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LOCALIZED PATTERNS IN THE GIERER MEINHARDT MODEL ON A CYCLE GRAPH *

THEODORE KOLOKOLNIKOV?, JUNCHENG WEI}, AND SHUANGQUAN XIES

Abstract. In this study, we provide a detailed analysis of the spike solutions and their stability for the Gierer-Meinhardt model on
discrete lattices. We explore several phenomena that have no analogues in the continuum limit. For example in the discrete case, the
system retains spike patterns even when diffusion of the activator is set to zero. In this limit, we derive a simplified algebraic system to
determine the presence of a K-spike solution. The stability of this solution is determined by a K by K matrix. We further delve into the
scenarios where K = 2 and K = 3, revealing the existence of stable asymmetric spike patterns. Our stability analysis indicates that the
symmetric two-spike solution is the most robust. Furthermore, we demonstrate that symmetric K-spike solutions are locally the most
stable configurations. Additionally, we explore spike solutions under conditions where the inhibitor’s diffusion rate is not significantly
large. In doing so, we uncover zigzag and mesa patterns that do not occur in the continuous system. Our findings reveal that the discrete
lattices support a greater variety of stable patterns for the Gierer-Meinhardt model.
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1. Introduction. Patterns are ubiquitous in nature, and a significant portion of scientific inquiry is
devoted to discerning and elucidating the development of such patterns [14, 19]. One of the widely accepted
mechanisms for pattern formation is the diffusion-driven instability proposed by Turing in 1952 [21]. Since
its proposal, a substantial body of literature has emerged, investigating this pattern formation mechanism
from both theoretical and experimental perspectives. A prototypical model for studying pattern formation
is the Gierer Meinhardt (GM) model [4], introduced in 1972 to study the formation of Hydra heads, which
has been extensively studied theoretically and numerically due to its simple form and rich dynamics. An
intriguing phenomenon exhibited by the GM model far away from Turing bifurcation is the emergence of
localized patterns, where one component is concentrated within a small interval and is nearly zero otherwise.
These patterns typically manifest in the large diffusion limit, particularly when the activator’s diffusivity
is significantly smaller than that of the inhibitor. Over the past two decades, the existence and stability
of localized patterns have been the focus of numerous rigorous and formal analyses (see Wei [25] for a
comprehensive review). In the one-dimensional domain, the multi-spike patterns in the GM model have
been well studied [23, 24, 7, 22]. In order to extend the classical one-dimensional GM model to account for
more practical scenarios, recent studies have included the effects of precursors [27, 8], anomalous diffusion
[16, 17, 26], bulk-membrane coupling, and extra components[29].

All the above results for localized patterns refer to models in the continuous system. On the other hand,
Turing considered both discrete and continuous multicellular systems in his original work. Indeed, using
models based on discrete lattices is a more intuitive approach for modeling because they offer increased
adaptability in depicting signaling processes and the interactions between cells that depend on their physical
contact. Therefore, pattern formation on the lattices of discrete cells has also attracted increased attention.
In 1971, Othmer and Scriven [18] first extended the Turing instability analysis to the reaction-diffusion
(RD) systems on several discrete regular lattices. In the decades that followed, however, initial studies were
confined primarily to regular lattices or to networks of a small scale [20, 13]. Building upon previous work,
Nakao and Mikhailov [15] conducted a deeper examination of Turing patterns within reaction-diffusion
(RD) systems on intricate, irregular networks. Their research uncovered significant disparities between
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Fig. 1: Two three-spike solutions of the system (1.1). Parameters are n = 60, D, =0, D, = 0.0112. Both
of them are stable.

the characteristics of Turing patterns observed in complex networks and those found in continuous spaces.
After the pioneering work, there has been a significant surge in research interest within this domain, as
evidenced by the contributions from references [1, 6, 12, 30, 5]. However, the majority of research in this
area has concentrated on Turing patterns. To our best knowledge, there are no theoretical studies on localized
patterns within discrete lattices, apart from a handful of numerical studies [13, 11, 28]. This motivates us to
investigate the localized patterns of GM model on a network. To be more specific, we study GM model on
a cycle graph:

wr=DyLu—u+u/v

10t = DpL v — v+ u?

(1.1)

Here, L is the minus discrete laplacian on the graphs, namely:

(1.2) (Lu) (k) =Y (u(j) —u(k))

jok

where the sum is taken over all neighbours j of k. In particular, for the cycle graph, Lu is the usual finite-
difference Laplacian, (Lu)(k) = u(k+1) 4+ u(k —1) — 2u(k).

Our primary focus is on understanding the relationship between localized patterns that emerge in con-
tinuous systems and their counterparts in discrete systems. Specifically, we aim to determine if localized
patterns are observable in both types of systems and whether those in discrete lattices display unique char-
acteristics. To initiate our investigation, we delve into the existence and stability of what are known as
"K-spike’ patterns. In Fig. 1, we present a typical example of three-spike steady states with parameters
n=60 D, =0, Dy, = 0.0112, where 7 is the total number of the node. It is noteworthy that the “u”
component is zero at all points except for a few vertices, while the “v”’ component appears smooth across
the board, with the exception of those same vertices.

The paper is organized as follows. In section 2, we initiate our analysis with the simplest scenario of
system (1.1), setting the parameters to D,, = 0 and T = 0, which still allows for the possibility of spike so-
Iutions. Based on the continuum approximation of the discrete system, we construct steady states consisting
of K spikes with their centers in position {x;, k = 1, ..., K}. Then, by taking advantage of the symmetry,
we investigate the stability of symmetric solutions consisting of K spikes evenly distributed over the domain.
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LOCALIZED PATTERNS IN THE GIERER MEINHARDT MODEL ON A CYCLE GRAPH 3

