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Abstract

When ceramics are heated inside a microwave cavity, a well known phenomenon is the
occurrence of hot spots — localized regions of high temperature. This phenomenon was
modelled by Kriegsmann [IMA J. App. Math. 59(2), (1997) pp. 123-146], [IMA J. App.
Math. 66(1), (2001) pp. 1-32] using a non-local evolution PDE. We investigate profile
and the stability of hot spots in one and two dimensions using Kriegsmann’s model with
exponential nonlinearity. The linearized problem assciated with hot spot type solutions
posesses two classes of eigenvalues. The first type are the large eigenvalues are assocaited
with the stabititly of the hot spot profile and in this paticular model there can not be
instablitly associated with these eigenvalues. The second type are the small eigenvalues
associated with translation invarience. We show that the hot spots can become unstable
due to the presence of small eigenvalues, and we characterize the instability thresholds. In
particular, we show that for the material with low heat conductivity (such as ceramics),
and in the presence of a variable electric field, the hot spots are typically stable inside a
plate (in 2D) but can become unstable for a slab (in 1D) provided that the microwave
power is sufficiently large. On the other hand for materials with high heat conductivity,
the interior hot spots are unstable and move to the boundary of the domain in either one or
two dimensions. For materials with moderate heat conductivity, the stability of hot spots
is determined by both the geometry and the electric field inside the microwave cavity.

1 Introduction

The usage of microwave heating to join ceramic materials can result in the formation of stable highly
localized hot spots [16]. The formation of a localized hot spot cannot be explained using a simple
linear theory. Several nonlinear models of hot spot formation have been proposed to explain this
phenomenon, see for example review [5] and the references therein. In [1] a model for the temperature
of a sample placed in a resonant chamber is derived. A wave guide keeps the amplitude of the
microwaves constant along one axis. The formation of a stable hot-spot is the result of considering
a temperature dependent electrical conductivity in conjunction with a local detuning in the resonant
chamber containing the sample. The electrical conductivity changes occurring in the sample interfere
with the formation of a standing wave in the resonant chamber. These considerations result in the



following non-local reaction-diffusion equation:
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Here f(x) is proportional to the square of the magnitude of the electric field along the sample, G (u) is
the scaled temperature-depedent electrical conductivity, D is the constant thermal diffusivity, x > 0
is a parameter based on the geometry of the sample and the Q-factor of the cavity (see [1]), b < 1 is
the ratio of radiative to convective heat loss along the axis of the sample at the ambient temperature,
and P > 0 is the nondimensional power of the resonant cavity mode. The form of f(z) is determined
by the wave guide used as well as the geometry of the chamber and placement of the sample within
the chamber. In [12], the sample is placed across the chamber and the wave guide keeps the electric
field constant along the axis of a thin cylindrical sample. In this instance, the hot spot is actually
unstable and propagates exponentially slowly along the sample until reaching the boundary of the
domain [9]. In [13] a thin cylindrical sample is placed along the wave guide and the electric field may
then vary along the length of the sample. Under certain additional assumptions on the parameters,
it was shown in [9] that the hot spot will travel along the length of the sample until reaching a local
maximum of f. The function G(u) is the dimensionless electrical conductivity of the sample. We
will consider a realistic exponential model G(U) = eV. We will also consider the small Biot number
(b). For ceramics, the thermal diffusivity D is typically small. We make a further simplicfication by
assuming that fQ f(x)eV dz > 1. This assumption is consistent with most applications where the
hot spot is observed [9]. In the non-dimensional form, we obtain

ut:dQAu—u—l—M)ez,er; Onu =0, x € 90. (3)
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where p = % and d = \/g_D While the diffusivity coefficient d2 is typically small for ceramic
materials, we will also consider the more general mathematical problem where d may be of O(1). For
example, in two dimensions and with d = 1, this model is related to the Liouville equation [15]. We
will also consider the general form of f(x), not restricted to the standard geometries and wave guides.
Equation (3) is the starting point of our analysis.

Let us summarize the main results of this paper. We consider the equilibium hot spot solutions on
a one-dimensional interval, a bounded two dimensional domain and a two-dimensional disk. The hot
spot location and its stability is determined by the geometry of the problem as well as the electric field
strength f(x). The detailed results for one and two dimensions are given in §2 and §3, respectively
(Principal Results 2.1 and 2.2 for one dimension, Principal Results 3.1 and 3.2 for two dimensions).
In particular, the hot spots are found to exist provided that the power p is sufficiently large, even for
relatively large value of the thermal diffusivity d. An important case is the radially symmetric domain
and f(z) = f(Jz|), which we now describe. In this case, by symmetry, the hot spot is located at the
center of the domain. For a disk domain Q = Br(0) = {z : |z| < L} C R? and a radially symmetric
electric field strength f(x) = f(|z|), we find that the hot spot is stable with respect to both the large
and small eigenvalues provided that
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where [y and K, are Bessel functions; it is unstable with respect to the small eigenvalues if the
inequality in (4) is reversed. For typical ceramics with d < 1, the stability condition (4) reduces to

10)  dr
o et (5)




Since the right hand side of (5) is exponentially small, the two-dimensional hot spot for a ceramic
material will be stable at the center provided that f has a maximum there.

For a one-dimensional situation with f(x) = f(—z) and Q = [—L, L], we show in Principal Result
2.2 that the hot spot is stable provided that
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Both of these requirements are necessary; if one of them does not hold, then the hot spot was found
to be unstable. In particular, this shows that in one dimension, the heat diffisivity d must be small.
In addition, the hot spot can be distabilized if the power p is sufficiently large. This is unlike the
two-dimensional case, where the stability result is independent of the power p. Equations (4) and (6)
also show that in either one or two dimensions, the hot spot cannot be stable if f(z) is constant; a
necessary condition for the radially symmetric case is that f(z) must have a maximum at the origin.

In §5 we study numerically and analytically how the formation of the hot spots depends on the
power p. For the case of small diffusion d < 1, we show that the necessary condition for hot spot
formation is that p > p. where p. is the critical power given by

pe = Me (/QW(—%) d:v>2, (7)

where M = maxgeq |f(x)] and W(z) is the principle branch of the Lambert W function (which
satisfies # = W (z)e"' @) with —1 < W (z)). Finally, we study the possibility of a pattern with two
spots. We show in §5 that two hot spots cannot be stable. Moreover the unstable mode corresponds
to a competition instability, whereby one of the two spots is rapidly absorbed by the other. This is
analogous to the so-called shadow limit of reaction-diffusion equations, see for example [8], where a
similar phenomenon is observed for the Geirer-Meinhardt model. We conclude with some discussion
of open problems in §6.

