Homework 1

1. Evaluate the following limits or explain why it doesnt exsit.

T —2
(2) alzlgé x? —4
Va —2
(b) ilgi r—4
23 —1
(c) :zlcl—>ml z—1
2
(d) lim
t——11t+1
Solution.
(a) ;124:%Jr2—>iasx—>2.

va-2 _ (Ve=2)(VE+?) | o 1
(b) Y= = =1 (v/a+2) —ﬁ+2—>zasa:—>4.

(¢) 2® —1=(z —1) (22 4+ 2 +1) so the limit is 3.
(d) Tt’s 00 (or "does not exist”).

2. Find the following limits (they may be infinite).

(a) i »4+z-5

im —
z—o00 3 —|— 3%3

. 23+ —b5sinz
(b) xEIPoo 3+ 3x3
2
(¢) lim —=
z—00 /3 + 33
23/2

d) lim ———
(@) w00 /3 + 3z3
(e) lim L
z—00 /3 + 33

(f) lim Vet vr -3
e Az 12
(8) lim vVa+1- Ve

Solutions.
(a) 3 (b) 3

(L‘2
(C)\/W \/§I3/2~\}§1/2—>ooasm—>oo
d 2372 23/2 1
()\/W JeE Y U5 88 T 00
(e) 0 (similar to (d))
() IZ;H 1;2 —lasz— o0

VEFI-VE) (VETTH/E _

(g) Vo + fﬁ:( (\/ﬁ)(%f) ) _ (\/ﬁ—s-f) ~1z712 5 0as 7 — 0

3. (a) Consider
(x1/2+2m2)1/2
lim ——.

r—0+ TP



Find p such that this limit exists and is non-zero. What is its value?
(b) Repeat part (a) but with "z — 077 replaced with " — +00”.
Solution. (a) p = 1/4, limit is 1. (b) p = 1, limit is v/2.
. (a) Consider the function

1
122

f(z)

Find the limits
lim f(x), lim f(z), lm f(x)
r—1—

r—1+ T—00

Sketch the graph of the function f(z) (note the following useful property: f(z) = f(—=z)). Indicate
vertical and horizontal asymptotes.

(b) Consider the function
1

)= ——.
S =
Find the limits

li li li
Jim f(z), lim f(z), lim f(z)
Sketch the graph of the function f(z). Indicate vertical and horizontal asymptotes.

Solution. Here are the sketches:

Looking at the sketches (or otherwise), for part (a) we have

lim f(z) =—o0, lim f(z)= 400, lim f(z)=0.

z—1t z—1- T—00

whereas for part (b) we have

lim f(z) =400, lim f(z)=+oc0, lim f(z)=0.

z—1t z—1- T—00

. Suppose that v/5 — 222 < f(z) < /5 — 22 for z € (—1,1). Use the Squeeze theorem to prove that
lir% f(z) =+/5.
T—

Solution. The key finding is that both v/5 — 222 and v/5 — 22 converge to the same limit (1/5) as
x — 0. So by squeeze theorem, so does f(x).



6. Use the Squeeze theorem to evaluate limo zcos(1/x).
r—r

Solution. We have — |z| < zcos(1/z) < |z| and both £ |z| — 0 as x — 0 so then by squeeze
theorem z cos (1/x) — 0 as = — 0.

7. Here are two methods to compute v/2 ~ 1.414213562 numerically. The first is called ”Newton
iteration”. Start with x¢o = 2 and define, iteratively,

72 +2
2%,

(1)

Tp+1 =

The second method is to start with zg = 2 and define, iteratively,

T, +2

a1 (2)

Tp+1 =

(a) Starting with zy = 2, apply the iteration (1) several times (using calculator /computer). Record
your answers to at least 8 decimal digits. How many iterations did you need to get 8 decimal
places correctly?

(b) Starting with zo = 2, apply the iteration (2) 10 times. How many correct decimal places did
you get?

(c) Based on your observations in parts (a) and (b), estimate how many iterations you will need
to get 1000 decimal places ofy/2 using either (1) or (2).

(d) Solve the equation © = i—ﬁ What does this tell you about (2)?

8. [BONUS] The set of all algebraic numbers A is defined to be a set of all roots of all polynomials
with integer coefficients. That is,

A={z:a 2" +a, 12" ' +..4+as=0, nEN, ap,ay,..a, € Z.}

(a) Show that v2,v3 + V2, (V3 + V2 + 1>1/3 cA
(b) Show that A is a countable set.

Note: a real number that is not algebraic is called transcendental. Since A is countable but
R is not, there are uncountably many transcendental numbers. Despite their abundance, it is
difficult to come up with even one simple example of a transcendental number.

9. [BONUS] Show that there uncountably many letters “L”, all of the same size, that can be fit into
a plane without intersecting each-other. Show that there is only countably many letters “O” for
which this can be done. What about the letter “X”? What if you are allowed to resize it?
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> Digits := 40;

_ ' Digits =40

> X = 2.0; _

x:=2.0

> to 10 do x = (x*2+2)/2/x; end:
x = L.300000000000000000000000000000000000000  &— x|
x = L416666666666666666666666666666666666666 ~<— x,
xr14°wﬁwmm%mmwﬁﬁum%mww7 < X4
= 1.414213562374689910626295578890134910116 \
.v];§14213562373095048801689623302330243615
= 1.414213562373095048801 688724209698078570 |
= 1.414213562373095048801688724209698078570 — Sach ifo,d -y
= 1.414213562373095048801 638724209698078570 doellor 4,

= 1.414213562373095048801688724209698078570 :ﬁ-c%f ¢477/1Q{§{ Lo

= 1.414213562373095048801688724209698078570
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: 4%) > x = 2,0
2> to 10 do x := (x%+2)/(x+1); end;
| x=2.0
x= 13333333333333z 333333333333333333333333
x = 1.428571428571428571428571428571428571429
x = 1.411764705882352941176470588235294117647
x = 1.414634146341463414634146341463414634146
x = 1.414141414141414141414141414141414141414 <« X o
x = 1.414225941422594142259414225941422594142
= 1.414211438474870017331022530329289428076
x 1= 1414213926776 740847092605886575735821967
x = 1.414213499851323223312518584597085935177 €~ X
% —~14]42?337:100139484665599211725381968223 <« X,

” RPN ﬂl*j/bb‘ 0“%@1 (0 Ste~ ioug

=



Q8 solutions

3).9\,) x=Jd > )«lw.il) xl-g,_-_-_:o
| )
x=G+G > s 5+9~(5,(><m-5>:"2q

o § pex=o tew L W

Lok Y= xel &AL %(m - F('Z‘L) e
betn - A e PN La/\ XAL oA
e 40 9 = phgonial ond o

Tl\n«»\ ﬁ-«-ﬁ-{-l_&) Qﬂ%ﬁ_‘;e_’

70 8o plyroncal ad he Sl
. ret, tew (BeB0)T Galptiaic,
18) Moo At Ao Uk Uk, U-. - |
e R s ek of plapeind of
Now g o 3

S, /&vx A M o -
e iiow @(7 coiki by ol Lo @w/faﬁ%,

7 7% [N Lawui@éﬁb )



%/> | - Q9 solutions

'th.J) W2 o OLMN/C"’&’ - Fm O
M/wywla ”bom./a/\ @{ fr.aic*ouué'/" y thore ane
Lomely ey 0", ‘

r bl X, condaly iy o thagonc L of

e 3 [t st o 7