We compute the critical threshold D, = D, ~ W;h(a) below which the symmetric K-spike pattern is

unstable. Furthermore, we show that the symmetric K-spike pattern is locally “the most stable”, in the sense
that any perturbation of those K-spike states will increase the critical threshold. This leads us to hypothesize
that among all K-spike states, the symmetric pattern is the most stable. We confirm this hypothesis for the
specific case of K = 2, where a stable two-spike solution maintains uniform height regardless of their rel-
ative positions, and the symmetric two-spike equilibrium solution is identified as the most stable. We also
explore possible configurations of evenly distributed three-spike states and show the existence of asymmetric
three-spike patterns. Finally, we compute the exact symmetric K-spike solution to the discrete system for
a general Dy. Our analysis reveals that the stability findings are in agreement with those predicted by our
continuum approximation. In section 3, we explore the emergence of spiky patterns within specific param-
eter settings: D;, = 0, Dy ~ O(1) and D, = ¢2 < 1, D, = kD,,. Even in scenarios where the system
cannot be accurately represented by a continuous model, spike patterns continue to manifest. Moreover, we
discover more stable patterns that are not evident in continuous models, such as the distinctive “shark teeth”
(zigzag) and “mesa” patterns. These patterns are characterized by a significant departure from homogeneous
states and exhibit abrupt transitions at certain nodes. It is particularly noteworthy that a single spike solution
is present for all values of D, when D,, = 0. However, this condition does not hold when D,, exceeds zero,
even slightly. We identify a critical threshold at D, = « f£2, below which the existence of a single spike
is no longer feasible. This is the analogue to the well-studied phenomenon of spike replication [10, 9] in
the continuum limit. We find an explicit value of Kf = 4 in the limit where D, is small, beneath which
no solutions featuring a jump between adjacent nodes are observed. It is noteworthy to mention that in the
continuum limit, the parameter ks cannot be computed analytically but only approximated numerically. In
section 4, we conclude with some remarks and end our paper with a discussion on various open problems.

2. K-spike solutions and their stability. In this section, we focus on spiky solutions and their stability
when

(2.1 D, =0, D, = d’n?, T =0.

When 7 is large, the governing equation of the component v can be effectively approximated by a continuous
system, which enables us to use the continuous solution to estimate the value of v.
We denote

2.2) u(j) =1 (i) andov(j) =90 <]> ,

where j is the node number. Then the system (1.1) with the parameter (2.1) becomes:
03 iy = —il + 112/ 3,

' 0= d*n’L 5 — 5+ >
Dropping the tilde, we will study the following system

= —u—+u?/v,

2.4)
0=d*n’Lv—v+u

Construction of K-spike solutions: Let {x;, k = 1,...,K} be the locations of K spikes, we have

(2.5) u(x;) = v(xg),
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4 T. KOLOKOLNIKOV, J. WEI. AND S. XIE

(2.6) (v (xk + 31) — v(xk)> n— (v(xk) -0 (xk - i)) n= —% (uz(xk) - v(xk)) .

Note that when 7 is large, we can approximate Eq. (2.6) as

ey A o) — 0y o(x) ~ — - (12(0) —o(x))

Away from the spikes where x # xj, we estimate

(2.8) 2L 0 ~ dyyv, as N — 0.

Thus the second equation of the system (2.4) is approximated by:

(2.9) 0xxv —v~0,x€[0,1]/{x, k=1,...,K}.

Combing Eq. (2.7) and Eq. (2.9), we can solve for v(x).
Let G (x, xq) be the Green’s function satisfying

(2.10) d?9,xG — G +6(x —x0) =0, Gx(0) = Gx(1) =0.

Then G is given by

@2.11) 1 { cosh (x/d) cosh ((xg — 1) /d), x < xo;

¢= dsinh(1/d) | cosh(xg/d)cosh ((x —1)/d), x> xo.

If we replace Neumann boundary condition by periodic boundary condition, we obtain

GP (x,x0) = G (; +l,;> , where I = min (|x — xp|,1 — |x — xg]) <
2.12) B cosh ((l - %) /d) cosh (ﬁ) B cosh ((l - %) /d)

dsinh(1/d) 2dsinh(1/(2d))

Then we estimate

X per 1 2 1 2
2.13) 0~ ). CGE (), G= o (1 -op) = (7 - 9)
j=1
In particular, we obtain
K 1 )
(2.14) v~ Y . (vj - U]-> GP (xg, x;).
j=1

We rescale v = nV and keep the leading order term in Eq. (2.14) to obtain
X 2
(2.15) Vi ~ Z; VEGPT (x, x;).-
]:

Thus, we arrive at the following result:

This manuscript is for review purposes only.
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LOCALIZED PATTERNS IN THE GIERER MEINHARDT MODEL ON A CYCLE GRAPH 5

RESULT 2.1. Suppose that the algebra system (2.15) admits a solution {V] >0,j=1,...,K}, then
there exists a K-spike steady state to the system (2.4) in the limit n > 1, whose leading order profile is

giving by
u(x) ~ {0 X # X

Vi x=ux;
(2.16)

K
o(x) ~ Y ansz”(x, Xj)-

=1

It is worth noting that the algebra system (2.15) can admit various solutions depending on the locations
{xx,k=1,...,K} and d. We will explore the possibilities in detail for several common configurations.
We proceed to study the stability of the spike solutions.
Stability of K-spike solutions: We begin by formulating the leading order eigenvalue problems for a
K-spike solution. Denote a K-spike solution satisfying Eq.(2.16) as us, vs. We introduce the perturbation

(2.17) u=us+eMp, v=vs+eMyp, ¢ <1

Then ¢ and 1 satisfy the following eigenvalue problem:

2

Us u;
Ap=—¢+2-2¢— Sy,
P=—9H2 00— sy

0=d*n?Lp —p + 2uso.

(2.18)

Atx = x;j, the system (2.18) becomes

(2.19) AP(xj) = —p(x}) +2¢(xj) — ¥(x))
_ 1 1
(2.20) IPX(X;F) - lPx(x]‘ ) = ™ (_lp(xj) +2us(x]-)¢>(x]-)) ~ _ﬁz‘/j‘l’(xj)
Away from xj, the system (2.18) can be approximated by
(2.21) p~0 ,d* P —1~0

Solving for ¢ and ¥ from Eq. (2.20) and Eq. (2.21), and using the Green’s function defined in Eq. (2.12).
we obtain

K
(2.22) 1/)(x) ~ Z B]-G””(x, X]'), where B] ~ ZVJ(P(X])
j=1

Denote [ as the identity matrix and ¥ := ¢(xg), ¢x = ¢(xx), Gyj := GP(xg, x;). Combining Egs.
(2.19), (2.22) and (2.16), we obtain a system

K
Y =) 2Vi9;Gy;,
=1

(2.23) )\¢)k = ¢ — Yr,

K
Vi ~ Y VPG
j=1

This manuscript is for review purposes only.
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6 T. KOLOKOLNIKOV, J. WEI. AND S. XIE

Denote ® = [¢1,¢2, ..., ¢x]T. Eliminating ¢y in (2.23) and rewriting the equation for ¢ in a matrix form,
we obtain

A® = (I — M)®, where My; = 2V;Gy,

(2.24) K
WNEW%.
]:

Thus, we arrive at the following conclusion.

