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The mean first passage time (MFPT) is calculated for a Brownian particle in a bounded two-dimensional domain that
contains N small non-overlapping absorbing windows on its boundary. The reciprocal of the MFPT of this narrow
escape problem has wide applications in cellular biology where it may be used as an effective first order rate constant to
describe, for example, the nuclear export of messenger RNA molecules through nuclear pores. In the asymptotic limit
where the absorbing patches have small measure, the method of matched asymptotic expansions is used to calculate the
MFPT in an arbitrary two dimensional domain with smooth boundary. The theory is extended to treat the case where
the boundary of the domain is piecewise smooth. The asymptotic results for the MFPT depend on the surface Neumann
Green’s function of the corresponding domain and its associated regular part. The known analytical formulae for the
surface Neumann Green’s function for the unit disk and the unit square provide explicit asymptotic approximations to
the MFPT for these special domains. For an arbitrary two-dimensional domain with a smooth boundary, the asymptotic
MFPT is evaluated by developing a novel boundary integral method to numerically calculate the required surface
Neumann Green’s function.
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1 Introduction

Narrow escape problems have recently gained increasing scientific interest (cf. [1], [9], [10], [17]), especially in
biological modeling, since they arise naturally in the description of Brownian particles that attempt to escape from
a bounded domain through small absorbing windows on an otherwise reflecting boundary. In the biological context,
the Brownian particles could be diffusing ions, globular proteins or cell-surface receptors. It is then of interest to
determine, for example, the mean time that an ion requires to find an open ion channel located in the cell membrane
or the mean time of a receptor to hit a certain target binding site (cf. [10], [17]).

The narrow escape problem in a two-dimensional domain is described as the motion of a Brownian particle confined
in a bounded domain © € R? whose boundary 9Q = 99, U 99, is almost entirely reflecting (912,.), except for small
absorbing windows, labeled collectively by 9€,, through which the particle can escape (see Fig. 1). Denoting the
trajectory of the Brownian particle by X (¢), the mean first passage time (MFPT) v(x) is defined as the expectation
value of the time 7 taken for the Brownian particle to become absorbed somewhere in 082, starting initially from
X(0) =z € Q, so that v(z) = E[r| X(0) = z]. The calculation of v(z) becomes a narrow escape problem in the
limit when the measure of the absorbing set |0Q,| = O(¢) is asymptotically small, where 0 < € < 1 measures the

dimensionless radius of an absorbing window.
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It is well-known (cf. [10], [15], [16]) that the MFPT v(x) satisfies a Poisson equation with mixed Dirichlet-Neumann
boundary conditions, formulated as

1
Av:—ﬁ, re, (1.1a)

v=0, €00 =U} 09, j=1,...,N; Opv =0, x €0, , (1.1b)

where D is the diffusion coefficient associated with the underlying Brownian motion. In (1.1), the absorbing set
consists of N small disjoint absorbing windows 0., centered at z; € 9§ (see Fig. 1). In our two-dimensional
setting, we assume that the length of each absorbing arc is |0Q| = el;, where [; = O(1). It is further assumed that
the windows are well-separated in the sense that |z; — z;| = O(1) for all i # j. With respect to a uniform distribution

of initial points x € €2, the average MFPT, denoted by v, is defined by

ﬁ/ﬂv(aj) dx , (1.2)

V=X
where Q)| denotes the area of €.
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FI1GURE 1. Sketch of a Brownian trajectory in the two-dimensional unit disk with absorbing windows on the boundary

Since the MFPT diverges as ¢ — 0, the calculation of the MFPT v(x), and that of the average MFPT ¥, constitutes
a singular perturbation problem. It is the goal of this paper to systematically use the method of matched asymptotic
expansions to extend previous results on two-dimensional narrow escape problems in three main directions; (i) to the
case of multiple absorbing windows on the boundary, (ii) to provide both a two-term and infinite-order logarithmic
asymptotic expansion for the solution v to (1.1) for arbitrary two-dimensional domains with smooth boundary, (iii)
to develop and implement a numerical method to compute the surface Neumann Green’s function, which is required
for evaluating certain terms in the asymptotic results.

For a two-dimensional domain with smooth boundary with one small window of length O(¢) on its boundary, the

analysis in [10] and [18] showed that, for ¢ — 0, v(x) has the leading order expansion

o(z) = % [—loge + O(1)] . (1.3)

This leading order result is independent of z and the location of the window on 0€2. A related leading-order asymptotic
result for v(x) was obtained in [19] for the case where an absorbing window is centered at a cusp or corner point of
a non-smooth boundary, and an explicit two-term result for this case was obtained for a rectangular domain. The

O(1) term in (1.3), which depends on z and on the arrangements of the absorbing windows on the domain boundary,
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has been determined previously in only a few special situations. In particular, for the unit disk with one absorbing
window on the boundary, the O(1) term in (1.3) was calculated explicitly in [18] by using Collins method to solve
certain dual integral equations. The only previous work on the interaction effect of multiple absorbing windows was
given in [11] for the case of two absorbing windows on the boundary of the unit disk with either an O(1) or an O(e)
separation between the windows. For this two-window case, the result in [11] determined the average MFPT o up
to an unspecified O(1) term, which was fit through Brownian particle numerical simulations.

One specific goal of this paper is to use the method of matched asymptotic expansions to derive an analytical
expression for the O(1) term in (1.3) for an arbitrary domain with smooth boundary that has N well-separated
absorbing windows on the boundary. In addition, further terms in the asymptotic expansion of v(z), of higher order
than in (1.3), are obtained by summing a certain infinite order logarithmic expansion. In our analysis, the average
MFPT o, defined in (1.2), is also readily calculated. Our asymptotic results for the MFPT involve, in a rather
essential way, the surface Neumann Green’s function for the Laplacian together with the regular part of this Green’s
function. Our asymptotic results for v(z) in an arbitrary domain are given below in Principal Results 2.1 and 2.2, and
show clearly the nontrivial interaction effect of well-separated absorbing windows. We then show how our analysis
is very easily adapted to treat the case where a finite number of non-overlapping windows are clustered in an O(e)
neighborhood around some point on the domain boundary. Specializing to a two-window cluster on the unit disk,
our result for this case agrees with that in [11] and determines analytically the missing O(1) term not given in [11].

In §3 we implement and illustrate the analytical theory of §2 for some specific domains. In §3.1 and §3.2, simple
analytical results for v(xz) and ¥ are obtained for various arrangements of the small absorbing windows on the
boundary of the unit disk and unit square. For such special domains the surface Neumann Green’s function can be
determined analytically. For the case of one absorbing window on the boundary of the unit disk, our results readily
reduce to those of [18]. For the case of N asymptotically small, equally spaced, windows of a common length 2¢ on

the boundary of the unit disk, our analysis for the average MFPT yields the explicit asymptotic result

oo [rn () 4], ”

Other results for v(z) and v are given in §3.1 and §3.2. In §3.2 we extend the analysis in §2 to allow for an absorbing
window at a corner of the square, representing a non-smooth point on 9. Our result for this case agrees with
that derived in [19]. In §3.3, we develop and implement a novel boundary integral numerical scheme to numerically
compute the surface Neumann Green’s function and its regular part for an arbitrary bounded two-dimensional domain
with smooth boundary. The numerical method is then used to calculate v(x) and v for an ellipse.

The problem for the MFPT is very closely related to the problem of determining the principal eigenvalue \* for
the Laplacian in a domain where the reflecting boundary is perturbed by N asymptotically small absorbing windows

of length O(e). For a two-dimensional domain with smooth boundary, in §4 we show that

P=x +0 (Juf?) . (15)

_ 1
~ DX*(¢)

where |p|? indicates terms of order O [(—1 /log 6)2} . The specific order of this error estimate is a new result. In addi-
tion, the method of matched asymptotic expansions is used to obtain both a two-term and infinite-order asymptotic
result for \* in powers of O(—1/loge). These results for A* in Principal Results 4.1 and 4.2 extend the leading-order
asymptotic theory of [23] where it was shown for the case of one absorbing window of length 2e that \* ~ wu/|Q),

where y = —1/log(e/2). Some related results for this problem, obtained using a different approach, are given in [7].
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The analysis in §4 is an extension of the work of [22] and [13] for the related problem of calculating a high order
asymptotic expansion for the principal eigenvalue of the Laplacian corresponding to a two-dimensional domain with
reflecting boundary that is punctured by N asymptotically small disks of a common radius €.
For the case of one small absorbing arc of a fixed length €l; centered at z1 € 0f, the results of §4 show that
1 h
Clogledy]” ' 4

v T
1 (9

R(zy;21) + O(ut) B = (1.6)

where R(x1;x1) is the regular part of the surface Neumann Green’s function. In §4 we seek to determine the location
of the center 1 € 9 of the absorbing arc that minimizes the second term for A\* in (1.6) involving R(z1;x1). For a
heat conduction problem, this optimal absorbing arc is the one that minimizes the rate of heat loss across the domain
boundary. Similar eigenvalue optimization problems have been studied in [8] and [3] as a function of the location of
an absorbing boundary segment, and in [13] for the related problem of asymptotically small disks that are interior
to a two-dimensional domain. When € is a square it was proved in [3] that, for one small (but not asymptotically
small) absorbing segment, the principal eigenvalue is minimized when this segment is centered at a corner of the
square. Based on the results of [3] for the square it was conjectured in §1 of [3] that, for a general convex domain
with smooth boundary, an optimal absorbing arc must lie in a region of 99 with large curvature. This conjecture
is investigated in §4 by first deriving a perturbation result in Principal Result 4.3 for R(x1;x1) for domains that
are smooth perturbations of the unit disk. In Principal Result 4.4 we construct a counterexample to show that local
minima of A* with respect to x1 do not necessarily correspond to local maxima of the boundary curvature.

