m,m), and f is 2n-periodic,

has Fourier series f(z) = & + Y 02, (—1)"8 (L - £) cosnx.

f is an even function, so the b, are all 0. We calculate the a,, by integrating
by parts. ag = + [7_atde = 2~
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but sinnm = 0, so the first term is 0, leaving
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Here the first term is (—1)"87%3, and
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Again, the first term is 0, so we just need to evaluate
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We know the integral is 0, while the first term is Therefore,

fla) = %4 + 30 (=1)"8 (& — &) cosna.

(b) Deduce that >~ , (_n% = _%r; (You may assume thaty > el D
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Comparing f(x) with its Fourier series when 2 = 0, we see that 0 = %4 +

S (-1)"8 (Z—z — %) cos 0. Therefore, Zzo:l(—l)"%z—zzozl(—l)”% =
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Suppose f(x) is a 2m-periodic function with Fourier series f(x) = %ao +
Yoo gancos((4n + 1)x). Ezpress the function g(x) whose Fourier series
is g(x) = agcosx — Lagsinz + > 07 a, cos((4n+2)z) in terms of f(x).
[Hint: cos((4n + 2)x) = cosz cos((4n + 1)x) — sinx sin((4n + 1)z), and

sin((4n + 1)z) = cos(4n + 1) (z — 5)./

We know that cos((4n + 2)x) = cosxz cos((4n + 1)z) — sinz sin(4n + 1)z,
and that sin(4n + 1)z = cos(4n + 1) (z — Z). Therefore,

g(z) = Lagcosz — fagsinz + Y 07 cosz cos(dn + 1)z—
S gsinzcos(dn+ 1) (z — 5) = f(x)cosz — f (z — &) sinz