RESULT 2.2. In the limit n > 1, a K-spike solution to the system (2.4) is stable when the eigenvalues
of the matrix I — M defined in the system (2.24) have no positive real parts.

We continue our investigation by examining the eigenvalue problem (2.24) for several specific spike
configurations: (a) K-spike solutions that are of equal height and evenly spaced throughout the domain;
(b) all possible two-spike solutions; (c) three-spike solutions that are evenly distributed across the domain,
which may vary in height. Drawing from our analysis of the stability of these configurations, we propose
the following conjecture:

CONJECTURE 2.3. for a given value of d, if a symmetric K-spike configuration loses its stability, then
all K-spike configurations are likely to be unstable as well. In essence, we suggest that the symmetric
configuration represents the most stable arrangement.

In the appendix A, we provide a partial proof of this conjecture by demonstrating that the symmetric config-
uration is the most stable in a local context. This means that any deviation in the positioning of the spikes
results in an increased threshold for stability.

2.1. Symmetric K-spike solution and their stability. We begin by examining the scenario where the
spikes are uniformly spaced and each has an identical height, namely

(2.25) xj=2,u()=Vi=V,j=1...K

]
KI
Then the constant V' satisfies

1
2 . : _
(2.26) V ~ V2G(0;1), with] = =,

where G;(x;1) is the Green’s function on the domain (—1, 1); it satisfies Eq. (2.29) below with z = 1. Instead
of directly working with (2.24), we will use Floquet exponents to compute the eigenvalues. That is, we solve
the problem (2.24) subject to boundary condition

(2.27) (1) = ¢(—1)z, where z = exp (2wrim/K), m =0,..., K —1.

Then A satisfies:

(2.28) Ap = (1-2VG)(0;1,2))¢.

where G;(x; 1, z) satisfies:

(2.29) d*G i — G = —0(x), Gi(I) =2zG(1), Gj(I) = zGj(l).

This manuscript is for review purposes only.
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LOCALIZED PATTERNS IN THE GIERER MEINHARDT MODEL ON A CYCLE GRAPH 7

Letx = %d, [ =1/d, G = G/d. Dropping hats, we have the problem (2.29) but with d = 1, which can
be solved as

| Agre*+Bre™¥, x>0
(2.30) G = { Are ™+ Bre*, x<0
with constants that satisfy the following:
1 1 1 1 1 ze 1 ze?

2.31 AR = —=———, B == B = -—~—— =—0——
2.31) R 21 —ze-2” TRT o7 g2l TE T o1 — g2 L 21— ze?
Then

2] -2l

z e —e
Gi(0) = AR +Br = 5 -

2.32) 2 (1—ze=2) (1 —ze?)

So A satisfies:

cosh(2l) — 1 n
2.33 A=1- , wherel = —, 6 =2 K, m=0...K-1.
(233) cosh(21) — cos(0) where 2Kd rim/K, m
Note that the mode m = 0 yields A = —1. In particular, a single spike is stable for all d as expected.

When m > 0, we have on the one hand, A — —1 as d — 0 and on the other hand, A ~ 1 as d — oo.
In particular, there exists a threshold d, such that K spikes are stable for d < d. and unstable for d > d..
Setting A = 0, we obtain

27 |K/2] 1
2.34 = — Al _ )
(2.34) . = arccosh (2 cos ( X )) , K.
When K is even, this threshold simplifies to
(2.35) I. = arccosh (3) <— d. = 1 K even
: c ¢ Karccosh (3)’ Ve

For example, this gives the value of d. = 0.2836 when K = 2; the critical value agrees perfectly with
numerics, see Fig. 2a. We summarize the result of this subsection as follows:

RESULT 2.4. In the limit n > 1, a symmetric K-spike solution to the system (2.4) is stable when the

parameter d satisfying

1

(2.36) d<de:= K arccosh (2 —cos (MD |

2.2. Two-spike solutions and their stability. In this section, we delve into a detailed examination of
the potential two-spike solutions for system (2.4) by analyzing the reduced system. We identify two distinct
types of two-spike solutions (see Fig 2b): one where the spikes are of equal height, another where the spikes
exhibit different heights. However, we find that stability is only achieved in the case of the solution with
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250 —stable equilibria 207 <-u
— unstable equilibria =V
Saddle-Node Bifurcation -
200 |= unstable equilibria .- 10°F ¥
i Pae
-,
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N L
= 150 0
T 0 0.5 1
N
2 100} o4
20 —H—\
50+
10
X
0 L H L L L |
0 0.1 0.2 d 0.3 0.4 0.5 0.6 0
0 0.5 1
(a) Bifurcation diagram (b) Two-spike solutions.

Fig. 2: (a) (Colored online) Bifurcation diagram of evenly distributed two-spike solutions. The total number
of nodes is n = 60. The blue line indicates solutions where both spikes are of equal height. In contrast,
the red line represents a branch where the two spikes exhibit different heights. The green diamond marks a
critical point, known as the fold point (df ~ 0.2836), beyond which solutions with two spikes of unequal
height are no longer present. (b) Two distinct two-spike solutions at d = 0.2, which are located at the
intersection points of the dotted line with the two solution branches.

equal-height spikes. Furthermore, we establish that among all the two-spike solutions, the symmetric one,
characterized by equal spike heights, is the most stable configuration.