Related problems, with biophysical applications, involving the asymptotic calculation of either steady-state dif-
fusion, Laplacian eigenvalues, or the MFPT, on specific Riemannian manifolds with a collection of localized traps,
include [2] and [20] for the surface of a long cylinder, and [4], [24], [19], and [6] for the surface of a sphere.

In the companion paper [5] we asymptotically calculate the MFPT for narrow escape from a spherical domain.

2 Narrow Escape in Two-Dimensional Domains

We construct the asymptotic solution to (1.1) in the limit & — 0 using the method of matched asymptotic expansions.
The solution in the inner, or local, region near each absorbing arc is determined and then matched to an outer, or
global, solution, valid away from O(e) neighborhoods of each arc.

To construct the inner solution near the j th

absorbing arc, we write (1.1) in terms of a local orthogonal coordinate
system where 7 denotes the distance from 92 to x € 2, and s denotes arclength on 9€). In terms of these coordinates,

the problem (1.1 a) for v(x) transforms to the following problem for w(n, s):

K 1 1 1
0, — 0 0Os osw | = ——. 2.1
't 1—kn nw+1—f~@n (1—/177 w) D (2.1)

Here & is the curvature of 02 and the center z; € 9 of the jth absorbing arc transforms to s = s; and n = 0.

Next, we introduce the local variables 7 = n/e and 5§ = (s — s;)/e near the jth absorbing arc. Then, from (2.1)

and (1.1 b), we neglect O(e) terms to obtain the inner problem

Wozn + woss = 0, 0<nN<oo, —0<s§<o0, (2.2&)

Oywo =0, on [§>1;/2, 7=0; wo=0, on |§|<;/2, 7=0. (2.2b)

We specify that wg has logarithmic growth at infinity, i.e. wo ~ Ajlogl|y| as |y| — oo where A; is an arbitrary
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constant and |y| = e~z — 2| = (772 + §2) "2 The solution wo, unique up to the constant A;, is readily calculated

by introducing elliptic cylinder coordinates in (2.2). It has the far-field behavior

wo ~ Aj[logly| —logd; +o(1)], as [y[—oo,  dj=1;/4. (2.3)

th

From the divergence theorem, A; = 27! Lif? Oswoln=0 ds, which gives the flux of wy across the j*"' absorbing arc.

0
In the outer region, the jth absorbing arc shrinks to the point z; € 9Q as ¢ — 0. With regards to the outer
solution, the influence of each absorbing arc is, in effect, determined by a certain singularity behavior at each z; that
results from the asymptotic matching of the outer solution to the far-field behavior (2.3) of the inner solution. In
this way, we obtain that the outer solution for v satisfies
Av:—%, x €Q; Opv =0, x € OON{x1,...,zN}, (24 a)
UNﬁ+Aj10g|ﬂj_Ij|, as r—x;, j=1,...,N; ,ujz—#, dj:l—j. (2.40)
1 log(ed;)

Each singularity behavior in (2.4 b) specifies both the regular and singular part of a Coulomb singularity. As such, it

provides one constraint for the determination of a linear system for the source strengths A; for j =1,..., N.

To solve (2.4), we introduce the surface Green’s function G(z;x;) defined as the unique solution of

1
AG:@, x€Q; 0,G =0, x € 0N{z;}, (2.5a)
1
G(x;xj) ~ —;log|x —xj| + R(zj;z;), as z— x; € 09, (2.5b)

/ G(z;zj)dr =0, (2.5¢)
Q

where |Q] is the area of Q. Then, the solution to (2.4) is written in terms of G(z;x;) and an unknown constant ¥,

denoting the spatial average of v, by

N
1
v:—wZAiG(ac;xi)—i—x, X:@Eﬁ/vd:v. (2.6)
i=1 £
To determine a linear algebraic system for A;, for j =1,..., N, and for x, we expand (2.6) as ¢ — z; and compare

it with the required singularity behavior (2.4 b). This yields that

N
A
Aj10g|$—$j|—WAjRj—WZAiGji+X:AjIOg|$—Ij|+ﬁ, j=1,...,N. (2.7)
i=1 J
i#]

Here G;; = G(xj;;), while R; = R(xj;x;) is the regular part of G given in (2.5b) at « = z;. Equation (2.7)
yields N linear equations for x and Aj;, for j = 1,...,N. The remaining equation is obtained by noting that
Av=—m Zi\;l A NG = —7|Q| 7t Ei\]:l A; = —D7!. Thus, the N + 1 constants x and A;, for j = 1,..., N, satisfy

N

A; . 0
—j+7TAjRj+7TZAiGjZ‘:X, j:].,...7N; ZAi:u' (28)
Hi i=1 i=1 Dr
1#]
This linear system of N 4 1 equations can be written in matrix form as
Q
(I+7UG)A=xUe, eTA= %. (2.9)

Heree? = (1,...,1), AT = (A4,..., AN), I is the N x N identity matrix, while the diagonal matrix & and symmetric
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Green’s function matrix G are defined by

pp O 0 Ry Gi2 o Gin
0O . ... 0 Ga1 R Gan

U= . . . , g= ) ) . ) . (2.10)
0 0 - pun Gn1 -+ Gyn-1 Ry

We can then decouple A and y in (2.9) to obtain the following main result:
Principal Result 2.1: Consider N well-separated absorbing arcs for (1.1) of length el for j =1,...,N centered at

xj € 0). Then, the asymptotic solution to (1.1) is given in the outer region |z — x;| > O(¢e) for j=1,...,N by

N
vw—wZAiG(x;xi)—i—x. (2.11a)

i=1

Here G is the surface Green’s function satisfying (2.5), and AT = (Ay,..., AN) is the solution of the linear system

1 €2 L o7
I I— —F = E=— . 2115
< + U < z U) g) A Dﬂ'Nﬂue’ €€ ( )
In addition, the constant x, representing the spatial average of v, is determined in terms of A and p; of (2.40) by
N
_ 19] T 1
===+ — =— - 2.11
UEX=pona T NS UGA, L N;ug (211¢)

We first remark that our asymptotic solution to (1.1) in Principal Result 2.1 has in effect “summed” all of the
logarithmic correction terms in the expansion of the solution, leaving an error that is transcendentally small in e.
Secondly, the constant x in (2.11 a), as given in (2.11 ¢), has the immediate interpretation as the MFPT averaged
with respect to an initial uniform distribution of starting points in 2 for the random walk.

For p1; < 1 we can solve (2.11 b) and (2.11 ¢) asymptotically by calculating the approximate inverse of the matrix
multiplying A in (2.11 b). This yields that
o, o)

T
NDrh NQD,[LQG UGUe + O(|p]) .

€2 . ™ 2
A NDrh Ue WUQL{e—kﬂZ/{EUgL{e +0(|ul?), X

Here O(|u|P) indicates terms that are proportional to M? . In this way, we obtain the following two-term result:

Principal Result 2.2: For ¢ < 1, a two-term expansion for the solution of (1.1) is provided by (2.11 a), where A;

and x are given explicitly by

LT N T ,

A] ~ NDri 1—7T;,u1gzg+Nﬂpw(l’l,...,xN) —|—(’)(|‘u| )’ (2.12a)
0 0

5=y~ Y O (a1, aw) + Oul)- (2.12)

NDmi T N2D2Pv
Here py(z1,...,xN) is the following weighted discrete sum defined in terms of the entries G;; of the Green’s function
matriz of (2.10):

N N
1 l;
by = iiGii s = d; = . 2.13
pw(xl I'N) ;jzzlﬂzﬂjgm M log(sdj) j 4 ( )
Hence, the average MEFPT x is minimized for an arrangement of arcs that minimize the discrete sum py(z1,...,ZN).

Consider the case of exactly one absorbing arc with length |0Q¢,| = 2¢ for which d = 1/2. Then, (2.11 a) and
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(2.12b) for v(x) and the average MFPT y, respectively, reduce to

v(x) ~ % [— log (%) + 7 (R(z1;21) — G(zy21)) | V=X~ % [— log (%) + wR(xl;xl)} . (2.14)

Here G(x; 1) is the Green’s function satisfying (2.5) with regular part R(z1;x1). These results are the generalizations

to an arbitrary domain 2 with smooth boundary 9€ of the results given in [18] for the case of the unit disk.
Another relevant special case of Principal Result 2.2 is when there are IV well-separated absorbing arcs of a common

length el with the arcs arranged on 0f2 in such a way that G is a cyclic matrix. For instance, this situation occurs

when there are exactly two arcs of the same length on the boundary of the unit disk, or when N arcs of a common

length are arranged with equidistant spacing on the boundary of the unit disk. When §G is cyclic, then

N N
Ge = %e, p=p(z1,...,ZN) EZZQU’ (2.15)

i=1 j=1
where el = (1,...,1). For this special case, the exact solution to (2.11b) and (2.11 ¢) is simply

Y o e L
77 NDrn’ NDrp ' N2Dp b log[(cl/4)]

j=1,....N; ©=yx= (2.16)

This result for y effectively sums all of the logarithmic terms in powers of u. In addition, (2.11 a) for v becomes

1 el « SN
U(;v)NN—Dﬂ_ — log 1 —l—Np(gcl,...,xN)—ijlG(x,xj) . (2.17)

We remark that the analysis leading to Principal Results 2.1 and 2.2 has assumed that the absorbing windows on
the boundary are well-separated in the sense that |x; —x;| = O(1) for ¢ # j. Next, we briefly consider the case where
there are M; non-overlapping absorbing arcs clustered in an O(e) ball near some point z; € 0, for j =1,...,N,
where N now denotes the number of clusters and M; + ... My = n is the total number of absorbing windows. To
allow for the effect of the clustering of absorbing windows, we need only replace p; in Principal Result 2.1 and 2.2

with —1/log(ed;) where d; to be determined from the far-field behavior of the following inner problem:

Upy +0ss =0, >0, —00<s<o00, (2.18 a)

v=0, n=0, s€S; Opv=0, n=0,s¢ S, k=1,...M;, (2.18)

v~loglyl —logd; +o(1), as |yl = (n2+52)1/2 — 0. (2.18¢)

Here, for each j = 1,..., N, Sj; are a collection of M; non-overlapping finite intervals of lengths [;; for k =

1..., M;. Although the constant d; is determined uniquely by the solution to (2.18) it must, in general, be computed
numerically. However, d; can be determined analytically for the special case of a cluster of exactly two absorbing
windows of a common length [;, with edge separation 2a;, so that Sj1 = {s|—a; —; <s < —a;} and Sjo =
{sla; < s <a;+1;}. For this symmetric two-window cluster, (2.18) is readily solved analytically by first using
symmetry to reduce the problem to the quarter plane 1,s > 0 and then using the simple analytic mapping Z = 22,
where z = s + in. This leads to an explicitly solvable half-plane problem Im(Z) > 0 with one absorbing window. In
this way, we obtain for the symmetric two-window cluster that d; is given explicitly by
1/2
d; = % [1 + 21%} : . (2.19)

For a; = 0, then d; = [;/2, which corresponds to the value of d; in (2.2) for an absorbing window of length 2{;.
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We conclude that the results in Principal Result 2.1 and 2.2 still hold provided that whenever we have a two-
window cluster of a common length we replace p; = —1/log(el;/4) in those results with p; = —1/log (ed;), where
d; is given in (2.19). Therefore, Principal Results 2.1 and 2.2 are readily modified to explicitly treat any combination
of well-separated windows and symmetric two-window clusters on the domain boundary.

Finally, we show that our result for the average MFPT o for a symmetric two-window cluster makes a smooth
transition to the corresponding result for ¢ for the case of two well-separated windows. For simplicity, we assume

that there are exactly two absorbing windows each of length [ on the boundary. Then, from (2.12 b), we obtain that

T~ |D£| [—log(edy) + mR.] , (a two-window cluster) , (2.20 a)
™
) 1 el ™ .
Gl log T + 1 (R(z1;21) + R(x2;22) + 2G(x1;22)) | (two well-separated windows).  (2.20b)
™

Here 7 € 09 is the center of the two-window cluster, R, = R(x7,x}) is the regular part of the Green’s function at
xF, and d; is given in (2.19). In the overlap region O(e) < |r2 — 1] < 1, the well-separated result (2.20 b) can be
simplified using R ~ Roz ~ R, and G(z1;22) ~ —7~!log|z1 — x2| + R.. In this same overlap region, we simplify
the cluster result (2.20 a) by using d; ~ % (Za/l)l/2

lead to the common expression

for a/l > 1 where 2a+1 = |z2 — 1| /. Since both limiting results

Q 1 l
U~ (LU log ) log |zo — z1| + TR« | , for O(e) < |z — 21| < O(1), (2.21)
Dr 2 4 2

we conclude that there is a smooth transition between the two results in (2.20). As a remark, for the special case
of the unit disk, where the regular part R has the uniform value R = 1/(87) (see (3.2) below) everywhere on the
domain boundary, the results (2.20) are readily seen to agree asymptotically with the result in equation (29) of [11]

and provide the missing O(1) terms not given in this latter result of [11].

3 Numerical Realizations

In §3.1 and §3.2 we apply the results of §2 to the unit disk and the unit square, respectively. For these domains,
G(z;€) and R(&;€) can be calculated analytically from (2.5). For other more general domains, in §3.3 we present and
implement a boundary integral numerical method to numerically calculate G(x;€) and R(&;€). In this section we

will assume throughout that the absorbing windows are well-separated in the sense that |z; — ;| = O(1) for i # j.

3.1 The Unit Disk

Let Q be the unit disk, @ = {z|| |z| < 1}. When £ € Q, so that the singularity is in the interior of the domain, the
Neumann Green’s function G(x;¢) with [, G(2;€) dz = 0 is well-known (see equation (4.3a) of [13])

¢ 1, 9 9 3)
plel = =+ (22 + 1€)== ) . 3.1
61— 1| + 50 +16P) - 5 (31)

By letting & approach a point on 92 in (3.1), we obtain that the surface Green’s function solution of (2.5) is

G(a:€) = 5~ logle — € ~ 1oy

=2 1 1

Gr) =~ togle —g+ EL - L g = L

2
47 8’ (3-2)

We now apply the results of §2 to the unit disk. We first assume that there is one absorbing patch of length
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|0, | = 2¢ on 9Q. Then, with G and R as given in (3.2) and using || = 7, (2.14) becomes

1 1 2 1 1
v(m):E[T|X(O):x]~B —logs+log2+Z+log|x—x1|—%], XNB[—log5+log2+§ . (3.3)

The formula for & = x in (3.3) agrees with that in equation (1.3) of [18]. If we fix the center of the absorbing arc at
z1 = (1,0), and let = = (£,0) be the initial point for the random walk, then a simple calculation from (3.3) shows
that v is maximized when £ = —1; i.e. at farthest point in Q to the absorbing arc centered at (1,0). In Fig. 2(a) we
use (3.3) to plot v versus &, where z = (&,0). Finally, to compare our results with those in [18], we let z; = (1,0)
and take z = (0,0) and = = (—1,0) as two choices for the initial point x for the random walk. Then, (3.3) yield

E[T|X(O)=(O,O)]~% —logs+log2+% , E[T|X(O):(—1,O)}~%[—10g5+210g2], (3.4)

which agree with the results given in equations (1.2) and (1.4) of [18].

0.0 ‘
-1.00 -0.75 -0.50 -0.25 0.00 025 050 075 1.00 0.0 0.5 1.0 1.

§

1 1 | 1 1 00 | |

o [

(a) One trap: v(§) (b) Two traps: v(0)

FIGURE 2. Left figure: plot of v given in (3.3) versus the horizontal coordinate x = (&,0) for the case of one absorbing arc
centered at 1 = (1, 0). Right figure: plot of v(0) versus 6 given in (3.5) for the case of two absorbing arcs centered at 1 = (1, 0)
and x2 = (cos @, sin@). For both figures e = 0.05 and D = 1.

Next, we assume that there are exactly two well-separated absorbing arcs on the boundary of the unit disk, each
with length |08, | = 2e. We fix the location of one of the arcs at x; = (1,0) and we let the other arc be centered
at some x5 = (cosé,sinf), where 0 < 6 < 7 is a parameter. For this special case the matrix G is cyclic. Therefore,
the average MFPT can be calculated from (2.16) and (3.2). In addition, for an initial starting point at the origin,
i.e. (0) = 0, then (2.17) with G(0;z;) = —1/(87) determines v(0). In this way, we get

1 1 1 1 1
xwﬁ<—log5+1+§10g2—§log(1—cos<9)> , U(O)Nx+8—D. (3.5)

For € = 0.05, in Fig. 2(b) we plot v(0) versus the polar angle  for the location of the second absorbing arc. This plot
shows that the specific MFPT v(0) is minimized when the two absorbing arcs are antipodal, as expected intuitively.
It also shows that v(0) varies rather significantly as a function of the relative locations of the two absorbing arcs.

Next, we consider the case of N absorbing arcs centered at x1,...,xy on the boundary of the unit disk having a



10 S. Pillay, M. J. Ward, A. Peirce, T. Kolokolnikov
common length |0€¢,| = 2¢ for j = 1,..., N. Then, from (3.2) and (2.12 b), the average MFPT is

1 ey N 1 R
i=1 j#i
The sum in (3.6) is minimized when x; = €2™/N for j =1,..., N, are the N poots of unity. For this choice of z;,

the Green’s function matrix G is cyclic and the results in (2.15), (2.16), and (2.17), apply. We obtain G(x;;x;) and

R(xj;x;) from (3.2), and then calculate p(z1,...,zn) as
N N N2 LN
p(z1,...,xN) = ZZQM =3 ;ZZlogp@j — x|,
i=1 j=1 k=1 j#k
N 1 N o 1 /N2
:———Zlog H(l—e%l(]*k)/N) :—<——NlogN) ; (3.7)
8t « Pt e T\ 8
7k

x

where we have used the simple identity [[}L, (z — ye2™0—R/N) = |zN-1 (1 +L4. 4 (ﬂ)N_l) |
7k
Therefore, for the special case x; = ¢>™/N for j =1,..., N we obtain from (3.7), (2.16), and (2.17), that

N
1 eN N 1 eN N
o)~ oy | o <7)+§JJZ_1G($’“) gy () 45] e

where G(x; &) is given in (3.2). Note that x in (3.8) agrees with (3.3) when N =1 and (3.5) when N =2 and 6 = «.
As remarked following (2.16), the error associated with the asymptotic result (3.8) is smaller than any power of p.
We now show that the result (3.8) for a periodic arrangement of boundary traps agrees with the corresponding
result that can be obtained from the dilute fraction limit of homogenization theory, whereby the mixed Dirichlet-
Neumann boundary condition on the boundary of the unit disk is replaced by an effective Robin boundary condition,
as was studied in [14]. From equations (2.6) and (4.3) of [14], the homogenized problem for the MFPT is to find

vp(x) satisfying
1

Avh:—ﬁ, r=lz|<1; edrvp + kv, =0, r=1, (3.9a)
where k is defined in terms of the length fraction o of traps by (see equation (4.3) of [14])
—1
K= —% (log [Sin (%)D . (3.90)

The homogenization result vy, (0) for the MFPT for escape starting from the center of the unit disk is readily calculated
from (3.9) as

11 € . [mo
vy (0) = D {Z - log (sm {7])} . (3.10)
In contrast, we obtain from (3.8), upon using G(0;z;) = —1/(8) from (3.2), that
11 1 eN