We note that the results in this paper rely on the use of careful but formal asymptotics. No
attempt has been made to provide a rigorous justification. However careful numerics were used to
verify all of the results.

2 One dimension

In this section we study hot spots on a one-dimensional domain Q = [—L, L]. We first construct a
stationary hot-spot solution using matched asymptotics. An example of such a hot spot is shown in
Figure 1(a).

The steady state problem is

1
o = i+ af(2)e" =0, up(£L) =0 where (®)

o= — P . 9)
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Roughly speaking, the hot-spot solution consists of an inner region of hot temperature where the
exponential term in (8) is dominant, and of an outer layer of colder temperature, where the background
effects dominate. The location z( of the stationary hot spot is determined by both the electric field
strength f(z) and the boundary effects. We summarize the construction as follows.



Figure 1: (a) Stationary hot spot solution to (8) in one dimension. The parameters are f(xz) = 1,
L =2,d =1 with p = 1.144 x 10° chosen so that (9) yields a = 0.0001. Solid curve represents
the numerical solution to the boundary value problem (8). Dashed curve is the uniform asymptotic
approximation (15). (b) Hot spot solution to (51) in two dimensions on a disk of radius L = 1.5.
Other parameters are f(x) = 1, d = 1 with p = 1.7217 x 10° chosen so that (52) yields a = 0.004.
Solid curve represents the numerical solution to the boundary value problem (51). Dashed curve is
the uniform asymptotic approximation (101).

Principal Result 2.1. Suppose that either p > 1 or d < 1, with all other parameters of O(1). Then
(8, 9) admits a hot-spot solution concentrated at the location xg, given asymptotically by
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where p < 1 is the spatial extent of the hot spot centered at xq, asymptotically given by
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Inside the hot spot, the temperature profile has the shape
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where « as defined in (9), is asymptotically given by
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Away from the hot spot, the temperature profile is
2
u(x) ~ ;G(fc,xo)v |z — 20| > (14)

where G(x,zg) s the Green’s function defined in (25).
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Figure 2: (a) The plot of hot spot center zg vs. m, with f(z) = 1+max, L =2.7,d =1,a = 3.16 x 107°.
Crosses denote the numerical solution of (8). Solid line denotes the asymptotic prediction given by
(10) with p given by (30). (b) The plot of xy vs. A where A is the eigenvalue with largest real part,
in this case the small eigenvalues. Crosses denote the values of A as numerically computed from (16).
Solid line denotes the asymptotic prediction given by (49).

By combining (12) and (14), for the case of a symmetric hot spot (xo = 0, f(x) is even), a
composite solution that is uniformly valid on [—L, L] is given by

2

u(z) ~ In {i sech? (%) } + x|/ + " (“2f(””0)°‘) cos (I:vl — L) . (15)
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Figure 1(a) shows a favorable comparison between the composite asymptotic solution and the numer-
ical solution to the full problem (8). In Figure 2(a), the effect of variation of the magnitude of the
electric field strength, f(x) along the length of the sample, on the hot spot location is shown. Again,
a favorable comparsion between full numerics and the asymptotic formula for zy (10) is observed.
Next we address the stability of the hot spot with respect to time. By linearizing near the steady
state:
u(z,t) = u(z) + eMo(z), ¢p<1

we are led to the study of the following eigenvalue problem

A _ 1 u 3/2 71/2d71 u g “dhd
26— bus — o+ (@66 — 2% 20 f(@)er [ floyet s (16)

Note that (16) is self-adjoint; as a consequence all of its eigenvalues are purely real. The problem (16)

admits large eigenvalues of O %) as well as eigenvalues of that arise due to the translation invariance
of the inner solution, which we will call small eigenvalues. The large eigenvalues are studied in §4,
where it is shown that they are all negative. Thus the stability is controlled by the sign of the small

eigenvalues. We summarize our findings below.



Principal Result 2.2. Consider a hot-spot solution as constructed in Principal result 2.1. In the
limit p — 0, there are two cases.

1. d/L = O(1) : The hot spot is unstable.

2. d/L < 1: The the hot spot is stable if and only if A < 0 where A is given by

A~ 2pd <§1§)0)> ~ <J;'((;’§)>)2> +8exp (%IJ) cosh (2}, d/L<1. ()

In the first case, the unstable eigenvalue X is given implicitly by (49).

Formula (17) is an asymptotic estimate to the small eigenvalue of (16). Figure 2(b) shows that
the asymptotic formula (17) is in good agreement with the numerically computed solution to the
eigenvalue problem (16). For a radially symmetric case where f(z) = f(|z|) and z¢ = 0, the stability
criterion of Principal Result 2.2 in conjuction with (9) yields the formula (6).

Derivation of Principal Result 2.1. The derivation consists of two steps. We first determine
the leading order profile and the spatial extent p of the hot spot. In the second step, the location zq
of the hot spot is determined at the next order of the expansion.

Step 1: Hot spot profile. To determine the temperature profile and the spatial extent of the
hot spot, we expand near its center z = x¢ as

T =0 + p1y; (18a)
fx)=fo+pyfl+--- where fo = f(xo), f} = f (z0); (18b)
u(z) =U(y) = Uo(y) + pUs(y) + - - (18c)

where pu < 1 is the spatial extent of the hot spot, to be determined later. Equation (8) then becomes

2
1
Uyy + EU + N2af($0 + My)eU =0

Next we change variables

. V(y)
V) =1 {auz’f(xo+uy)} (19)

and expand

V=VotpuVi+ -
U=U+puly + -

The equation for V; is then

Voy | 12
Voyy — — + Vg =0. (20)
Vo
An explicit solution is given by
1
Vo = 3 sech? (%) . (21)

Note that (20) admits a scaling invariance Vo = a=2Vy; y = ag. However we can set a = 1 by an
appropriate relabelling of u.
Next we consider the outer region of (8). We estimate

Ugy — U = —Cod(z — x0) (22)



where §(x — ) is is the Dirac delta function with support at zp and the constant Cj is given by

L N 1 [ 2
Co :/ af(z)e'dr ~ —/ Voly)dy ~ —.
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The solution to (22) is therefore