Consider a configuration of two spikes that are separated by a (scaled) distance of [ from each other,
where [ is not necessarily half of the domain size. Suppose that the first spike is at O and the second at
I < 1/2. Then V; and V, satisfy:

(2.37) Vi =aV{ +bVZ,
(2.38) Vo = bV{ +aVZ,
where
_ e _ cosh (1/2d) _ cper _ cosh ((1—1/2)/4d)
(2:39) a=G"0.0) = s G ay2ay P = ¢ OD = g a)

Note that a > b for any I. From (2.37), we obtain V3 = %(1 — aVq)Vy. Plugging it into (2.38) yields

a

(2.40) Vo = bVZ + 2

(1—aV1)W

This manuscript is for review purposes only.
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Plugging (2.40) back into (2.37), we obtain
(2.41) Vi(1—aVy) = b(bV2 + %(1 —aV) W)
Simplifying Eq. (2.41), we obtain
(2.42) Vi(Vy — — ) ((a +b)(a—b)2V2— (a® — )V + b) =0.
a+b

The general nonzero solution to Eq. (2.42) is

1 1a+b:ﬁ:\/a2—2ab—3b2

243 Vi = ,
(243) YT avr 2T (a+b)a—b)
Then
1 la+bF Va2 —2ab—3b2
2.44 Vo= , or = .
244) 2= e ™2 (arb)@a—b)
Thus, a two-spike solution with equal height exists for all /, while the condition a > 3b is required to obtain

a solution such that V; # V5.
We then study the stability of these configurations. Following the system (2.24), we consider the fol-
lowing eigenvalue problem:

(245) )\(P = (I - M)(P where Mk] = ZVJGk]
We compute

Trace(I — M) =2 —2(V; + V3)a,

(2.46) 212
Det(I — M) =1- Z(Vl =+ Vz)a —+ 4V1V2(a —b )
e ForVi =V, = ﬁ, we have
2(b —
Trace(I — M) = 2b—a) <0
a+b
(2.47) 4—3b
Det(I — M) = .
et( ) a+b
Thus, it is easy to see that we have no eigenvalues with a positive real part when a < 3b.
e For V; # V5, we compute
2b
Trace(I — M) = 3 < 0,
(2.48) a-
Det(1— M) = 222 g
a—b '
Thus, there exists a positive and a negative eigenvalue. We conclude that the asymmetric two-spike
patterns are always unstable.
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10 T. KOLOKOLNIKOV, J. WEL. AND S. XIE

We note that condition 2 > 3b implies cosh (2171) — 3cosh (%) > 0, which is exactly the unstable

region of an equal-height two-spike solution, see Fig. 2a.
Now we investigate how the instability varies with the distance between two spikes. Setting a = 3b
yields the equation for the threshold,

1 [-1/2\
(2.49) cosh (2dc> — 3 cosh ( a ) =0.

When [ = 1/2, this agrees with the threshold value of d. = 0.2836 for the symmetric two-spike solution
derived in Eq. (2.35). Moreover, a direct computation yields

(2.50) % <Owhen0 <<

N[ —

We conclude that the evenly distributed symmetric two-spike solution is the most stable one among all two-
spike solutions.

RESULT 2.5. In the limit n > 1, there exists an unstable two-spike asymmetric solution to the system
(2.4) when the parameter d satisfies

1

@31 < Jarccosh (3)

Moreover, all two-spike solutions are unstable when the condition (2.51) holds.

2.3. Evenly distributed three-spike solutions and their stability. In this section, we will discuss all
the possible configurations of evenly distributed three-spike solutions. We find that there are three distinct
configurations for these solutions. Among them, only the configuration where the spikes are of equal height
is found to be stable in some parameter regimes.

We assume that three spikes are evenly distributed. From (2.24), we have V7, V; and V3 satisfy

aVE +bVi +bVi =V,
(2.52) bVE+aVE+bV2 =V,

bVE+bVE +aVi = Vs,
where

" h(1/2d or h(1/6d
(2.53) a:= GP (0,0) = M, b:=G* (0,1/3) = M

The second equation minus the third equation of (2.52) yields
(2.54) (Va—V3) ((a=b)(Va+V3)—1) =0
Thus, we have

1
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20
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= 7 10
=2 ’
‘ 110
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50 7 0
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Al 106 20 \""V
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d
0 0.2 0.4 0.6 0.8 1
(a) Bifurcation diagram (b) Three-spike solutions.

Fig. 3: (a) (Colored online) The bifurcation diagram illustrates the behavior of evenly spaced three-spike
solutions with a total node count of n = 60. The blue line represents solutions where the three spikes are
of equal height. The red and yellow lines denote alternative solution branches, each featuring two spikes of
identical height. The red diamond marks the touching point between these two branches and signifies the
Hopf bifurcation point (d. ~ 0.2163) for the symmetric three-spike solution. The green diamond indicates
the fold point (d ¢ ~ 0.2171), beyond which no three-spike solutions with varying heights are possible. (b)
Three distinct three-spike solutions at d = 0.2 are shown, corresponding to the intersection points where the
dotted line crosses the three solution branches.

e When V, = V3, the system (2.52) becomes
aVZ + 20V =V
(2.56) ) )
bV1 + (ﬂ "‘ b)VZ — V2
Eliminating V5 in the system (2.56), we obtain

2
(2.57) aVi +2b (be + %(a +b)(Vy — avf)) —-V=0.

The non-zero solutions to Eq.(2.57) are

1 1a+3bj:\/a2—2ab—7b2

258) M= T et a)a—b)
Then

7 2
(2.59) v 1 1a+b:F\/a 2ab 7b'

Tav2’ 2 (at2b)(a—0)
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12 T. KOLOKOLNIKOV, J. WEI. AND S. XIE

The first root V] = Hﬁ always exists and corresponds to the spikes with equal height. The second
root pairs require that

(2.60) a®> —2ab — 7b* > 0 = cosh(1/2d) > (1+2v2) cosh(1/6d) = d < 0.2181

Thus, when the condition (2.60) is satisfied, we can obtain spikes with different heights. See the
green diamond in the Fig 3a.

e When V, 4+ V3 = Hlfb direct computations show that we will have either Vi = V; or V; = V3.
Hence, there are only two kinds of solutions to the system (2.52): either we have three spikes with the same
height, or we have two spikes with equal height. See Fig. 3b for such profiles. The stability of the symmetric
three-spike solution can be directly obtained from Eq. (2.36), which gives

1
2.61) do= —— _ ~02127.
3 arccosh(3)
Note that when d = d, we have a = 4b, the third root %”szﬁz‘;z)&z_“z)* 7% in (2.58) coincides with the first
root ﬁ then Vi =V, = V3 = & See the red diamond in the Fig. 3a.

Next, we investigate the stability of the asymmetric pattern. We consider the eigenvalue problem
(2.62) Ap = (I — M)¢p where My; = 2V;Gy;.
Observe that there exists an eigenvector ¢1 = [0,1, —1]7 such that
(2.63) (I=M)pr =Va(a—1D)) 1.