Since the trap length fraction on the boundary of the unit disk is ¢ = 2e N/(27) = e N/m, we observe that the dilute
fraction limit e N < 1 of the homogenization result (3.10) agrees with (3.11).
Finally, we illustrate the significant effect on x resulting from different placements of the absorbing arcs on

the boundary of the unit disk. We consider either three or four absorbing arcs, each of length 2¢, so that pu =



An Asymptotic Analysis of the Mean First Passage Time for Narrow Escape Problems 11

3.0 T T T T 2.0 T

1
'0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.00 0.05 0.10 0.15 0.20 0.25 0.30
€ €

(a) Three traps: x versus (b) Four traps: x versus €

FIGURE 3. Comparison of the two-term result for x given in (3.6) (dotted curves) with the log-summed result (3.12) (solid

curves) versus € for D = 1 and for traps on the boundary of the unit disk. Left figure: N = 3 traps at 1 = e™/3, gy = e™/2,

x3 = ¥™/3 (top curves); zy = ™% 1y = e”_/2, T3 = 65“_1'/6 (middle curves); x1 = _e_”/3, A
curves). Right figure: N = 4 traps at z1 = e™i/6 /3 /3 gy = 56 (top curves); z1 = (1,0), xz2 = €™/,
T3 = 627”/3, z4 = (—1,0) (middle curves); x1 = e , To =€ T3 =€ , Ty = eTmi/4 (bottom curves). When the traps

, L2 = € , L3 = €
/4 3mi/4 5mi/4
are centered at the roots of unity (bottom curves in both figures), the results (3.6) and (3.12) are identical.

(— 10g[5/2])_1. For an arbitrary arrangement of the centers z;, for j = 1,..., N of the arcs, the two-term asymptotic
expansion for the average MFPT Y is given in (3.6), which has an error of O(u). When the x; are chosen to be at
the roots of unity, the simple result (3.8) for x holds, which has an error of O(u*) for any k > 0. Finally, for an
arbitrary arrangement of z;, the asymptotic result for y that has an error O(u*) for any k > 0 is given in (2.11 ¢) of
Principal Result 2.1. Upon using (3.2) for G(z;; ;) and R, we can readily show that (2.11 ) and (2.11 ¢) reduce to

N ﬁ (—log (5) +%— %eTgl I —pu(I-E) glrle). (3.12)

Here E = N~ tee”, e = (1,...,1), I is the N x N identity matrix, and G; is defined as the N x N symmetric
matrix with Gij; = 0 for j = 1,..., N and Gy,;; = log |z; — ;| for i # j. For N = 3, in Fig. 3(a) we compare the
two-term asymptotic result (3.6) with the more accurate result (3.12) as a function of € for three different placements
of absorbing arcs on the boundary of the unit disk (see the caption of Fig. 3(a)). A similar comparison for N =4 is
made in Fig. 3(b). These results show that the two-term approximation (3.6) is rather accurate for small ¢, and that

the effect on x of the locations of the absorbing arcs is rather significant even for rather small values of ¢.

3.2 The Unit Square

For the unit square €2, we must calculate the surface Green’s function satisfying (2.5) with a singularity £ € 9Q2. To
do so, we proceed by first calculating the Neumann Green’s function G(x;€) for £ € Q and we then take the limit as

& approaches a boundary point. The Green’s function with an interior singularity satisfies

AG:ﬁ—d(m—g), x € 0nG =0, x€0Q; /G(x;{“)dmzo. (3.13)
Q

In this subsection we label @ = (z1,22) as the observation point in Q = {(z1,22)|0 <z <1,0 < z9 < 1}, while

the singular point has coordinates £ = ({1, &2).
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The function G(z;&) can be readily represented in terms of an eigenfunction expansion. Then, certain infinite
series can be summed analytically to extract the slowly converging part of the series resulting from the logarithmic

singularity. In this way, in equation (4.13) of [12] it was found that
1
G(2;€) = —5-loglz — €] + R(z;¢), (314 a)

where the regular part R(x;&) is given explicitly by

1 S n n n n n n n
R(z;€) = —o~ d log (11— q 24 411 = ¢ 24 - [[1 = ¢ 2 4 [T = ¢"Co 411 = " Ch [T = ¢"C 1|1 = "¢ )
n=0

I T

log |1 — _ 140
o . + H(z1,61) — 20g| q"z- . (3.140)

Here the eight complex constants z+ + and (+ 4+ are defined in terms of additional complex constants r+ +, p+ + by

zyp=eEE (g 4 =R E g=e " <1, (3.15a)
Ty 4+ = —|331 + §1| + i(xg + {2) , r_ 4+ = —|331 — §1| + i(xg + {2) R (315 b)
prx =1 +&| =242 £ &), pox=lr &l -2+i(m2 £ &), (3.15¢)

In (3.14) and (3.15), |w| is the modulus of the complex number w. In (3.14 ), H(z1,&) is defined by
1
H(x1,61) = T [h(z1

Now suppose that the singular point is located on the bottom side of the square so that £ = (£1,0) with 0 < & < 1.

— &) +h(z+ &),  h(0)=2-60]+30%. (3.16)

Then, the term log |1 — z_ 4| in (3.14 b) also has a singularity at # = (£1,0), and must be extracted from the sum.

In this case, the explicit solution to (2.5) is obtained by re-writing (3.14) as
1
G(w:6) =~ log|r — € + R(z:), (317a)

where the regular part R(x;¢) is given explicitly by

1 - n n n n n n
R(z;€) =5 Zlog(|1—q Z 1= "2 |1 = q"Cr |11 = ¢"C |11 = ¢"C— +|[1 — ¢"C- )

n=0

1. M—ae | 1. =2
~ Slogm Tl S pg BT A gy log (|1 — ¢"z_ _||1 — 3.17h
3r o8 T g les Ty T H &) - Zogl "z |1 = q"2— 4]) . (3.17D)

n=1

The self-interaction term R(;&) is obtained by taking the limit x — £ in (3.17b). By using L’Hopital’s rule to

calculate the terms log |1 — z_ +|/|r_ +|, we obtain with ¢ = ¢~ 2" that

2
R(g:€) = ——Zlog[l—qe2’51“)(1—(1"@—277151))} ng =) =BT (G- 5) gy (a9

Similarly, G(x; &) and R(&;€) can be found when the singular point is on any of the other three sides of the square.

We now calculate the MFPT for a few special cases. We first suppose that there is one absorbing window of length
2¢ centered at the midpoint & = (0.5,0) of the bottom side of the square. We consider initial points for a random

walk that are located on the vertical line x = (0.5, z2) where 0 < z9 < 1. For this configuration, (2.14) yields

o) ~ 5= [~10g () + 7 (R(E:6) - Gl )] (319)

where G(z;¢) and R(&;¢) is given in (3.17) and (3.18), respectively. In Fig. 4(a) we plot v versus x5, where we show
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that v increases as the initial point tends to the top boundary of the square, i.e. o — 1. Next, suppose that the
initial point is at the center of the unit square, i.e. x = (0.5,0.5), but that the center £ = (£1,0) of the absorbing
window slides along the bottom of the unit square with 0 < &; < 1. Upon using (3.19), in Fig. 4(b) we plot v versus

& on 0 < & < 1, which shows that v is minimized at £ = 0.5, as expected intuitively.

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
T2 &

(a) v(0.5, z2) versus w2 (b) v(0.5,0.5) versus &1

FIGURE 4. Left figure: Plot of the MFPT v(0.5, z2) on 0 < xz < 1 given in (3.19) when there is one trap located at £ = (0.5, 0.0)
at the midpoint of the bottom side of the unit square. Right figure: Plot of the MFPT v(0.5,0.5), with initial point at the
center of the unit square, versus the x-coordinate of a trap location that slides along the bottom of the square at position
& = (&,0) with 0 < & < 1. For both figures, D = 1, £ = 0.02 and the trap has length 2¢.

Next, we suppose that the initial point is at the center x = (0.5,0.5) of the unit square, but that there are two
traps, each of length 2¢, on the boundary of the square. We fix the center of one of the traps at the midpoint
&1 = (0.0,0.5) of the left boundary, and we let the center &5 of the other trap slide along the boundary of the square
in a counterclockwise direction starting from &;. From (2.12) and (2.11 a), the MFPT is given asymptotically by

1 € T
v@) ~ 5= [~1og (5) + 5 (R(€:6) + R(62. &) +26(61:6)) — 7 (G(a:&) + Glas&2))] - (3:20)
In Fig. 5 we plot v(x) versus the distance s along the boundary of the location of the second trap relative to the
first trap. Although the analysis in §2 leading to (3.20) is not valid for trap locations that are O(e) close to the
corner points of the square, we observe in Fig. 5 that v has peaks as & approaches these corner points, corresponding

to s = 0.5, s = 1.5, and s = 2.5. In addition, as seen from Fig. 5, v has a global minimum when & = (1.0,0.5)

(i.e. s = 2.0), corresponding to a configuration of two traps that are equally spaced on the boundary of the square.

Finally, we consider the special case with one absorbing window centered at the corner of the unit square. Since
the window is centered at a non-smooth part of the boundary, we must modify the analysis for the MFPT in §2.