2
un~ —G(x,x0)
1
where G is the Green’s function satisfying
1
Gax — EG =—0(x —xp); Gy (xL,z9)=0

and is explicitly given by

S .

sinh (%)

cosh (IO;L) cosh (%) ,  x <z

(23)

(24)

(25)

The spatial extent of the hot spot u is now determined by matching the inner and outer solution. To

do so, we write the inner solution in the outer variables as |y| — co. Note that
Vo~ 2exp(=1yl), |yl =00

so that from (19) we get

2
Up~In| —— | —y|; — 00
ot ()<l
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On the other hand, we expand G in Taylor series around = = xy. We write

G (x,20) ~ Go+ (x —20) Gps, 0<z—120<1
G (x,20) ~Go+ (x —20) Gy, 0<mp—2<K1

where

o0
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so that

o~ (31)
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d cosh (2i) 2L d
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In particular this equation is consistent provided that either p > 1 or d < 1 (with other parameters
being O(1).).
Step 2: Hot spot location. The equation for the location x( is determined at a higher order.
We have

A% ’
so that ,
Vo= plafoe|” 1 WVi= (U1 + y%) Vo (33)
and the first two orders in the inner variables are
Usyy +Vo =0 (34)
Ulyy-I—VoUl-i-Voy% =0 (35)

Multiply (35) by Uy, and integrate from —oo to +occ. Integrating by parts we obtain

oo ! o0
/ U1 (onyy + V()on) dy + % / yVoondy + (Ulyon — UlUOyy)riooo =0. (36)
Note that
VOy = VOUOy; UOyy + VOy =0
so that - - -
/ Ui (Uoyyy + VoUpy) dy =0; and / yVoUoydy = —/ Vo =—2. (37)

To evaluate the boundary term, first note that for large y we have
Uoy = F1, Upyy —+ 0 as y — *£oo.
The behaviour of U; for large y is determined by matching to the outer solution. Recall that
Uolw) + 1UA(5) ~ 2 Glavn), = o, ly] = o0

Writing the right hand side in terms of inner variables we have
G(.’IJ,JJQ) = G(‘TO +€y7$0) ~ GO +yMG/0i7 Yy 2 0
where G and G, are given by (28, 29). For large |y| we then obtain

U 4y ~2yGos, y > 1
Uy —y ~2yGy-, y <1



so that 1
Utyly=toc = m (2Go: F1) (38)

and finally,

I 2
(UlyUOy - UlUOyy)foo = _; (G6+ + GE)*)

2 sinh (2%
_2omh () (39)
i sinh (25)
Substituting (37) and (38) into (36) yields the equation for spike location,
: 2z
sinh (TU) B f_é (40)

sinh (22) M

This conlcudes the derivation of Principal Result 2.1. B
Derivation of Principal Result 2.2. We now turn to the stability of the hot spot. In the inner
region y = (z — x9) /1 we expand the eigenfunction as

d(x) = Do(y) + p@i(y) +--- . (41)

Substituting (41), (18) and (20) into (16) we get at the leading order,

o0
ADy = Dgyy + VoPo — Vo/ Vo®o dy (42)
—0o0
where A = p?/d?)\; and Vj is given in (20). Note that the spectrum of (42) admits a zero eigenvalue
A =0, &9 = Vo, /Vo, which corresponds to translation invariance. It will be shown in Principal Result
4.1 that all non-zero eigenvalues of (42) are negative. In view of this, we need to only be concerned
with the zero translational eigenvalue. Since it is zero at leading order, its stability is determined
by considering the correction terms that arise due to the the outer region of (16) and the spatially
inhomogeneous term f(x). In the inner region, we estmate the eigenfunction by
Va

The integral term then becomes

L 0o
vV [V
“odx ~ —(E)dy=
[ [ oa(§)w=o

To obtain a solvability condition, multiply (16) by wu, and integrate. Upon integrating by parts we
obtain

A L L
—2/ Oty dr = —upe|”, _/ af'etddr
d —L L

In the outer region for u and ¢ we have

1

A
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Let D = [—L, L]\ {zo}. We have:
1 A e D

L
A o
~ _uzz¢|EL - /7[‘ ﬁd)umdx - (um¢m - umm¢)|x% =0

Therefore we obtain .

— ('u,gc(jﬁz — uzzgf)”zg ~ —/L OZf’E“(bdx (44)

Now in the outer region we have u ~ CoG(z,x0). Let G, N be the Green’s functions satisfying

1+
Gy — ( 7 Jor = —d(z —x0); GH(£L) = 0; (45)
1+
Ng. = (T)N Y= —d—m); NP(EL) =0 (46)
By differentating (45) with respect to xg, we obtain
oG
N>=_-——. 4
i (47)
Explicitly, we have
G, m0) = 1 cosh ((z — L)w)cosh ((zg + L)w), x> o
07T sinh (2Lw) | cosh ((zo — L) w) cosh ((z + L) w), = < .
N (&, 1) = -1 cosh((z — L)w)sinh ((zo + L)w), x> xo
077 Ginh (2Lw) | sinh ((zo — L)w) cosh ((z + L)w), =z < xo.
V1I+A
where w = .

d
Matching the inner and outer region, we have ¢ ~ u, ~ CoG, where Cy is given by (23). Thus ¢

— .t
has a jump discontinuity ¢|z:§‘i ~ —Cp. On the other hand, N* has a jump discontinuity of —1 at
%0

— ot
Zo, NHi;i% = —1. Therefore in the outer region we get ¢ ~ CoN*(z, o). We then obtain

zd zt 1 2t
(10— 1as8)70 ~ ~C3 (G0 = HONLE! ). (48)

Now N} is continuous at x¢ whereas G, has a jump discontinuity of —1. Using (47) we then simplify

¥
GzNaNi* = _me:zo =G

xgz|12$0
and similarly
N2 = ~Glama,
Therefore
o R PN 1
(uw(bm - umm(b)xg ~ _CO Gacozlﬂﬂzwo + ﬁGh:wo .

