A ring of spikes and its stability




Introduction

e Schnakenberg model:

1 1
u = e2Au —u+utv, 0=Av+ A—v’v—=
g?loge~1

(1)

with the usual Neumann boundary conditions inside a radially symmetric domain
(), which we take to be either a disk or an annulus:

O ={zr:b<|z|]<1}. (2)

e Fxample of ring solution:




Reduced equations for spike motion

e Define
AG—%Z—(S(CE—&), x, & € (Y,
0,G =0, x € 0, (3)

be G(z,&)dx =0

e Spike motion:

d:lfk 82
4
y , waSkZS VG (4)
N 77 w
> S5 =19f o =T~ Z S;iGrj- ()
J=1 K j=1
o G(xk, xj), if k+#£ o VIkG(l‘k,SCj), i-f k#j
Gy = { Lloge !+ Hiajay), k=5 ¥ 0= | Vel Ql=n, ifh=
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and define



Spike ring radius

o [et onl/N
) G(ry Re™™), if 1 # 0 (mod N)
Jr B, 1) = { s-loge ' + H(r, R), otherwise (7)

e Then ring radius R satisfies

N-1
> J(R,Rk)=0. (8)
k=0
e Explicit computation for a unit disk:
1 1 1
R*—= = 0. 9
2+2N+R—2N—1 (9)

Ring radius R for a ring of IV spikes

N 2 3 4 5 § 7 8 9 10
R 0.4536 0.5517 0.5985 0.6251 0.6417 0.6527 0.6604 0.6662 0.6706
(10)

e For an annulus b < |z| < 1:

R2 — 2 1 1 0 p2Np bZN(p—l—l)
0= (1—5?) 9 T IN T Z {R2N —p2Np 2N _ bZN(p—I—l)} - (1)

p=0




Stability, LARGE eigenvalues:

e Previous result (for any) configuration:

N 1/2
Ajy ~ — (2 ) 12
Y loge ( 7T/w> (12
e More accurate: Define
N-1
T(m) = Zexp(Qﬂlmi/N)J(fr R1); and T:=7 — ilog et
l_o Y Y ) 27_(_ )
Define
N 1/2 or —1/2
A = — (2 2 1 T : 1
) =g (27 [0?) (14 o Tw)
A = max Ai(m) = A; (|N/2]) (14)
For even IV,

1/2 NN —1/2
1 N 1 AR1+ R
A= — (2 . 1 I .
: loge=t x (W/w) ( +1og5—1 n(Nl—RN)) (15)

o Example: e = 0.05, N =8: Ay~ 11.86; A; ~ 14.66, 25% difference.



Small eigenvalues 1

e Linearize equations of motion

e In the limit A > O(1/loge™!) (when all spikes have same height to leading

order)
N- 1

J (R, R, + Jor(R, R, 1)2") (16)
[=0
G(r, Re>™/N),if [ #0 (mod N)

where z = exp(2rmi/N); J(r,R,l) = { Lloge™! + H(r,R), otherwise

— Stability depends only on annulus thickness and N (not on A)
— Most unstable mode is m = N/2

— “Explicit” formula for a disk:

(N—1+RM)+ N (R"+R™™) 1
Ty o (N - 22N

21\ (N/2) = —NR*V 2

— Disk: 8 or less spots are stable, 9 or more are unstable.



— Annulus b < |z| < 1: N spikes stable when b > b.(V) :

N B(N)
9 0.174
10 | 0.293
11 0.356
12 0.412
13 0.450
14 | 0.488
15 10.516
16 10.545
17 10.567
18 1 0.589
19 10.607
20 10.625

b=0.23




Small eigenvalues 11

e Don’t assume all the heights are the same; assume A = O(1/loge™1).

e Linearlized equations are:

N—1 2
A 1
2 w2
9 L - S A (Z

e Setting A = 0 we get a critical threshold:

2\ 1/2 9 ~1/2
As(m):N(%fw) {1+ o [T(Rijm)+Tr(R,R,m)]}

loge=1|Q)] loge1 A(m)
(17)
As = max Ag(m) = As (| N/2]) (18)
e Recall the large eigenvalue threshold:
N (27 [w?)' o o\
A = 1 T ; 19
)=k ()

— If ring is stable for large A then A is negative; this means that A; > A;.