Choosing ¢ = (0,0) as the corner point, we first calculate G(z;¢) from (3.14) as

G(z;¢€) = —% log |z| + R(z;0), (3.21a)
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T T T T

v

FIGURE 5. Plot of the MFPT v(0.5,0.5), with initial point at the center of the unit square, when there are two traps on the
boundary of the unit square. The first trap is fixed at & = (0.0, 0.5) on the left side of the square, while the second trap starts
from &; and then slides around the boundary of the square in a counterclockwise direction. The plot shows v(0.5,0.5) as a
function of the distance s along the boundary of the second trap relative to &; for 0 < s < 2.5. When s = 2, then the second
trap is at (1.0,0.5). At this antipodal point, v(0.5,0.5) has a global minimum. The local maxima at s = 0.5, s = 1.5, and
s = 2.5 occur when the second trap is close to a corner of the square. We took ¢ = 0.02, D = 1, and each trap has length 2¢.

where the regular part R(z;0) is given explicitly by
1 - n n n n
R(w;0) = == > log (Il = ¢" 24 ¢ [[1 = q"24 [[1 = "2 4|1 = "2 )
n=1

1 — n n n n
=5 D log (1= q"C |l =" |11 = "¢ 4|1 = g™ D)
n=0

L (|1—Z+,+||1—Z+,||1—Z7+||1—Z7|
— —log
2 L (s

) + H(z1,0). (3.21b)

Moreover, the self-interaction term R(0;0) is given by

21 1
_ ZO8T 5. a=e™. (3.22)

4 o0
R(0;0) = —— > log(1—q")
n=1

The analysis in §2 is easily modified to treat an absorbing arc centered at a corner of the square. We obtain that

1 A
Av:—ﬁ, z € Opv=0, xe€dQ\{0}; va?l—l—Allogm, as ¢ — 0. (3.23)
Since 0 has a 7/2 corner at x = 0, the divergence theorem yields A; = 2|Q|/(Dm), and hence
_ s
v=—05 G(x;0) + x . (3.24)

The constant  is obtained by expanding v as  — 0. We use G(z;0) ~ —27~'log |z| + R(0;0), and then compare
the resulting expression with the singularity behavior in (3.23). In this way, in place of (2.14), we get

v~ % ~log(ed) + g (R(0;0) — G(z:0))] , 5~ % ~log(ed) + gR(o;O)] . (3.25)
Here || = 7, while R(0;0) and G(z;0) are given in (3.22) and (3.21), respectively. Finally, the constant d in (3.25),
inherited from the far-field behavior of the inner problem, depends on the details of how the absorbing arc of length
2¢ is placed near the corner. If the arc is on only one side so that v = 0 on 0 < 1 < 2¢ with o = 0, then d = 1. If
v =0 on the two sides 2o = 0,0 < 27 <eand 1 =0, 0 < 23 < ¢, then d = 1/4.

By solving certain integral equations asymptotically, a result for  was obtained in [19] for the unit square when
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an absorbing arc of length ¢ is placed on 2o = 0, 0 < 27 < € near the corner at the origin. For this configuration,
d = 1/2 in (3.25). Upon approximating R(0;0) in (3.22) by taking only the first term in the infinite sum, (3.25)
reduces approximately to o ~ 2D 7! [log 2 — log(we) + 2e ™2™ + 7 /6], in agreement with equation (2.8) of [19].

3.3 More General Domains: A Boundary Integral Method

For an arbitrary bounded domain with smooth boundary 92, we now describe a boundary integral scheme to compute

the surface Neumann Green’s function G(z;x¢) satisfying

AG(x;xo):ﬁ, x €N, x9€0Q, (3.26 a)
OnG(z;20) =0(x —x0), =z € 0Q; /QG(;U;;UO)dx:O. (3.26b)

In terms of G(x;xo) we then define the regular part, or self-interaction term, R(xo;zo) by
wlggo <G(x; xo) + % log |z — x0|) = R(zo; o) - (3.26 ¢)

Requiring only the discretization of the domain boundary, the boundary element method (BEM) is well-suited to
numerically solving problems with singular boundary terms. However, the need to impose the uniqueness condition
Jo G(x;20) dx = 0 negates the benefit of the BEM derived from restricting the discretization to the boundary. Since
(3.26) for G without this integral constraint only defines G up to an arbitrary constant, one approach would be to
compute any specific solution for G and then determine the constant to add to G by an a posteriori area integration.

We choose to adopt an alternative numerical approach, which is based on a regularization of (3.26). To this end,

we consider the following reduced wave equation in which (3 is taken to be a small parameter and xy € 0€:

LsGp(z;z0) = AGg(w520) — B2Ga(2520) =0, €Q; OnGg(z;0) = 0(x — ), € IN. (3.27)

To determine the relationship between (3.26) and (3.27), we expand the solution to (3.27) for § < 1 as
(s z0) = %Go(x; 20) + G (2 00) + Gl zo) + ... . (3.28)
Substituting (3.28) into (3.27), and collecting powers of 32, we get that Gy is a constant and that G1 and Gy satisfy
AGi(z;z0) = Go(x;20), x € Q5 OnG1(z;0) = 0(x — ), x €09, (3.29 a)
AGo(z;z0) = Gi(xy20), x € Q5 OnGa(z;0) =0, x€090. (3.290)

Upon applying the divergence theorem to (3.29 a) we obtain that Go(z;xz¢) = |Q|71 . A similar application of the
divergence theorem to (3.29 b) shows that G'1 must satisfy the solvability condition [, G1(z;z¢)dx = 0. Therefore,
G (z; 0) is precisely the surface Neumann Green’s function satisfying (3.26). Since Go(x;20) = ||~ is known, our
strategy is to use Richardson extrapolation in which we solve (3.27) numerically for two distinct values of 5 < 1 and
then eliminate the O (?) term to yield an approximation of Gy (z;xo) which is accurate up to O (4*) terms.

The starting point for the boundary integral equation for (3.27) is the Green’s identity associated with the operator
Lg in (3.27), given by [, (u1Lgus — upLguy) dx = [ (u10,u2 — u20nu1) ds. We choose uy = Gg(x;20) and ug =
95(2;€) = 5=Ko(B |z — &) as the free space Green’s function satisfying Lggg(z; &) = —6(z — &) with € Q, where

Ko(z) is the modified Bessel function of the second kind of order zero. Then, Green’s identity reduces to

Gp(& o) + /zm Gp(w;20) Ongp(x;§) ds(z) = %Ko(mffo —&|). (3.30)
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Next, we decompose Gg(x;xo) into the sum of a singular part and a regular part Rg(x;x¢) as
1
Gga(z;20) = - log |z — xo| + Ra(z; 20) - (3.31)

Upon substituting (3.31) into (3.30), we obtain the following integral relation for £ in the interior of Q, i.e. £ € Q;

Ro(€ao) + [

o

Ry 20)0g (3 €) dle) = 5= KB o — € + T log oo — €]+ = | Tog o — 0] Duga(a: ) d(a).
(3.32)
To derive an integral equation from (3.32) that involves only unknown quantities on the boundary we consider the
local behavior of the integrals in (3.32) in the limit as & — 9. Let £ be located on the smooth boundary 92 and
consider the integral faﬂg(g) f(x)Ongs(x; €) ds(x). Here 08 (€) represents the boundary 02 of the domain in which
the boundary points in the vicinity of £ have been deformed to form a semi-circular arc of radius € which is centered at
¢ and which is such that £ is incorporated within the boundary of 9Q.(£). Under the assumption that f is continuous
at &, the contribution to the integral on the semi-circular arc can be calculated for ¢ — 0 as
/2

éig% _p f(&1 +ecosb, & + esin G)%K{J(ﬂs)e de = —%f(&,fz)-

Therefore, for boundary points where £ € 9, we have
. 1
lim f(@)Ongp(x;§) ds(x) = =5 f(§) + 1 f(2)Ongp(x;§) ds(z) . (3.33)
£=0Joq.(e) 2 o0
Here J%Q represents the exclusion of a small symmetric region from the boundary in the neighborhood of the point
& upon taking the limit to zero, as is customary in the definition of Cauchy principal value integrals. Making use of

the limiting behavior (3.33) in (3.32), we obtain the following boundary integral equation for Rg(&; zo):

1 1 1 1
—Rpg(&; o) + ][Rg(x; 20)0ngp(x;€) ds(x) = — Ko(B|xo — &]) + =— log |zo — &| + = ][log |z — 20| Ongp(z;€) ds(x) .
2 o0 2 21 ™ JoQ
(3.34)
For the special case £ — x the first two singular terms on the right side of (3.34) have the asymptotic behavior
. 1 1 1 2 9
lim (5= Ko(@lno — &) + 5 loglao — ¢ ) = 5 | =7 +1og ( 5 ) | +O (Ino — & log oo — €]}
E—xo \ 27 21 2m 1]
where v is Euler’s constant.
Next, we discretize the boundary integral equation (3.34). We approximate the boundary by N circular arcs and

on each arc we assume a piecewise quadratic representation of the unknown function

S(t—tr)
Ry(x(t);wo) = > Rj(xo)N;(t),  N;(t) =[] 7—=-

j=1 k
I k

Here t is the standard parameterization of the arc, and N;(t) are the quadratic Lagrange basis functions associated
with the collocation points ¢;, which are chosen to be the zeros of the third degree Legendre polynomial. The boundary

integral equation (3.34) then assumes the discrete form

1 NS 1 1
§ka(x0) +> > Ri(xo) ]égfjj(t)angﬁ(x(t)a§k) ds(t) = %Ko(ﬂ lzo — &kl) + 5, log lzo — &k| +

n=1j=1

1 N
- ; ]éﬂiog |2(t) — wo| ngp(x(t), &) ds(t) .
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This dense linear system can be written compactly in index form as

—Rk o) + Z Z/cm” (o) = b + L (3.35)
n=1 j=1
where
i 52 fO NP () K (2aﬁsm(‘t tml))sin('t tm)dt m=n
" el o Ny () (a — &mn cost — £ sin t) dt, m#n
m: 1 _'7+10g fk—ﬁCo
y Ko(B|zo — &) +1og|a:o — &l & # o

and K1(z) is the modified Bessel function of the second kind of order one. In addition,
fa" log (20,5111(2)) (Zaﬂbln( Zrl))sin(lt tm‘) dt, m=mn, n=ng
" log 2a sin( 2l t w a— &M cost — §m”51nt dt, m#n, n=ng
[e7% 1,]@
£ log (g (t )) (2aﬁsin (It*—;’“m‘))sin(‘t i I) dt, m=n, n#ng

ff‘;n log (rg (1)) Kl(#’“(ﬂ(t)) (a— 7{’?,? cost—ggf,? smt) dt, m#n,n#ng.