_ wsinh ((zo — L) w) sinh ((zo + L) w)

A
Gopalo=ro = sinh (2Lw)
_ w(cosh (2row) —cosh(2Lw)) V1 + X
2sinh (2Lw) R
Gl = (cosh (2zowo) + cosh(2Lwy)) L= 1
rero 2w sinh (2Lwy) 7 d

10



so that

(ot — uxx¢)§§ _ —4 (w (cosh (2zow) — cosh(2Lw)) = wp (cosh (2zgwo) + cosh(2Lw0))> .

w2 2sinh (2Lw) 2sinh (2Lwy)

Next we evaluate the the right hand side of (44). Using (43) and (19) we obtain

L L pr L i

1 ~1

/ af'e“¢dx~—2/ f—Vmalacw—2 (f—> Vdx
-L n* o f w2 S \J/,
1 (l)/ 62 oo
(L) [ vy
12

o2 (ﬁ_i)
pw\fo f§

The full equation for the eigenvalue is therefore

w (cosh (2zow) — cosh(2Lw)) L o (cosh (2zowo) + cosh(2Lwo)) [ f _(')2 (49)
sinh (2Lw) sinh (2Lwo) P\ 72
where
1+ A 1
w= ;o owo = —.
a 7 0 d
From (40) it is clear that either d/L < 1 or else z¢ ~ 0. In the latter case we get
V14+A L
—V1+ Atanh(L d+ ) + coth (E) ~ 0. (50)

Now note that the left hand side is positive when A = 0, and goes to —oo as A — co. Therefore (50)
has a positive solution A > 0. This shows the instability for the case 1 of Principal Result 2.2. For the
former case, we we must have % < 1; w ~ wp so that A < 1. We then expand in A to obtain (17).

This concludes the derivation. H

3 Two-dimensions

The analysis in two dimensions is along the lines of the one dimensional case. However there are
signficant differences and complications due to the logarithmic singularity of the fundamental solution
to the laplacian in two dimensions. As a result, the scaling properties and stability range is very
different from the one dimensional case.

As in one dimensions, we first construct the two dimensional steady state in the form of a hot
spot, then study its stability. We first state the results for general domains; the location and stability
of the spot involves the interaction of the Green’s function and the electric field strength f(z). At the
end of the section, we study in more detail the special case of a disk domain with radially symmetric

f(@) = f(lz])-

Principal Result 3.1. Suppose that d*p > 1, with other parameters of O(1). Consider the steady
state equation in two dimensions,

1
0=Au— Pk +af(x)et, €y Ohu=0, zecdQ, (51)
a=—" (52)

(d fo, Fla)en)®
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Then (8) admits a hot-spot solution. It is concentrated at the location xo given by

V(o)
f(zo)

where VHy is the gradient of the reqular part of the Green’s function as defined by (66, 67, 70, 74).
The constant «, as defined in (52) is asymptotically given

87V Hy +

= 0. (53)

N (87d)?
! P (54)

Inside the hot spot, the temperature profile has the shape

8(1 + R2)~2 o R
u(x)wln{m}, R=|z—uzo|/u; R=0(Q)

where p < 1 s the spatial extent of the hot spot, asymptotically given by

/2
p ~ 81 exp(—27 + 4w Hp)d® % , (55)

where v = 0.5772 is Fuler’s constant. Away from the hot spot, the temperature profile has the shape
un~8wG (z,20), |z — x0|> O(1). (56)
where G(x,x0) is the Green’s function defined in (66).

We remark that a formula similar to (53) was obtained for a Liouville equation in [15] using a
related technique. Next we summarize the stability results.

Principal Result 3.2. Let 01,09 be the two eigenvalues of the matrix 8wM + F, where M and F are
defined in (98). Then the stability problem (83) admits two small eigenvalues given by
d2
A~ ——0y, 1 =1,2.
2Inp—1
All other eigenvalues are strictly negative.
Alternatively, let
g(xo) = 47 H (z9,20) + In f(x0)

where H, f is as in Principal Result 3.1. Then the location of the hot spot solution satisfies Vg(xg) = 0.
Moreover the hot spot is stable if xo is a non-degenerate mazimum of g(xo), i.e. if the hessian of g at
o 18 definite negative. It is unstable if xq is either a non-degenerate saddle point or a non-degenerate
minimum of g.

Derivation of Principal Result 3.1. As in one dimension, the derivation consists of two steps.
We first derive the hot spot profile, then determine its location.
Step 1, hot spot profile. We expand near the inner region of the spike as

T =z + p1y; (57)
fx)=fot+pyfl+--- where fo = f(xo), fi=Vf(xo); (58)
u(z) = U(y) = Uo(y) + uUi(y) + - - (59)

12



where p < 1 is a scale parameter to be determined later. For convenience we also let
Viy) }
Uly)=In {— 60
) ap? f(zo + py) (©0)

and expand

V=WW+uVi+--- (61)
The equation for V; is then
v, Vol?
AyV0—| %’/‘” +VZ=0. (62)
A radial solution is given by
8
V = — & = . 63
W)= ] (63)

Note that (62) admits a scaling invariance Vo = a=2Vy; y = ag. However we can set a = 1 by an
appropriate relabelling of u.
Next we consider the outer region. Assuming o < 1 we estimate

1
Ay — BU= —Cod(x — x0) (64)
where ¢ is a delta function and the constant Cj is given by
L 0o
Co = / af(x)edr ~ 27r/ Vo(R)RAR ~ 8. (65)
—L —00

Now consider the modified Helmholtz G-function that satisfies
1
AG—EGz—é(a@—xo), x € 0,G =0, zed. (66)

Note that G has a logarithmic singularity as ¢ — zy. To match the inner and outer solution, decompose
G as
G=J(xz,x0) + H(x,20), 7= |x— 20| (67)

where J is the Green’s function on the entire space satisfying

1
AJ — ﬁ‘]: —8(x —x0), z,m0 €R%* J—=0as |z| = oo (68)
and H = G — J satisfies

1

AH — ﬁH =0, ze€Q OnH = —0,J, x € 9N. (69)
Explicitly, we have
1 r
J(x,x0) = %Ko (8) , = lx— 20| (70)
where K is the Bessel K function of order zero. In the outer region we then obtain that the solution
to (64) for u is

un~ 881G (z,30), |z — x0| > O(11). (71)

To match (71) to the inner solution (60), we expand

11 1 ,
J o~ %ln;—l—%(ln@d)—v)—i-O(r Inr) (72)
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where

H() =H (Io, Io) y VHO = VH(I, IO)|z:x0- (74)

Writing the outer (71) solution in terms of the inner variables we have
x—xo=py; R=yl;
1 1
U~ 4111; +4ln§ +4(In(2d) —v) +81Ho + u8ny - VHy...; p<<puR < 1. (75)

Taking the limit R — oo of the inner variables we obtain

8

Vo~ 77 (76)
1 1 8
urv41n—+21n——|—1n<—) 7
R % afo (77)
Equating (75) and (77) we get, to leading order,
1 1 8
4In— +4(In(2d) —v) + 81Hp ~ 2In— +In (—)
1% 1% afo
p ~ exp(—2y + 4 Hp)d*\/2afo (78)

To determine the spatial extent of the spike in terms of p we substitute (65) into (52) to obtain

(87d)”

» (79)

o~
Substituting (79) into (78) yields (55).