Simple calculations yield V3 (a — b)) > 0, we conclude that the asymmetric, evenly distributed three-spike
patterns are unstable.

‘We note that the condition specified in (2.60) differs from the stability condition outlined in (2.36). This
discrepancy indicates that asymmetric three-spike solutions can emerge even after the symmetric three-spike
solutions have lost their stability, see Fig. 3a for the numerical results. This scenario is not observed with
the two-spike solution.

We conclude the main result of this subsection as follows:

RESULT 2.6. In the limit n > 1, there exists an unstable three-spike evenly distributed asymmetric
solution to the system (2.4) when the parameter d satisfies (2.60).

3. Symmetric K-spike solutions and their stability without continuum approximation. In the pre-
vious analysis, key assumptions are D, = d?n? >> 1 so that the equation v satisfies can be approximated
by a continuous system. In this section, we remove the assumption that D, > 1 and study the symmetric
K-spike solution in the system (1.1) with D, = 0, D, ~ O(1) and D, = 2 < 1,D, = kD, < 1.

3.1. The case when D, = 0 and D, ~ O(1). In this subsection, we find a symmetric K-spike
solution to the discrete system (1.1) exactly and study its stability. An interesting profile is when the number
of spikes K is as large as 5 so that the profile of the solution is a zigzag pattern, see Fig. 4a.

We start with the system

u = —u—+u*/v,

3.1
0=DyLv—0v+u?
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303 Let m = n/K be the number of nodes between two neighbour spikes and uy, vy be the value of u at k-th
304 node. We consider a symmetric K-spike solution with

305 (3.2) Uk = Uk = Co, Upkrj =0, Oypyj = Cjfork=1,--- K j=1,--- ,m—1
306 The equation for Cy is

307 (3.3) C(z) — Co + Dy(2C1 — 2Cy) = 0.

308 the equations for C; are

300 (3.4) Dy(Cj1—2Cj+Cjy1) —Cj=0,j=1---m—1.

310 Solving (3.4), we obtain

aff =1 5 1T—af"
31l (3.5) C-:C0< 2 o + L_y)
] m m1 m m~2 )7
by — & &y — &g
312 where

98}
%)

1 1 1 1 1 1
3.6 -1 et a =1 -
(3-6) “=1*5p, "\/D, Tapz 2= T ap, T\ D, T ap2

314 Substituting (3.5) into (3.3) yields

35 (3.7) Co=1_2p, (2L, 1=

315 . 0= v “31_“,1" 1 0{31_“,111 2 .

316 The stability of the symmetric K-spike solution is determined by the following eigenvalue problem
317 Ab= —dp+2%0 — w

| p=—9+2 - ¥,

318 0= DyLY — ¢+ 2u¢.

319 We split the analysis to two cases. For ¢, and §,,,;, we obtain

320 (3.8) A‘Pmk = 4)mk - lpmk/
321 (3.9) 0 = Do(Pmk—1 + Ymk+1 — 2¢mk) — Pk + 2CoPmi-

322 For g4 j and 4 j, we obtain

323 (3.10) APmirj = —Pmk+js
34 (311 0 = Do(Ymktj—1 + Pmk+j+1 = 2¥mk+7) — Ykr-

325 Solving the difference equation (3.11) yields

a5 Yk — Pon(i1) N

m
Pm(i+1) — %1 Pmk
alt — gim 1 + x
2 1

326 (3.12) Ymk+j = P 2
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ou 0.58 .
H vVDy/m

0.57 -

0.56 -

0.55

m

0 0.2 0.4 0.6 0.8 1 0

(a) a zigzag solution (%-spike).

10 20 30 40 50 60

(b) The critical values d K for different m.

Fig. 4: (a) The zigzag pattern. Parameters are n = 60, m = 2, K = 30, D, = 1. (b) The critical
values /D5, /m are computed by solving (3.20) numerically. We fix the total number of nodes # to be
60. As m = n/K increases, the critical value /D, /m approaches the constant, 1/ arccosh(3) ~ 0.5673,
calculated from Eq. (3.26). Note that the critical value is close to the limit value even when m is small.

Plugging (3.12) into (3.9) and using the facts that a1y = 1 lead to

(3.13) 0=D, (mpm(j,l) + A1) + (20— 2)¢mk) — P + %wmk,
where
oy — alt =1 — g1
(3.14) a= 7“'2"2 — M}, b= 72041 — (X%n
Let A be the eigenvalue of the matrix
2b -2 a 0 a
a 2b -2 b
(3.15) M = D, 0 a 2b -2
a 0 2b _ 2
It follows that
(3.16) Am,j = Dy(2b —2+2acos (2j/K), j=0,--- ,(K—1).
We then compute from (3.13) to obtain
2C
(3.17) A=1-— 1_7)&4]
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Then the largest eigenvalue is

(3.18) Am”le_l—z)\cl(\)/[m:1_2Dv+142-(;(;30(a—b)'
Let R(Amax) = 0, we obtain

(3.19) 2Cy =1+2Dy+2Dy(a—b).

Thus, the critical D, satisfies

(3.20) 2(142Dy, — 2Dy (a+b)) =1+ 2Dy, + 2Dy (a —b).

Thus, we arrive at the following theorem,
THEOREM 3.1. A symmetric K-spike solution to the system (1.1) is stable when the parameter D, <
Dy., where Dy, satisfies (3.20).

In general, we must solve (3.20) numerically. Fig. 4b shows the critical /D, /m for different m at a
fixed n = 60. However, we can still obtain some analytic results when m is increased to be large enough.
We have the following asymptotic behaviors as m — co:

m m 2 7\/sz; —+ _7\/7511
3.21) alt ~e VDo, gt ~evDo, g ~ = —, b~1— (e me ,?1 ,
1 2 _m_ _
\/Dv(e@ —e \/'Tv) m(eva —e va)

24 (eVDo 4+ ¢ VDo
(3.22) 2Dy +1+2Dy(a— b) ~ 2D, 20 Fe )
(VB — ¢ V%)

7

Co (eVDs 4 VPi) —2
2y/D, (eVPe — e Vh7)

(3.23)

Then (3.20) becomes

LA e ) —2)

(3.24) e
2+ (eVPee e VDo)

Solve for D,_, we obtain

(3.25) Do, L e
' m arccosh(3)’

Note that if D, = d?n2, we have

1

3.26 ~
(3.26) ¢ Karccosh(3)

, m — 0o,

which recovers the results in (2.35).
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—©-u : -o-u
——y v
17" 1BEOEEEEHEL

0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
b ;

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 5: One spike solution and 10-mesa solution to the system (3.27). Parameters are n = 49, &2 =
0.001, x = 5. The x-axis is % Both of them are stable.