N
Lg:—2—ﬂz

th th

component of the ith
th

Here, a represents the local radius of curvature of the n
th

element, 5;”,;1 represents the j

receiving element relative to the local coordinate system centered on the n**' element,

th jth

collocation point in the m

mn

Tk collocation

th

(t) represents the distance between the current integration point ¢ in the n**' element and the

th sending

point in the m"" receiving element, r{(t) is the distance between the current integration point ¢ in the n
element and the source point g, and ng represents the element number in which the source point zg is located at
the middle collocation point. The integrals in (3.35) are performed using adaptive Gauss-Konrod integration.

The numerical solution to the linear system (3.35) yields approximate numerical values for Rg(z; z¢) for z € 9Q and
for R(zo; o). The function Rg(z; xo) for an interior point with € Q is obtained from (3.32), which then determines
Gga(x; o) from (3.31). A Richardson extrapolation applied to (3.28) then determines the surface Neumann Green'’s
function G(x;xg). Our final step in our BEM scheme is to use Richardson extrapolation to extract the regular part

R(xo; x0) of the surface Neumann Green’s function, defined in (3.26 ¢) from the small 3 expansion

R (w05 20) = + R(zo; ) + O(5%) . (3.36)

1
LR
Some numerical results computed from the BEM are given below and in §4.

The Unit Disk: In order to establish the convergence rate of the BEM we first consider the unit disk for which

R(xo;x0) = 1/(8m) = 0.039789, as obtained from the analytical result (3.2). In Table 1 we give numerical BEM

results showing that the convergence rate of our numerical scheme is O (N *3).

A Perturbation of the Unit Disk: We consider a perturbation of the unit disk with boundary defined by
r =14 §cos(20) where § > 0 is small. For a source point at position z¢(6) = (rcosé,rsinf) on the boundary, we
define the self-interaction term p(0) by p(6) = R(xo(0), z0(#)). From Principal Result 4.3 given below in §4, which is
proved in Appendix A, we obtain for § < 1 that

0 (0) ~ —4?5 sin(26) + O(6%) . (3.37)

In Fig. 6 we show a very favorable comparison between the asymptotic result (3.37) for § = 0.05 and § = 0.1 and
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\ Rga(wo; o) | R(zo;z0)

N ‘ 8 =0.025 [=0.0125 ‘ extrapolated value exact value

32 0.037515 0.039091 0.040666 0.039789
64 0.037243 0.038576 0.039908 0.039789
128 | 0.037203 0.038501 0.039799 0.039789
256 | 0.037198 0.038491 0.039783 0.039789

Table 1. Numerical BEM results approximating the regular part R(xzq;z0) = 1/87 of the surface Neumann Green’s
function for the unit disk with N boundary elements. The convergence rate of the numerical scheme is O (N _3).

0.1

0.051

dp(6)/de

—-0.051

0 0.5 1 15 2
o/n

FIGURE 6. Comparison of p’ (0) = L R(x0(0), z0(0)) versus 6/ from the analytical perturbation result (3.37) (dashed curves)

and the numerical BEM results (solid curves) for a near unit disk with boundary r = 146 cos(20) with 6 = 0.1 (large amplitude
curves) and § = 0.05 (small amplitude curves). In the BEM scheme N = 128 elements were used.

the corresponding full numerical BEM results for p’(6) computed with N = 128 elements. In computing p’(6) from
the BEM scheme, we used a not-a-knot cubic spline to perform the numerical differentiation. Fig. 6 gives further

supporting evidence that the BEM scheme is able to compute p(f) accurately.

An Ellipse: Next, we let 2 be the ellipse with boundary x(6) = 2 cos§ and y(f) = sin 0. By allowing the source point
x0(0) = (cosf,sinf) to move around the boundary, in Fig. 7(a) we plot the BEM result for p(0) = R(zo(0),x0(0))
versus 0/m with N = 128 elements. The curvature x(6) of the boundary is also shown in this figure. For this example,
the local maxima of p(#) and k(6) coincide. Next, we compute the MFPT for the case of one absorbing window of
length 2¢ on the boundary of the ellipse centered at xo(#). Upon setting |Q2| = 27 in (2.14), and with a minor change
in notation from (2.14), the average MFPT 4(0) and the MFPT v(0; x) for a starting position x € {2 are given by

5(6) ~ 2 [— 1og(§) +7Tp(o)] . w(Bz) ~2 [— log (%) 7 (p(6) —G(x;xo(e)))] . (3.38)

We define v1(0) = v(6; x) for an initial point at the origin = (0, 0), and v2() = v(6; x) for the initial point x = (1, 0).
In Fig. 7(b) we plot o, v; and vy versus /7 when ¢ = 0.05. From this figure it is seen that the MFPT depends
significantly on both the location 6 of the absorbing window on the boundary of the ellipse and on the chosen initial

point inside the ellipse for the random walk.
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R (z(0);xz(0)) and x(6) (b) ©(8), v1(0), and v2(6)

FIGURE 7. Left figure: plot of p(0) = R(z0(0),x0(0)) (solid curve) versus §/7 and the boundary curvature x(0) (dashed curve)
for an elliptical region with boundary z = 2cos@, y = sinf. Right figure: plot of the average MFPT ©(6) versus /7 (solid
curve) together with the mean first passage time v1(f) (dashed curve) and v2(6) (dash-dotted curve), as defined in (3.38),
for a random walk with initial starting point = (0,0) and = = (1,0), respectively. The absorbing window of length 2e with
€ = 0.05 is centered at polar angle 6§ on 9f2.

4 Optimization of the Principal Eigenvalue

In this section we asymptotically calculate the principal eigenvalue for

Au+iu=0, ze€Q, /quajzl, (4.1a)
Q
Ohu=0, z€0dQ; u=0, xe@QaEUfi:l@ng. (4.1b)

Here 0Q = 99, U 05, is a smooth boundary. We assume that there are N small well-separated absorbing arcs d)¢,
each with length [0€Q¢,| = €l; < 1, for which 0Q¢, — z; for j =1,...,N. We let A(¢) denote the first eigenvalue of
(4.1), with corresponding eigenfunction u(z, ). Clearly, A(¢) — 0 as ¢ — 0 with u — ug = |Q|71/2.

th

To calculate A(e) for ¢ < 1 we proceed as in §2. In the inner region near the j"" absorbing arc, we again obtain

(2.2) as the inner problem. The far-field behavior of the solution to (2.2) is written as

wo ~ p;Bjllogly| —logd; +o(1)] , as |yl — oo,  dj=1;/4, (4.2)
where y = e~ (z — z;), uj = —1/logled,], and Bj is some unknown constant. This leads to a singularity behavior
for the outer solution given by u ~ B;j 4+ pu;Bjlog |z — z;| as ¢ — z; for j = 1,..., N. In this way, we obtain that

Ae) = A + O(¢e), where \* and u* satisfy

Au* + Nu* =0, x €Q; Opu™ =0, x € OWN{z1,...,an}, (4.3 a)

u* ~ B+ pjBjlogle — x|, as xz—uxz;, j=1,...,N, (4.3b)

where 1, is defined in (2.4 b). The solution to (4.3) is written as

N
= -7 Z wiBiGp (x5 x;) (4.4)

i=1
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where G (x;2;) is the surface Helmholtz Green’s function, which depends on A*, and satisfies
AGRL+ X*Gp =0, x € Q; OnGp =0, z € 00\{z;}, (4.5 a)
1
Gh(z;zj) ~ —=log|x — z;| + Rp(zj;x;), as x — x; € 0Q. (4.50)
T

We then expand (4.4) as ¢ — x; and compare the resulting expression with the required singularity behavior (4.3 b).

This yields the following homogeneous linear system for the B; for j =1,...,V:

N
Bj +muiBiRy; + 7Y piBiGrji =0,  j=1,...,N. (4.6)
Z
Here we have defined Gjj; = Gr(z;; x;), while Rp; = Rp(x;; ;) is the regular part of G}, given in (4.5). Upon writing
this system in matrix form, we obtain the following main result:
Principal Result 4.1: Consider ({.1) for N well-separated absorbing arcs of length |00¢,| = €l; centered at x; € O
for j =1,...,N. Then, the principal eigenvalue \(€) of (4.1) satisfies A\(e) = X\* + O(e), where X* is the smallest

root of the transcendental equation

Det (I + 7Gpd) =0. (4.7)

Here U is the diagonal matriz as given in (2.10), and Gy, is the Helmholtz Green’s function matriz with entries
Grjj = Rn(xj;25), j=1,...,N; Ghij = Gr(zi;25), 1#7, (4.8)

which are defined in terms of the solution Gp(x; &) and Rp(&;€) to (4.5). The corresponding outer approximation to
the principal eigenfunction is given in (4.4), where BT = (By,...,By) is the eigenvector of (I +7GyU)B = 0.