Step 2, hot spot location. To determine the location of the hot spot, we consider the O(u)
correction terms to the steady state. From (61) and (59) we have

0=AUy + Vo (80)

\Y%
O:AU1+VOU1+VOZJ'% (81)
0

In addition we have
AUoy; + Voy; = 0; Voy; = Voloy,

where *,. denotes the derivative with respect to y;, j = 1,2. Let B be a ball of a large radius R — oo.
Multiply (81) by Up; and integrate over B. Integrating by parts we obtain
_ Vfo .
0= (onj 8nU1 — 8nU0y]. Ul) dS(y) + on]. V()y : —dy, J= 1, 2.
OB B fo
First consider first the case j = 1. To evaluate the boundary terms, note that the behaviour of U for
large |y| is obtained by taking the limit of the outer expansion for small z. From (75) we obtain

Up~—-4InR+ O(1); Uy ~8nR(cosf,sinf)-VHy; R— 0
4 4
Uoy, ~ — 5 cos 0; 0nUny, ~ T3 €08 0;

O Uy ~ 8w (cosb,sinf) - VHy
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2m
/ (Uoy, 0nU1 — 05 U0y, Ur) dS(y) ~ 2/ —4 cos 87 (cosf,sinf) - VHodf
OB 0

~ —647%e; - VH,.

/onlVoy-v—fodyN/ Voyly'v—fodym_gwel'Vfo'
B fo R2

Finally we have

Jo fo
Performing the same computation with j = 2 we finally obtain
8tV Hy + Vf_fo =0. (82)
0

Stability in 2D As in one dimension, we linearize

u(z,t) = u(z) + eMo(x)
to obtain

A
0= 80— o+ af@)es -2 2 ) [ fla)ets de (53)

First we consider the small eigenvalue corresponding to the translation invariance of the inner problem.
In the inner region, the eigenfunction has the form

Va Va
6= c1mt + ep? (84)
~ ClUg, + CoUy, (85)

The constants (c1,¢2) indicate the direction of the instability. They will be determined at the same
time as the eigenvalue. As in one dimension, the nonlocal term in (83) is of lower order due to the
odd parity of the integrand:

/feu(bde/ V (Ve F Ve
Q R2 U2 14

There are now two solvability conditions to consider, corresponding to two undetermined constants
c1,cz. Multiply (83) by u.,, j = 1,2 and integrate by parts. We obtain

A 1 .
ﬁ/ﬂqﬁumjdxw/(m (umj8n¢—¢8numj)d5’(x)+/ﬂ¢(Aumj —ﬁumj—i—af(x)e uwj> dxz

Note that

Auwj — d2 +Oéf( )euumj = —afwjeu
so that
/ duzdr ~ — $Onu,dS(x / pafy e (86)
o0
Now away from the center of the spike we have
14+ A
A ~ 7@5, Ay, ~ d2 —sUg,, T F To. (87)

Now consider a domain D = Q\Bs(zg) where Bs(xp) is a ball of small radius § centered around zg;
with p < § < 1. We obtain:

0= / <A¢ - #qs) U, dr = / (e O — POy, ) dS(z) — / 2 g, dz (88)
D d BQ\Bg(mo) O\Bs (z0) 4°

GOnug;dS(x) + %qﬁumj dx ~ / 5 ¢u% dx — / (uwj On — ¢6nuwj) dS(z) (89)
29 ad Bs(z0) @ 9B (x0)
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Substituting (89) into (86) we obtain

A
/ (g, 000 — $Onuy, ) dS(z) — / —5 QU dv ~ / pafy e dr. (90)
aBg(I[)) Bg(zo) d Q
Next we evaluate the left hand side. Recall that
1
u~—4lnR, R=ly|=|x—z|/u, 1<<R<<;
so that in the intermediate region, the leading order behaviour is
—4
@ ~ CrLUg, + Colg, ~ - (c1cos@+ cosinf); p<r<l (91)
where r = |z — z|. Therefore ¢ solves (87) subject to singularity condition (91) as r = | — a¢| — 0.

Now let G* be the Green’s function satisfying

2 _ 142

AG* — WGP = —§(x—2), 2€Q  0,G=0, 2€99; w pE

(92)

Note that G* (z,2) ~ —z=Inr as r — 0. It follows that G ~ =<8 G2 ~ L=né By matching

2 r 2 r
with (91) we obtain the following behaviour of ¢ in the outer region:

¢~ =8 (c1G2, + 2G2,), r=0(1).

Next we decompose G* into singular and regular part as in (67). We will need to keep terms up to
O(r?). For reference, note that
2
Ko(r) ~ —In7r + ag + T (=lnr+aop)+ O (r*Inr); r—0, with ag=1In2—7

where K is the Bessel K function so that

1 2 14+ A

G ~ — —lnr—|—a0—lnw—w—r21nr—|—0(r2) +HMz,2) as z —»x, w= L; r=|r—z|.
27 4 d?

where H*(z,z) is a C? function given by (69) with Z replaced by w? = 2. In the intermediate

region we then obtain

s~ LB g0

, <Lr<kl.
+01H§\1 —|— 02H2>\2 ) ,U

where )

1
glr,w) =——+ % @2r(=Inr+ap—Ilnw)—r)
r

Similarly for p < r < 1 we have

Next we compute

c1 (H2,, cosO+ H2 . sinf) +cy (H2,, cosf+ H2 , sinf)
a"¢ ~ —8m _ cosf sin 6
(Cl 27 + C2 2 ) 9r (Ta w)
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cos

8num1 ~ 8T |:¥

gr(r,wo) + (Hyyz, cosl + Hy, y, sin 9)}

in 0
Only, ~ 8T [sm
2

gr(r,wo) + (Hypw, cos0 + Hy, o, sin 9)]

Now note that

1 2
g(r,w) ~ - %rlnr—i—O(T)

1 w?

gr(r,w) = R Inr+ O(1)

It will be evident later on that A = O(1/Inp~!) < 1. Therefore we have w? — wg ~ 2

1{ A
g(rywo)gr(r,w) — g(r,w)gr(r,wy) ~ b3 Inr+O0\)+0(r)|, A\r—0.