3.2. The case with small D,, and small D,. We first consider the system
0=eLu—u+u*/v
0=d’Lov—0v+u

in the limit ¢ < 1. When d, u, v ~ O(1), the term €2 Lu is a regular perturbation term to the system
(3.1). Thus, the existence and stability of a symmetric K-spike solution follow the Theorem 3.1. A more
interesting case is when d ~ O(¢). It is well known that a single spike solution in the continuum limit does
not exist when D,, = €2 and D, /D, < d . see [10]. We are interested in whether the same behavior persists
in the discrete case.

Let d? = xe?, we consider the following system in the limit £ < 1

3.27) 0=6*Lu—u+u?/v,
0=xe?Lov—0v+u

Formally, we expand u and v as

(3.28) u=uy+eu+---, v=vg+ev+---, k=1,---,n.

We are interested in a single spike solution, as shown in the Fig. 5, which in the order O(1) satisfy
(3.29) up(1) =v9(1) =1, wug(k) =v9(k) =0, 1 <k <n.

Then, the leading order terms at nodes {k, 1 < k < [(n —1)/2]}, are

(3.30) u(k) = up_q (k)% 4. ok) = vp_g (K)2*D ...,

The values of uy_1 (k) and v_1 (k) can be computed using the O (2k—1)) equations of the system (3.27) at
node k.
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The O(?) terms at node 2 satisfy:

(331) 0=ug(1) —ui(2) + 0(2)

0 =xvp(1) — v1(2).

Solving it yields
K 4+ VK2 — 4k
2

11(2) does not exist when ¥ < 4. Thus, we obtain a non-existence condition for the one-spike solution.
Indeed, such a non-existence condition holds for any solution with u(k) ~ 1, u(k 4+ 1) ~ 0 for some k.
The O(e2~1)) terms at nodes {k, 1 < k < [1/2]} satisfy:

u%ﬂ (k)
vk—1(k)’

(3.32) up(2) = , v1(2) = «.

0=ugp(k—1) —ug_1(k) +

(3.33)
0 = xvg_p(k —1) — vg_1 (k).

We solve Egs. (3.33) to obtain

vp—1(k) £ \/0%71(]‘) — 4oy (K)ug_2(k—1)
2

(3.34) ug_1(k) = , Uk_1(k) = kv _o(k —1).

Denote 77y, = Z::gg , then

- —
1+ /1 —4n 1/K’ =1

(3.35) e = 5

It is easy to check that
1
(3.36) ;Uk—l < <1

Thus, if & > 4, g existfork = 1,..., [1/2]. Then the system (3.27) admits a one-spike solution when
x > 4, whose leading order approximation is given by

(3.37) o(k) ~ (ke®)¥1, u(k) ~ geo(k).
In the same way, we can construct a m-mesa solution when k¥ > 4, see Fig.5 , whose leading order

approximation is given by

338) U(k)N{l, k<m L )N{l, k<m

(ke2)k=m, m <k < |(n—m)/2] Me_mo(k), m<k<|(n—m)/2]

Next, we investigate the eigenvalue problem of the m-mesa state

A= Lp—pa2to L
(3.39) p=eLp—¢r2 ¢ ¢
0=d*? Ly — ¢+ 2u¢
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10

4 L L L
0 p 0.1 0.4 0.5 0.6 0.7 0.8
u

]

Fig. 6: (Colored online) The red curve in the main figure (left) illustrates the relationship between the critical
fold point k¢ and D,,, with the parameter set at n = 120. Accompanying this is a subplot that presents the
bifurcation diagram for the solution at a constant D,,. Within this diagram, the green lines denote the solution
characterized by a central dimple, as indicated by the profile labeled 1 in the adjacent figure. Conversely,
the blue lines signify the one-spike solution, corresponding to the profile labeled 4 in the same figure. The
bifurcation diagram uses solid lines to represent stable solutions and dashed lines to depict unstable ones.

In the leading order, we have

Aoy — —o+ 24— 212
0= —Yo + 21/[4)0
Simplifying it yields
u u’
(3.41) )Lo(l)o = 7q>0 + 2545 - 4?450
Thus
2 3
(3.42) A= —1-4
v v

the eigenvalues in the leading order satisfy

2u(k) ud (k)
3.43 Ak =ro = —-1-4
(3.43) 0k 0= ) (k)
It follows
)\O,k:_3/ k<m+1,
3.44 2u
( ) )\O,k: 1'k—1:217k_m—1 k>m+1.
U1k
1 - 1- 1747]](,1 /x . . .
Note that 17 < 7 if f = ——5———, so only the m-mesa solutions corresponding to the recursion
1—4/1-4 . . .
M = # are stable. All other m-mesa solutions are unstable. Thus, we arrive at the following
conclusion.
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RESULT 3.2. There exists a stable m-mesa solution to the system (3.27) when x > 4, whose leading
order approximation is given by

1, k<m 1, k<m
G490l ~ < ey < k< [n—m)s2]” MO T VoK), m < k < [(n—m)/2]
with
1—+/1—4n,_
(3.46) e = _ LS VA

When x < 4, no solution with u(k) ~ 1 and u(k + 1) ~ 0 exist.

It is worth noting that by employing analogous reasoning, we can discern the existence of additional
solutions to (3.27) that are composed of a blend of the aforementioned “m-mesa” solutions. Consequently,
these solutions can be regarded as fundamental components or building blocks that constitute the overall
patterns.

4. Conclusion and Discussion. In this paper, we shift our focus from the well-studied localized pat-
terns in continuous systems to their less-explored discrete counterparts. We have conducted an in-depth
investigation of various spike solutions within the Gierer-Meinhardt (GM) system on a cycle graph. Our
findings show that the localized patterns present in the continuous model are also maintained when the sys-
tem operates on a network. The analysis further uncovers that the patterns in discrete models exhibit greater
diversity and enhanced stability in their dynamics.