— Conclusion: small eigenvalue instability is triggered before the large eigenvalue
instability

— But ASA;ZAZ =O(1/loge™). and A, ~ Ajas e — 0.

e =0.02 e =0.05

Ag A A Ay A | Ao
2.45512.18312.271(3.293 | 2.818 | 2.965
3.481 | 3.213 | 3.406 | 4.577 | 4.127 | 4.448
5.03314.698 | 4.542 | 6.814 1 6.201 | 5.931
6.379 1 5.962 | 5.677 | 8.687 | 7.910 | 7.414
8.119 | 7.530 | 6.813 | 11.35 | 10.18 | 8.897
9912 1 8.946 | 7.949 | 14.20 | 12.18 | 10.38
52.90 | 10.59 | 9.084 N/A 14.66 | 11.86

OO\]CDOW%OOMZ




Ring of 8 spikes

o N—8: A — 30981 {1 3.79551}_1/2’ Ay — 30981 {1 1.03_51}_1/2

~ loge ~ loge ~ loge ~ loge

— When € =0.05, 1 — 1§é73_61 < 0 s0 A does not exist; whereas A; = 14.66.

— When ¢ = 0.02, A, = 52.9. A; = 10.59 But self-replication 1is
observed for A > 20 = cannot observe a stable 8-ring.

— E.g €=0.02, A=16.7. 8Ring deforms into a “square”:




Conclusions:

e On a disk:

— A ring of > 9 spikes is always unstable due to small eigenvalues
— A ring of < 8 spikes is stable if A > O(1/loge™!).

— The dominant instability is wrt to small eigenvalues even when N < 8.

=606.054

— The instability is subcritical, except when N = 8.

e On an annulus:

— The thinner the annulus, the more spikes can be stable

— The instability is due to small eigenvalues, and is often supercritical.



Under hood I: stability of ring

e Restrict the motion of kth spike to be along rays zx(t) = r(t) exp (2wki/N) :

— Simplified problem where all heights are the same:
N-1
r. = — Z Jo(rg i, 1) with indices taken mod N (20)
1=0
G(r, Re™>™/N)  if [ #0 (mod N)

where J(r, R,l) = { % loge™! + H(r,R), otherwise

(21)

e [inearize:

re = R+ dre
N—-1
)‘gbk - = Z ¢kJrT(R7 R7 l) + ¢k+l=]7‘R(R7 R7 l)
(=0
o “Circulant” anzatz:
or = ¢2", 2z =-exp (2rmi/N)
N—-1
A(m) = — (Jma -+ JTRZZ)



Under hood II: Green’s function on annulus

+(r, R, 0) Zcos )0,gn (7, R);

1
o (1 — b2) (

0,g, = RY" + R — b¥""R"r" — bQ"R_”r_”) , r<R, n>0

00 P 00 00 00 00 00 pap
Zl—anzzpnzanp: Z(pap>nzzl—pap
n=1 n=1 p=0 p=0 n=1 p=0

N-1 oo o 97l B o N ,ONCLNp pp—irl
1 —a \N" _Z 1— pNar 1 — grt!



Under hood III: explicit computations for a disk

e Key calculation: A(m) = — figl (JW —- JrRzl)

J,(r,R,0) = izcos (R"r" + R™"r")

27r

n=1
N—-1 o~ omn
ZCOS (T) 27Tle/an, m 7& 0 (22)
=1 n=1
Then
B N pm_l_pN—m B i
11— pN 2 1—p
and A
T()=1/2  T(1)=-—— +%(N—m).
End result:

(N—1+R™M 4+ N(RVN+R™™) 1
(1 — R2N)? 3R

A(N/2) = —NR¥? (N—27%—=N

e For the annulus, J is evaluated as above, then a sum is evaluated numerically...



	Title slide
	Introduction
	Reduced equations for spike motion
	Spike ring radius
	Stability, LARGE eigenvalues:
	Small eigenvalues I
	Small eigenvalues II
	Ring of 8 spikes
	Under hood I: stability of ring
	Conclusions:
	Under hood II: Green's function on annulus
	Under hood III: explicit computations for a disk