Keeping in mind that A is small we then obtain,

A
/6 e (O — $Ontiz,) d ~ (87)° (c1 (Hayay + Hayay) + €2 (Hoyg, + Hayey ) + 1671 25 06
s{To
(93)

A
/ (Uy On — POnug2) dx ~ (87) (e1 (Hoywy + Hagay) + 2 (H, o, + Haooo)) + 16762@ Ind
9Bs(z0)

(94)

Next we evaluate [ Bs (w0) d—);gbum]. dzx. The dominant contribution for this integral comes from the inner
region. Therefore, using (63) we obtain

A A ) A [ 4R \? A
7 /Bé(wo) Pug, dx ~ = c;jUy dy ~ Cjﬂ-ﬁ/o T2 RdR ~ 167chﬁ (Ind — Inp)4+0(1).

Bs;,.(0)
(95)
Note that the Ind term in (95) cancels precisely with the Ind term in (93, 94) so that the left hand
side of (90) is indeed independent of §. Next we evaluate [, ¢pafs,e*dx. Using (60) and (84) we obtain

1 [« fo,
ae fp.dr ~ — y | = ) dzx
Q¢ o MQ/Q;C(V)%<JC>
1 2 fe,
N_F/Q;ci( 7 )minx (96)
2

fx;
~ —8T c <—J>
2

Substituting (93,94), (95) and (96) into (90) we obtain the following equation for A :
c1 o\ 3 -1 €1
(87TM+F)<02>—)\<d21nu ><02> (97)

Hzlml + Hmlml Hz2901 + HI2I1 ]
Hzlmg + ngml +Hz212 + HIQIQ

Tilg=xq

where

M:

r=xo

7
3 F= (fm_z
I
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Figure 3: Comparison of numeric and asymptotic computations of the small eigenvalue A\ for a two
dimensional disk domain of radius L. (a) The graph of A vs. a, where f(z) = exp(—alz|?/2) and
other parameters are « = 0.00125, L = 1.5, d = 1. The solid curve is the asymptotic approximation
given by (100). The dots are obtained by numerically solving the eignevalue problem (83) using
boundary value problem solver. (b) The threshold of stability A = 0 in two dimensions with d = 1,
f(x) = exp(—alz|?/2) and a = 0.005. The solid curve is the asymptotic threshold given by a =
2K (L)/ I} (L) —2K{y(L)/I)(L). The dotted points are obtained by numerically solving the eignevalue
problem (83) for A = A(a), then using a root finder to solve for A = 0. The hot spot is unstable for
parameter values below the curve and is stable for parameter values above the curve.

In particular, assuming that matrix 47M + F is O(1), it follows that A = O (d?/In(u~')) < 1 since
1 < 1. Note that there are in general two small eigenvalues, corresponding to the two eigenvalues of
the matrix 4w M + F. This concludes the derivation.

Disk domain. Next specialize the results of Principal Result 3.2 to a disk of of radius L, with
a radially symmetric electric field strength f(x) = f(|z|). The goal is derive the explicit instability
threshold given in (4). We assume that the hot-spot is radially symmetric and is located at the center
of the disk. In this case, the expressions in (98) can be significantly simplified as follows. First note
that when z = 0, the solution G to (66) can be explicitly written as

Glo ).y = - (Kotwr) - Dt} =lali w1
1 (KywD)
H@ oo =5 (Togh )

On the other hand, let v(z) = G, (z,2)|,_,. Now we have 271G ~ —In(|x — z|) as * — z so that
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cos 6
T

271G, |2=0 ~ , 7= |z| = 0. It follows that v solves

Av—w?v =0, x€ B(0)

cos
v~ , r=lz| =0
2rr
Opv =0, r=L.

Thus we obtain that v(z) = (cos @) J(r) where J (r) solves the ODE

1 1
Jop +=Jp — 5 —w?J =0
r r

subject to boundary conditions

J'(L)=0; J(r)~ % asr — 0.

wr

The particular solutions to (99) are given by K{(rw), I}(rw), with K{(rw) ~ =% so that we get

w K{(wL)
Therefore we obtain
w K{(wL)
H, =-——=2 I 0
= Ty b)) (cost)

o= e T Uy (st

We compute further,

1
(Heroy)p—o = <(Hw1)r cost — - (Haz,)g Sin9>
r=0

w K{(wL) 1 .
=5 I(’)O(wL) (wI{)’ (wr) cos? O + ;I(') (wr) sin? 9) .
P Kylel)
47 I)(wL)’

(where we have used the Taylor series expansion Io(t) ~ 1 +t2/4, t — 0) and in the same way,

w? K{(wL)
Hoio))po = ——0 :
(Hzizi)r=o 4m I}/ (wL)

Similarly,
. 1
(Hzlil)r:O = (Hzl)'r‘ sin ¢ + ; (HZ1)9 cosd
r=0
(szh)r:o =0.
so that ) Ki(wol)  Ki(woL)
w wo wo
Hzlﬂﬂl + HI1I1 =2 /? - lO :
Ar \ I}/ (woL) I (woL)
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The expressions involving zo in (98) are evaluated in the same way. Finally, for a radially symmetric

function f(z) = f(r) we obtain
(5., ()L

(%))
()] -] -

1 [(EUL/) KL/ | & £(0)
A 1nw{<fz;<L/d> Ié(L/d)> 2 f(O)}

Using Van-Dyke matching, we obtain the following simple uniform solution on a disk of radius L,

0

Thus we obtain

(100)

i~ 4 (Kotr/d) = TEEDI /) ~ 200 (14 /) (101)

where p is given by Principal Result 3.1.

4 Large eigenvalues, single spot

To conclude the stability analysis of a single hot spot, we now prove the stability with respect to the
large eigenvalues in one and two dimensions. The proof for one dimension has appeared elsewhere, see
for example [11] or [4]. We include it here for completeness. Here, we follow [11]. In two dimensions,
the situation is slightly more complicated because of the presence of a scaling invariance, which yields
an extra zero eigenvalue.