While our current model is based on the simplest form of a network, it would be intriguing to expand
this analysis to more intricate network structures. For instance, how would spike solutions behave on a
network with Bethe tree configurations? What would constitute the most stable configuration in such a
setting? Would spikes tend to cluster at the network’s center or prefer the leaf? These are the questions that
an extension of our analysis to more complex networks might address.

An open question is how the bifurcation diagram is connected as D, decreases. We use the numeric
continuation package “coco” [2] to track the change of the bifurcation diagram that connects the spike profile
and the dimple profile. See Fig.6. Such kind of bifurcation diagram also appears in the continuous system.
When D, is small, the spike branch and the dimple branch are no longer connected but are two separate
branches. This can be seen from the limiting case we have studied. The precise manner in which this
transition occurs is still an open issue for investigation.

One characteristic feature of the dynamics of the spike in the continuous GM system is the slow motion
of the spike. In our analysis, setting D,, = O freezes the position of the spikes. Conversely, increasing
D, to a sufficiently high value allows us to observe the spikes moving slowly. It is likely that there is a
critical threshold for D,, beyond which the moving spikes encounter a situation where they become “trapped
between lattice points.” Similar behaviors have been studied in discrete Nagumo equations [3]. The question
arises: how does this critical value vary in GM system?

The behavior of the spike solution below the fold point varies significantly with different values of D,,,
as illustrated in Fig 7. When the value of D, is significant, we notice that spikes below the fold point
split, mirroring the behavior seen in the continuous model. As D, decreases, the pattern below the fold
point becomes increasingly uniform. However, when D, is reduced to a small value and D, is positioned
below the fold threshold, we observe the emergence of a traveling wave from a one-spike initial state. This
phenomenon closely resembles the traveling wave dynamics found in the Fisher-KPP equation [14]. The
challenge that remains is to determine if we can precisely measure the velocity of this traveling wave.
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|

D =0.5,D =7D D =0.2,D =7D D =0.01, D =4D
u v u u v u u v u

Fig. 7: (Colored online) Dynamics of one-spike slightly below the fold point for different values of D,,.
Note that the fold point is illustrated in the Fig. 6. The final patterns become more homogenous as D, is
decreased. When D, approaches zero, a traveling wave dynamics is observed.

The Gierer-Meinhardt (GM) model is not the only classical system that exhibits intriguing character-
istics such as spike formation; it shares these traits with several other well-known models, including the
Gray-Scott model and the Schnakenberg model. Exploring the behavior of spikes on the graph could yield
fascinating insights. Analyzing their dynamics, stability, and the conditions under which spikes emerge
could provide a broader understanding of pattern formation across different mathematical frameworks. This
kind of comparative study could also shed light on the universal mechanisms that govern these biological
and chemical phenomena, potentially revealing new strategies for controlling and predicting their behavior
in various contexts.
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Appendix A. Stability of K-spike solution closed to the symmetric configuration. In this appendix,
we demonstrate that the instability of a symmetric K-spike solution implies the instability of any equilibrium
profile where the positions of the spikes deviate even slightly from their symmetrically arranged positions.
This highlights the sensitivity of stability to the precise alignment of spikes in the system.

Suppose that the k-th spike is located at x, = (k—1)/Kfork =1, - -, K and each spike has the same
height to the leading order. We let the k-th spike slightly deviate from xj, namely, x; + os; with o < 1.
Then, we can expand

(A1) Vi~ Vo+oVig+ 0V +---, fork=1---K.
Since

(A.2) GP(x,y) = G (]x —y|,0),
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‘We will use the notation

(A.3) GP(z) :== GP"(z,0).
Note that
(A4)
GP (xy + o5y, xj+ asj) =GP (|x — X+ o(sy — s]-)|)
= GP"(|xx — xj|) + osign(x — ;) GE™ (| — x;[) (s — sj) + %02G§§7(|xk —xj|)(sk — ;)% + O(c)
Substituting Eq. (A.1) into Eq. (2.15) and solving the equations in each order of ¢, we obtain:

1
(A.5) Vo==%—m
Y1 Grr ()
K 2 er
(A.6) Vik = Z%ZVoVuG”erﬂxk - X))+ Vg ;{<Sk — s;)sign(x — ;) GE (|xk — x51),
= )
- 2
Vae = Y- (VEG™ (Jxe — x;1) +2V0V3,G™ (¢ — x,1))
j=1
Vi 2P
(A7) +5 ) ((Sk_sj) Gax (ka—le))-
j#k
Before we proceed, we first mention several identities we will use frequently in the later computation. Define

the matrix G and Q with elements

0, k=i
I T N
Since GP'(x) = GP(xgq1—x) and G (x;) = —GE” (xg1_¢), it is easy to check that G and Q are
circulant matrices. Let
(A.9) Zy 1= e2TM/K
then
(A.10) En = [1,zm 2%, 2, m=0,...,K-1.
are eigenvectors of G and @ so that

(A.11) GCm = UmCm, QCm = Vmlm.

where iy, Vp, are corresponding eigenvalues. Note that G is a symmetric matrix and G is an anti-symmetric
matrix, then yy, is real and vy, is either O or pure imaginary. Then, we have the following identities:

- )
Gijzm = HmZas M = HK—m;

M~

(A.12)
1

]
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—1 k—1 k—1 —1
(A.13) ) Qk]-zfq1 = UnZy ) Qkjzm = ~VUmZy Vi = —VK_m-
j#k k#j

Multiplying (A.6) by er‘,fl and taking the summation over k, we obtain

K K K K
(A.14) Y Vit =2V Y vy (Z gk]-z;*) —VE Y Y (sk—s)Quzi ' =0.
k=1 j=1 k=1 k=1 j#k
Substituting (A.12) and (A.13) into (A.14), we obtain
K 1 ) K i1
(A.15) (1—2Vopum) Y, Vikzsy ' = Vovm Y_ iz -
k=1 j=1
Simplifying it gives
K VZV EK Skzkfl
(A.16) Vigzhol = 0 k100
Note that vy = 0 so that we have
K
(A.17) Y Vi =0.
k=1

The eigenvalue problem we need to solve is the following perturbation problem:
(A.18) Ap=(I—M)¢p
where M is a matrix with elements

My = 2VoGy + 0 (2V1jgk]- +2Vo (s —5)) ij)

(A.19) ) 1 2 per
+ 20 (Vngkj + Vaj(sk = 57) Quj + 5 Vo(sk = 8j)"Grx (| = xj|)> :
Expanding (A.18) in an order of ¢, to the leading order, we obtain
(A.20) Moo = (I —2V0G)go.
The corresponding eigenvalues and eigenvectors are
(A.21) $om = Cm, Aom =1—-2Vopwm, m=20,---,K—-1

In the order of €, we have
(A.22) (A + M1)dom = (I —2VoG — Agm) 1.