The transcendental equation (4.7) has in effect summed all of the logarithmic terms in powers of u; for A(e). To
explicitly determine the first two terms in the logarithmic series, we let \* < 1 and obtain from (2.5) and (4.5) that

1 1

Gh(x;zj) ~ e + G(z;25) + O(XY), Ry (z;25) ~ e + R(z;z5) + O(\). (4.9)

Upon substituting (4.9) into (4.6), we obtain the approximating matrix eigenvalue problem
A€ _ -1 _ 1 7 T _
W—NB’ C={I+nGU) " EU, = e e =(1,...,1), (4.10)

where G is the matrix in (2.10) involving the Green’s function of (2.5). Since C is a rank one matrix, then for p; <1

CB ~

A€
TN

~ Trace [(I +7GU) " EU| ~ Trace (EU) — nTrace [GUEU] = ji — — Z Z;ngw

=1 j=1
The principal eigenfunction is found by substituting (4.9) for G}, into (4.4). We summarize the result as follows:

Principal Result 4.2: Let \(¢) be the principal eigenvalue of (4.1) with N well-separated absorbing arcs. Then, a

two-term expansion for A\(e) is given by

TaN  w?

* reer 3
M)~ A~ T o) + Ol (111)

where i = N™ (1 + -+ + un), pj = —1/logled;] with dj = 1;/4, and py(z1,...,xN) is the weighted discrete sum

defined in (2.13). The corresponding two-term outer approximation to the principal eigenfunction is given by

N
™
ur WZmBi — Y wiBiG(w; ) + O(|ul?), (4.12)
=1 =1
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where G(x; x;) is the surface Green’s function satisfying (2.5). For the special case N =1, then

1 lh

_log[é‘dl] 5 dl == Z . (413)

2,2
Ae) At~ TEL T

. 3 =
|Q| |Q| R(xlvxl)—’_o(:u‘l)? M1 =

As a special case of the result (4.11) for A(g), suppose that € is the unit disk with N identical small absorbing

arcs placed symmetrically around the boundary of the unit disk at the N th 1oots of unity, i.e. x; = e2m3/N Then,

with |Q| = 7 and py (21, ...,25) = pu?p(x1,...,2N), where p(x1,...,2y) is given in (3.7), (4.11) becomes
5 [ N? 3 g\ 7!
Ae) ~uN —pu Y NlogN | +0O(u?), uw=—|log 1 . (4.14)

As a further special case of (4.13), suppose that an absorbing arc of length 2¢ is centered at 1 = (£1,0) on the
bottom side of the unit square, for which R(z1;21) is given explicitly from §3.2 by the right-hand side of (3.18).
Then, (4.13) with d = 1/2 and |Q2| = 1, becomes

MNe) ~mpu — Rz 1), u= S . (4.15)
log (¢/2)
In Fig. 8(a) we plot R(x1;x1) showing that it has a minimum when & is at the midpoint of a side of the square.
Fig. 8(b) we plot (4.15) versus € for & = 0.5, & = 0.3, and & = 0.9. The eigenvalue is largest when & = 0.5.

.0
00 01 02 03 04 05 06 07 08 09 10 0.00 0.04 0.08 0.12 0.16 0.20

(a) R1 = R(x1; 1) with z1 = (£1,0) (b) Ale)

FIGURE 8. Left figure: plot of the regular part R(x1;x1) of the Neumann Green’s function for a square, as given in (3.18),
with the trap centered on the bottom side of the square at 1 = (£1,0). Right figure: two-term expansion for A(e) in (4.15)
for &1 = 0.5 (top curve), & = 0.3 (middle curve), and &1 = 0.9 (bottom curve). The eigenvalue is largest when & = 1/2.

The result (4.15) is not valid near a corner of the square, i.e. when £ = O(¢). For this case, where the arc is
located at a corner of angle 7/2, a modification of the analysis given in §2.3 shows that

2,,2
T o mp 1
A~ — — R(0;0 =—
(7)’ :u’ 10g(€d)7

4 & 2 1
0)=— log(1—¢")— =1 — 4.1
5 1 R(0;0) - > log(1—q") —logm+ 2, (4.16)

n=1

where ¢ = e~2™. The constant d, inherited from the inner problem, depends on the details of how the absorbing arc
of length 2¢ is placed near the corner. If the arc is on only one side so that u = 0 on 0 < z; < 2¢ with x5 = 0, then
d=1.If u =0 on the two sides o0 = 0,0 < 1 < e and x1 =0, 0 < z2 < ¢, then d = 1/4. In any case, it is clear by

comparing (4.15) with (4.16) that X is minimized when the absorbing arc is located at a corner of the square.
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Next, we show that a few terms in the expansion for A* given in (4.11) of Principal Result 4.2 can be transformed

directly into a few terms in the expansion for x given in (2.12 b) of Principal Result 2.2, in the sense that

+0O (luP) . (4.17)

_ 1

UTXT D (e
To establish (4.17) we first expand the solution to (1.1) in terms of all of the eigenfunctions u;(x,¢) and \;(e) for
j > 1 of (4.1). In this notation the principal eigenpair A\1(¢) and wu;(x,€) are given asymptotically in (4.11) and

(4.12), respectively. In the usual way, the eigenfunction expansion representation for v, and consequently v = y, is

o] 2 o0 2
_ 1 (u,u +Z(’I-Lj,].)u]‘ =T = 1 (u1,1) n (u;,1) . (4.18)

1
CD | M (usun) A (g, ) Q1D | A (u, ) =5 Ay (ug,uy)

<

Here (u,v) = fQ uvdz. For j > 2, we use the divergence theorem to calculate (¢;,1) over the absorbing windows

0Q, as Aj(¢;,1) faﬂ On¢; ds where \; = O(1) as € — 0. Then, introducing the local coordinates /) = £~ 17,
§=¢e"1!(s — s;), and noting that u; = O(|u|) in the inner region, as shown in (4.2), we estimate for j > 2 that
1 & 1 &
(ug,1) = — Z/ = 0g) eds ~ 1> [ O(ul)ds = O(lul).
Aj a9, i 551 709,
Therefore, (4.18) reduces to
1 (ul,l)ul — 1 (u 1)

U= B () +O0(uh),  x=v~ DN (un, ) Olul?). (4.19)

Next, we use (4.12) to calculate

(u1,1 Zuz - (ug,uy) ~ |Q|ZZHZHJBB (4.20)

=1 j=1
Upon substituting (4.20) and (4.12) into (4.19), and then using (4.11) for A\*, we obtain that
110 55 1 BGw; ;)
* N
)\ D D Zj:l 15 Bj

o, ol
aaND — Dp2N2""

_ 1 2
Oul),  x=v~ o +O(ul),

N
19] Zj:l 1 B;G (@ ;)
D SN ,.p
Zj:l HiDj

where i = N1 (1 + - + pn) and py (21, ..., zy) is defined in (2.13). This establishes the claim in (4.17). Finally,

O(|ul) (4.21)

Vo~ ( ...,$N)—

with regards to v, we use (4.10) to calculate BT = (Bj,..., By). To leading order for p; < 1, (4.10) reduces to
EUB = [iB, which yields BT ~ (1,...,1). Therefore, upon setting B; ~ 1 for j = 1,...,N in (4.21), we readily
obtain that (4.21) agrees asymptotically with the result for the MFPT given in Principal Result 2.2.

4.1 An Eigenvalue Optimization Problem

For the case of exactly one small (connected) absorbing arc of a fixed length eI, we now seek to determine the location
of the center xzy € 92 of this arc that minimizes the principal eigenvalue of (4.1). As stated in §1, it was conjectured
in §1 of [3] that, for a general convex domain with smooth boundary, an optimal absorbing arc must lie in a region
of 9Q with large curvature. We first note that (4.13) shows that, up to O(u?) terms, \(g) is minimized at the global

maximum of R(xo,x) for zo € 0€2. From (2.5) we introduce R(z;z¢) by

1
G(z;z0) = = log | — zo| + R(x; x0), xo € 00 (4.22)



An Asymptotic Analysis of the Mean First Passage Time for Narrow Escape Problems 23

When (2 is a smooth perturbation of the unit disk, we will examine below whether maxima of R(x¢;x) coincide
with maxima of the curvature of the boundary. To do so, we require the following perturbation result determining
the critical points of R(zo;zo) for domains that are close to the unit disk.

Principal Result 4.3: Let ) be a perturbation of the unit disk with boundary given in terms of polar coordinates by

r=r(0)=14d0(0), Z (an cos(nd) + by, sin(nh)) , Ik 1. (4.23)
Let xg = x0(0p) = (ro cos by, rosinby) be a point on the boundary where ro =14 do(0y). For x € 92 we define
p(0) = R(z; o) and p(00) = R(xo;x0) , (4.24)

where R(x;x0) is the regular part of the Green’s function in (4.22). Then, for § < 1, p’(6p) satisfies

(o2

:1

— Z n? +n —2) (b, cosnby — an sinnby) + O(62). (4.25)

The proof of this result is given in Appendix A. We now use Principal Result 4.3 to obtain the following result:

Principal Result 4.4: The mazima of R(zo,xo) do not necessarily coincide with the mazima of the curvature k(6)

of the boundary of a smooth perturbation of the unit disk. Consequently, for e — 0, Ae) from (4.13) does not
necessarily have a local minimum at the location of a local maximum of the curvature of a smooth boundary.

To establish this result we take as = 1, ag = p, with a,, =0 for n # 2,3 and b, = 0 for n > 1 in (4.23), so that
o(0) = cos(20) + pcos(36) . (4.26)

For § < 1, the curvature x of the boundary r = 1 4 do(8) is given by

r2 + 27‘3 — TTrog

k(9) = 2 ir )3/2

~1—36 (0 + 0ge) + O(8?). (4.27)

Upon substituting (4.26) into (4.25) for p'(6) and (4.27) for (), we obtain that

W(0) = —66 [sin(20) + dusin(30)] ,  p(0) = _4?5 [sin(29) + 57“ sin(BG)} . (4.28)
We calculate that «'(7) = p/(7) = 0 and
K'(m) = =662 — 12u] , p(m) = —4?5 [2 - 157#] . (4.29)

Thus, at 6 = 7, £ has a maximum when p < 1/6 while p has a maximum when p < 4/15. Hence, for p € (%, %),
there is a point on 0f) where p has a local maximum at which x has a local minimum. As a consequence, the principal
eigenvalue of (4.1), given asymptotically in (4.13), does not in general have a local minimum when a small absorbing
window is centered at a local maximum of the boundary curvature. This establishes Principal Result 4.4.