We start by studying the local operator

Lo® = A® + V@ (102)

where Vj is given by (20) in one dimension or by (62) in two dimensions. We have the following
characterization of the non-negative spectrum of (102):

Lemma 4.1. Consider the local eigenvalue problem on all of R™,
Lo® = AD; |D(y)| is bounded as |y| — oo (103)

with n =1 or n = 2. It admits a single strictly positive eigenvalue A = Ag > 0 corresponding to a
positive eigenfunction. In R, (103) admits one zero eigenvalue; the corresponding eigenfunction is
due to translation invariance and is given by

2= (5(0)) [

InR?, (103) admits three zero eigenvalues given by

0 . 0 0
Z1 = cosf <@VO> Vo, Za=sinf (ﬁ%) /Vo, Z3=2+4+R (ﬁ%) /Vo. (104)

where R = |y|. The first two are due to translation invariance and the third is due to the scaling
invariance. All other eigenvalues are strictly negative.
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Proof. We first note that Z3 satisfies Lo® = 0 in both one and two dimensions. To see this, let
U = In(V)) so that U satisfies
AU + €Y =0. (105)

This equation has a symmetry: if we write U(R) = w(e?/2R) + B then w(z) also satisfies (105).
Therefore differentiating (105) with respect to 8 and then setting § = 0, we obtain that Zs = 90U /98
satisfies Lo® = 0. In the same way, it is also easy to see that Z; and Z5 correspond to translational
invariance of (105). Now in one dimension, note that Z3 ~ O(R) for large R, so it is not bounded at
infinity. On the other hand, in two dimensions we have Z3 = O(1) for large R, so Z3 satisfies (103) in
two dimensions but not in one dimension.

Next note that Z; has one root in one dimension. Therefore by oscillation theorem, there must be
an eigenfunction that has no roots, and whose eigenvalue is positive. Moreover such an eigenfunction
is unique, again by oscillation theorem. Similarly, in two dimensions, the eigenfunctions corresponding
to the zero eigenvalue, Z1, Zs, Z3 all have a single nodal line, which implies the existence of a unique
strictly positive eigenvalue. It remains to prove that there are no other zero eigenvalues. In one
dimension, this is true because the second order ODE Ly® = 0 has only two solutions (Z; and Z3) so
by uniqueness of solution of an ODE, no other zero eigenfunctions can exist. In two dimensions, we
decompose in polar coordinates, ®(r,0) = ®(r) (Acosmb + Bsinmb) where m is an integer. When
m = 0 or m = 1, there are exactly three solutions to Lo® = 0, given by Z1, Zs, Z3, each having one
nodal line. If m > 1 then ® has at least two nodal lines which correspond to roots of Acosmf +
Bsinm# = 0. But this implies that the corresponding eigenvalue A < 0 by the Oscillation theorem —
see for example [17], exercise 10 in §11.6.H

Remark 1: Note that the inner eigenvalue problem (103) is somewhat nonstandard, as there is no
linear decay-type term on the right hand side. As such, it has a continuous spectrum up to Re(A) < 0.
However the outer problem (16) or (83) does have a decay since the outer region away from the spike
is of the form \¢ ~ d?A¢ — ¢. Therefore any continuous spectrum must satisfy Re(\) < —1. As such,
the presence of continuous spectrum does not affect the stability of the hot spot.

Remark 2: In one dimension, the unique positive eigenvalue of (103) is Ag = 1/4; the correspond-
ing eigenfunction is sech(y/2). (see [11]). In two dimensions, we do not know an explicit formula but
numerically we obtain Ay = 2.545.

Next consider the nonlocal problem

Lo® — ”yVO/ Vo®dy = A®; @ (y) — 0 as |y| — oo. (106)

Note that Lol = Vj so that ® = 1 is an eigenfunction of (106) corresponding to the zero eigenvalue

whenever v = 9 where

1
== 107
Yo fRn V()dy ( )

Next we show the following

Principal Result 4.1. Consider the nonlocal eigenvalue problem (106). Suppose that v > 9. Then
the problem (106) has no strictly positive eigenvalues. The zero eigenspace is the same as that of a
local problem (103) and is given in Lemma 4.1. On the other hand, if v < o then there is a strictly
positive eigenvalue of (106).

Proof. Given an eigenfunction ® of (106), there are two cases to consider. Either [ Vy® is zero
or not. In the former case, by Lemma 4.1, A < 0. In the latter case, by scaling ® appropriately, (106)
becomes

VWo = (Lo — A)®; Voddy = 1
R’n
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Define
f(A) = /n Vo(Lo — A)™'Vody

so that A corresponds to the solution of f(A) = 1/7. We now study the graph of f(A). Using
integration by parts we have

PO = [ (=) ey >0

Also note that f(0) = 1/y and f — 0 as as A — oo. Moreover f(A) has a vertical asymptote near
A = Ay, the positive eigenvalue of the local operator Lg. Since Ag is the only strictly positive eigenvalue
of Lo, f(A) has no other singularities for A > 0. This shows that f(A) > % on (0,Ap) and f(A) <0
on (Ag, 00). So if 4 > 7 then there are no solutions to f(A) = %; on the other hand there is a solution
A € (0,A0) to f(A) = % if v < 0.

Finally, it is easy to verify that [, VoZidy = 0 for i = 1 (in R') or i = 1,2,3 (in R?). This shows
that the null space of Ly is also in the zero eigenspace of (106). On other hand if ® an eigenfunction
corresponding to a zero eigenvalue, then either f]R" Vo®dy = 0 — in which case ® is a linear combination

of Z; — or else by choosing an appropriate rescaling we have

Lo® =V, v Vo®dy = 1.
R

But then ® =1 and v = 7. This completes the proof. B

Principal Result 4.1 shows that the stability of the full problem (16 or 83) depends only on the
stability of the small eigenvalues whose eigenfunctions in the inner region correspond to the kernel
of Ly as given in Lemma 4.1. Now in one dimension, this kernel consists of translational mode Z7,
whose instability was classified in Principal Result 2.2. In two dimensions, the kernel consists of two
translation modes Z7, Z> which were classified in Principal Result 3.2, and of a scaling eigenfunction
Z5. Now we note that Z3 ~ const. as R = |x — xg| /4 — 00. On the other hand, in the outer region
we have:

d*A¢p — p ~ A, |z —x0| > O(p)

with Neumann condition at the boundaries. To match with the inner region, ¢ must be bounded as
|x—xzo| — 0. But then we must have A ~ —1, since ¢ # 0. This shows that the eigenvalue corresponding
to the scaling mode Z3 is stable.