Imposing solvability conditions yields

7T
M
(A.23) A = —7%;"; 1$om
‘Po,m‘PO,m
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521 Using Eq. (A.12) and Eq. (A.13), we compute

= [y —1) —(k-1) K[ ) e
Mu==2Y [ L ViiGuzh | zn D = Vo 1o | L (sk —5)Quzhe | zm
k=1 \j=1 =S \z
K K 4 K " ‘
=-2 Z (Vlj Z gij;(k_1)> Z{Jl -W (Z Sk (Z Qk].zfml> Z;(k—l)
j=1 k=1 = \z

K K
— ‘ L—(k=1) ) -1
522 (A.24) ]; S (1; Qkjzm ) Zh, )
K ' ‘ « p
-2 (VW’"Z’;U?U) =V (Z SkVm — ZSij>
=1 k=1 j=1

K
= —2um ) Vi
=1
—0

523 Hence we can solve for ¢y ,,

524 (A.25) P1m = (I —2V0G — Agm) "Migom
525 In the order of 82, we have
526 (A.26) /\Z,m(PO,m + Ml‘Pl,m + MZ(PO,m = (I - 2V0g - AO,m)‘P.

527 Imposing solvability condition yieds

b (2M7 (I —2VoG — Ao )~ 1My + M
528 (A.27) Ao = _%rm( 1( 0 o7 ¢0,m ) 1 2) ‘PO,m'
0,m 0,m

529  Suppose that A ,, attains its maximum at m = m.. We consider the critical case where Ag ;. = 0 and show
530 that Ap . > 0. It suffices to show

531 (A28) P, (2M1(1=20G) 7 My + My ) o, < 0.
532 We first evaluate 2(]35 mMi (I —2VG )~ M1¢o .. Note that

533 (A29) (1-2VpG) ! = dADT.

534  Then

535 (A30) Bome (2M1(1 = 2V09) " M) o, = 2(60,, M ®)A (DT Mig, ).
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A direct computation yields

7 K X -1 K - (j-1)
$o,m, Migo, = Y. Vi Z kamc Z +2V0 ) Zm, Y (sk — $j) Qkjz)

= k=1 7k
(A31) = tm, Z V1]zl ch(] U 4oy, (2 vlskzmc(k 1)2 vacS]ch(] b ] 1)
j=1 k=1 j=1
-1 S
= Um, 21 Vijz .+ 2Vo(v; — vmc)jzl; SiZ) s
o -
and
K 4 K K
‘/_’g,lMl‘/’O,mc Z Vij (Z e 1) Zl_(]_l) +2W ) Zf(rllc;l) Y (sk— 5i) iz vy
k=1 k=1 7k
i—1_—(j—1 K i—1_—(j—1 —(k—1
(A.32) = Um, Z Vljz]mc z (=1) + 2V (Z; vmcsjziﬂc Zl 2 v skzk 1 )>
j=1 J=

= Hmc Z Vl] l + 2V (Vime — Z SJ mc l

j=1

Thus, J)& m,M1® and @TMlch/mc are complex conjugate. Then, we have

(A.33)

(P8 M1P)A(DT Migpo,m,) < 0.

Next, we evaluate ¢ e Mao,m,:

T LS i1\ _—(k-1) K& ik
Bom Moo =2Y | Y szgij]m Zm +2) ) Vi(sk — Sj)ijZ/mC

(A.34)

Let le = V1]Z,;C(]

compute

(A.35)

k=1 \j=1 k=1 j#k

K
+ V0 Y 2 Y (s — 57)2GET (| — ;)2

k=1 7k
K K K .
=2Aom. Y Voi+2Y Vi Y (sk—sj) ijZ]m;k
j=1 =1 kA
K K .
Vo Y Y- (e — )G (fxve — )zl
k=1 j7k
K K Lk K K K
=2 Z Vlj Z(Sk — S]')Qk]'Z]n; + W Z Z(Sk — sj)szff(\xk - x]|)z£,],; )
=1 kA k=1j#k

_1)

. Since (I —2VpG) is circulant and has no positive eigenvalue, using (A.6) we

(k— 1 -
Z Vl]ch Z Sk — SJ)Qk]ZmC b= leT(I —2VpG)W; <0,
k#j 0
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547 Note that GLy (|x; — xil) = d%GF"”(|xk —xj|) > 0fork # j. We Define the matrix # with

(A.36) H 0, k=7
548 : ki = (k— ,
! gkam ])/ k 7é J-
549  Then H is a circulant matrix whose minimal eigenvalue is y,,, — GP*"(0).
550 Since Ay, = 1 — 2Vousy,., we compute
1 1 & 1 sinh(g ) V2
551 (A.37 =_— =23 G (x,x;) = ————— = ——Karcosh(3),
552
555 (A.38) GP¥(0) = L coth L 1I(arcosh( 3) coth 1I(arcosh(3) .
2d, 2d. 2 2
554 Then pp, — GP"(0) < 0. It follows that
K K
_ 2 2
55 (A39) 2 Y 255 GR (1 — Dl = 2sTHs > 2 (o~ GP7(0) L 5
k:l 7k 2 d k=1

556  Note that

557 (A.40) Z zm(k 1 Zsinﬁrﬂx — x]\)z,,]lc N _ (lec — GP"(0)) f: 52,
k

558 ”

550 (A.41) 2 2, kD Z s2GEY (| — x]|)z,(14 U= (ymc GP(0)) isg
LA N =

560 Combining Eqs (A.35),(A.39),(A.40) and (A.41), we obtain

561 (A42) B0, Mopo,m, < 0.

562 Thus

563 (A.43) Aam > 0.

564 We conclude that the symmetric K-spike solution is locally the most stable.

565 RESULT A.1. In the limit n > 1, if a symmetric K-spike solution to the system (2.4) is unstable, any
566 equilibrium profile with spikes’ locations slightly deviating from the symmetric positions is also unstable.
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