5 Non-singular solutions; two hot spots.

For some values of p, it is possible to construct non-singular perturbation solutions. To leading order,
such solutions satisfy the differential equation (3) with d set to 0. In this case the leading order
behaviour of the solution must satisfy the implicit relation

u=d*af(zx)e". (108)

To determine the critical value of p when such solutions exist, we consider the relation u = fe*. This

relation will have no solutions for 5 > %, one solution for 5 = % and two solutions otherwise. Thus, to

find the critical value of p, we solve for u = %e“fl, where M = maxq |f(z)|. We may then evaluate

a as,
p

(aJ Mew (—42) d:c)2 7

a =
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(a) (b)

Figure 4: Comparison of solution to (108) and the full numerical simulation of (3) on a unit disk. The
electric field f(x) is taken to be (110), p = 1.3 and d = 0.05. (a) Solution given by (108). (b) Full
numerical simulation of (3) using FlexPDE. Initial conditions were taken to be a constant and the
simulation quickly reached a steady state which is shown here.

where W (z) is the principle branch of the Lambert W function. At the critical value of p, a =
We can then solve for the critical value of p as

pe = Me (/QW (—%) da:>2 : (109)

For p < p, there will be two non-singular perturbation solutions. Since to leading order, the partial

_1
d?Me"

differential equation is reduced to an ordinary differential equation at each point x, it is evident that
the smaller solution is stable and the larger unstable.
To illustrate the existence of such solutions, consider the two-dimensional unit disk with

f(z) = cos(0)? J1(z17)? (110)

where z; is the first root of J;(z) the Bessel function of the first kind of order 1. Such an electric
field results from using a TM;1; wave guide with the wafer placed near the bottom of the cavity on
pegs[14]. Using (110) we then compute from (109) that p. ~ 1.35. Next we take p = 1.3. Solving
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Figure 5: A simulation of (3) with p = 0.14. We use the f and initial conditions as in (4).

(108) we then obtain 4(a). On the other hand, we used FlexPDE software [3] to simulate the full PDE
(3). Using d = 0.01 and a constant initial condition u(z,0) = 0.1, the solution quickly settles to a
steady state which is shown in Figure 4(b). It is seen to be in good agreement with the steady state
given by (108).

If p > pc, then the non-singular solutions will not exist. To illustrate this, we again consider
f(z) given by (110) but take p = 1.4 > p. = 1.35. We also took d = 0.01 and the initial condition
u(z,0) = 0.1. The resulting solution is shown on Figure 5. Since p is close to p., numerical simulation
shows that initially, the solution resembles the non-singular solution of Figure 4. Such transient state
then evolves into a solution that consists of two hot spots located near the maxima of f(z). However
this two hot-spot solution itself is unstable; one of the spots is quickly destroyed. Finally the resulting
solution containing only one hot-spot appears to settle to a stable equilibrium.

The instability of two-spot solutions can be seen as follows. As discussed in §4 the spectrum of
the local problem (103) contains an O(1) positive eigenvalue Ay with a strictly positive eigenfunction

Zp. Now consider ¢ = f(io)Zo (\z7z0|) — f(l )Zo (lm:m'). Due to the symmetry of the solution

€ Xy
and the localized nature of Zy, the integral term of the nonlocal eigenvalue problem (106) will vanish,

reducing it to the local eigenvalue problem (103). It follows that A > 0 is an eigenvalue of the two-spot
configuration. This unstable eigenvalue is responsible for the competition-type instability observed in
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Figure 5.

6 Discussion

For a homogeneous electric field (f(x) =const.), it was shown in [9] that the hot spot exhibits a
metastable behaviour, and slowly moves to the boundary of the domain [9]. On the other hand, for
the case where the nonlinearity in (1) is G(u) = u?, it was also shown in [9] that in the limit of
small diffusivity, the one-dimensional hot-spot will concentrate at the maximum of f(z). This is more
complicated when the nonlinearity is exponential and the power p is sufficiently large. In such a case,
the position of the hot spot is determined by a combination of f(z), the power p and the domain
geometry (see Principal Result 2.1). As Formula (6) shows, the hot-spot can lose its instability in the
one-dimensional case even with d < 1, when p is increased sufficiently so that
" 2
p > d*exp <% exp(2L/d)) .

The two dimensional case is more difficult to analyse, due to the appearnce of the logarithmic
singularity in the free-space Green’s function. Unlike the one-dimensional case, the stability is inde-
pendent of the power p, and the hot-spot will be stable provided that the diffusion d <« 1 and f(x)
has an interior maximum. Moreover, two-dimensional hot-spot can be stable even when d = O(1),
provided that the relationship (4) holds. By contrast, the one dimensional hot-spot is unstable when
d = O(1), regardless of the shape of f(z).

It is well known that scalar local reaction diffusion systems cannot give rise to stable hot-spot
type solutions [2]. On the other hand, the addition of a nonlocal term has a stabilizing effect [4],
[18], citeiw-metastable. Even then, two or more hot-spot solutions are found to be unstable — similar
phenomenon was discussed in [8] in the context of reaction-diffusion systems. It is an open question
as to whether several hot-spot solutions can be stabilized.

The instability of the small eigenvalue typically induce a motion of the hot spot. In the case when
d is small, the equations of motion of the spot in 1D was derived in [9]; such motion was shown to
be metastable (exponentially slow in d). Presumably, an extension to two dimensions should be along
similar lines. However when d is of O(1), the expression for small eigenvalues is implicit in 1D (see
(49)). This complicates the derivation of the equations of motion of the spot.

Another open problem is to extend the modelling and analysis to the three dimensional case. For
the exponential nonlinearity, the inner problem leads to the Bratu equation,

2
Usr + U+ Aexp(U) =0, U'(0) =0.

The hot-spot solutions have the property that U(0) — oo with A — 2 [10]. This makes it difficult to
match the inner and outer solution properly.

Finally, it would be interesting to study the stability and dynamics of a hot spot along the bound-
ary; this is of interest for example if f(x) has no interior maximum, in which case the interior spot is
unstable. Presumably, it will then move towards the boundary, and its eventual equilibrium location
would depend on the balance between the magnitude of the electric field f(z) and the geometry of
the domain.
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