In Fig. 9(a) we plot the domain when = 0.2 and 6 = 0.1. For = 0.2 and § = 0.1, in Fig. 9(b) we plot x(0) — 1,
r(6) —1, and the integral of the asymptotic result (4.28) for p(6) —C, where C'is a constant of integration. For y = 0.2
and 6 = 0.1, in Fig. 10 we show a very favorable comparison between the asymptotic result (4.28) for p’(#) and the
full numerical result for p'(6) computed from the BEM scheme of §3.3. The asymptotic and numerical results for
p'(0) are essentially indistinguishable in this plot. These numerical BEM results confirm the asymptotic prediction

that for 4 = 0.2 and § < 1, p has a local maximum while x has a local minimum at 6 = 7.
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(a) perturbation of the unit disk (b) k(0) — 1 and p’(0) versus 0

FIGURE 9. Left figure: plot of the perturbed unit disk with boundary r = 14§ (cos(26) + 1 cos(30)) with 6 = 0.1 and p = 0.2.
Right figure: plot of x(6) — 1 (heavy solid line), do(6) (solid line), and p(f) — C (dotted line), where «, o, and p’ are given in
(4.27), (4.26), and (4.28), respectively. At § = m, the curvature has a local minimum and p has a local maximum.
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FIGURE 10. Plot of the derivative x’(0) (dash-dotted curve) of the near unit disk r = 1 + & (cos(260) + pcos(30)) with § = 0.1

and p = 0.2 together with the asymptotic result (4.28) for p’(6) (dashed curve) and the full numerical BEM result for p’(6)
(solid curve) with N = 128 elements. The asymptotic and numerical results for p’(8) are very close.

5 Conclusion

The method of matched asymptotic expansions was used to calculate the MFPT in an arbitrary two-dimensional
domain with N asymptotically small absorbing windows on the domain boundary. Analytical results are given for
the disk and the square for various arrangements of the small absorbing windows on the domain boundary. Similar
results for the MFPT for more general domains were obtained by using a boundary element method to compute the
surface Neumann Green’s function.

An open problem is to calculate the dwell time (cf. [21]) in a two-dimensional domain with both asymptotically
small absorbing windows on its boundary and traps of asymptotically small radii located inside the domain. An
example of such a problem in the unit disk for the case of one concentric trap is considered in [21].

In the companion paper [5] we asymptotically calculate the MFPT for narrow escape from a spherical domain.
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Appendix A The Regular Part of the Surface Neumann Green’s Function for a Perturbed Disk

In this appendix we prove Principal Result 4.3. From (2.5) and (4.22), we obtain that R(x;x¢) satisfies

1 (z — @) -7
veQ: VR n— LEZT) R

AR(x;x0) = T o= zof

1
=7 , z € 090. (A1)
€|
In polar coordinates we write xg = (rg cos by, rosinfy), x = (rcosf, rsinf), and ro = ro(fy). We then calculate that

|z — x0]? =12 + 1% — 2rrgcos(d — 6p), and

. 1 ' sinf + rcos @ L 1 2 ’ o
n= (GEENE < 080 4 rsing ) , (x—m) -n= GEENE [r? — ror’ sin(6 — 6o) — ror cos(f — 6y)] .
By writing 7 = 1 + do and 79 = 1 + dog, the right-hand side of the boundary condition in (A.1) becomes
1(x—ax0)-n 1 ocos(8 — 0y) — o9 — o’ sin(6 — ) 5
—— = — (144 0%). A2
T |:c—;100|2 277( + [ 1 —cos(f — 6o) +0() (A-2)

The expression in the square brackets above is bounded for § — 6y. Therefore, (A.2) is uniformly valid for all

0 € [0,2m). Next, we let f(0) denote the term in the square brackets in (A.2) and we expand it in a Fourier series as

ocos(f — 0y) — oo — o’ sin(f — ) = )
= = Am 5 - By - s A.
f(6) T —cos(d — o) ,; [Ap, cosm(8 — 0y) + By, sinm(0 — 6p)] (A.3)
where A,, and B,, for m > 1 are defined in terms of integrals I; and Is, which must be calculated, by
2 27
I =74, = f(0) cosm(6 — 6y)do, I, =By, f(@)sinm(8 — 6y) db . (A4)
0 0

Firstly, we consider the case where o = cosnf = Re (eme). We write I in (A.4) as

27 _ in@ _ _inbo __ ;. ,in0 o _
I — Re/ <cos(0 Bo)e e ine™ sin(6 00)) cosm(6 — 60) do.
0

1 —cos(f — 6o)
Let 2 = €”, 20 = ¢, and w = Z. Then, I, = Re(I), where [ is the following contour integral over the unit disk:
1-—- 1
I= iz(’f/ G(w) (W™ +w™™) dw, G(w) = <(72n)w"+1 + %w”_l — 1) (1—w)™2.
Jw|=1

Since (1 —w)? = % S gw™, then G(w) = — (1 +2w+3w? 4+ (n—1w" 2+ @w"‘l + - ) . From the

residue theorem we calculate

2tm, 1<m<n
I:ZO{TF(TL—].), m=n , (A.5)
0, m>n

so that Iy = Re([). Similarly, we can obtain I when o = cos(nfp). In this way, we obtain

2tm, 1<m<n 2mm 1<m<n
L :cos(nGO){ m(n—1), m=n I, = —sin(n@o){ m(n—1), m=n
0, m>n 0, m>n
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Alternatively, for o = sin(nfy), we get

2mm, 1<m<n 2mm, 1<m<n
L :sin(nﬁo){ m(n—1), m=n , I, :cos(nﬁo){ m(n—1), m=n .
0, m>n 0, m>n

This determines A4,, and B,, as 4,, = %Il and B,, = %Ig. Therefore, for o = cos(nby), (A.3) becomes

n—1
f(@) = (n—1) (cosnbycosn(f — by) — sinnbysinn(f — 6p)) + Z 2m [cos nby cosm (0 — bp) — sinnby sinm(6 — o)) .
m=1
(A.6a)
Alternatively, for o = sin(nfp), (A.3) becomes
n—1
f(6) = (n—1) (cosnbysinn(f — 6y) + sinnby cosn(f — 6y)) + Z 2m [cos nby sinm (0 — 6p) + sin nby cosm(6 — b)) .
m=1
(A.6D)

Since 0 = Y7, (ay, cosnf + by, sinnf) from (4.23), we determine f(#) by summing (A.6) over n. We then inter-
change the order of summation by using 307 | S Xy = 3000 7% Nn = 3000 0% Xnm to obtain

£0) =" (Ancosn( — ) + Bysinn(d — b)) ,

n=1
Ap = (n—1) (ap cosnby + b, sinnby) + 2n i (@ cos mBg + by, sinmby) (A7)
m>n
B,, = (n—1) (b, cosnby — a, sinnby) + 2n i (b, cosmby — ayy, sinmby) .
m>n
Next, we introduce S(z;xo) by
R(z;x0) = S(z;20) + JLT—(|22| . (A.8)

By combining (A.8) and (A.1), we obtain that S(z;xz) satisfies

2
AS(z;x0) =0, z€Q; OnS(x;20) = Op, [R(x;xo) - %] ~ % (f(0) —o(0)) + 0%, z€0Q. (A9)

In deriving the boundary condition in (A.9) we used (A.2), (A.3), || ~ =, and 9, (|x|2) =2r(1+ (r')2/r2)71/2.
The O(6) term in the boundary condition for S in (A.9) suggests that we introduce So(z;xo) by

S(z; ) = %So(x;xo). (A.10)

To leading order we get 0,50 = 0,So|r=1 + O(9). From (A.9) and (A.10), we obtain that Sy satisfies
ASo(xz;20) =0, 0<r<1,0<6<2r; OrSo(x;20)|r=1 = f(0) — 0 (6), r=1. (A.11)

The solution to (A.11) is written as

So=Do+ Y _ 7" [Dycosn(f — o) + Eysinn(0 — )] . (A.12)

n=1

To determine the coefficients D,, and E,, we must use the boundary condition in (A.11). To this end, we must re-write
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o, given by equation (4.23), in terms of cosn (6 — @) and sinn(f — 6p). This yields,
= i ([an, cosnby + by, sinnby] cosn(d — Op) + [bn, cosnby — ay, sinnby] sinn(d — 6p)) . (A.13)
n=1
Then, we differentiate (A.12) at r = 1, and use (A.7), (A.11), and (A.13), to determine D,, and E,, for n > 1 as
D, = A, — [a,, cosnBy + b, sinnby) , nE, = B,, — [b, cosnby — a,, sinnby) . (A.14)

We remark that the constant Do in (A.12) can be chosen to ensure that [, G(z;xo) dz = 0.
In summary, it follows from (A.8) and (A.10) that for = € 99,

1
R(x;xo):S(aj;xo)—Fﬂ:iSo(m m0)+—+5—0+(’)(52), x € 0N.
47 4
By using the definition (4.24), and the reciprocity property of R, we calculate p’(6y) as
d d §[d
p/(60) = - Rlao(60) 0(60)) = 2 RLw(0). 20(60) oty ~ | 3550(2(6).0(60)) o=, + ' (60)| + OF).

Then, by using (A.12) and (A.13), we obtain
p' (o) = 0 Z (nEy, + n[by cosnby — an sinnbp]) .

Finally, we use (A.14) to relate D,, to B, and then recall (A.7) for B,,. This yields that

6 o0 o0
'(0p) = < 2n — 1)y, + 2 m | = bum 00 — am sinmb . A15
0" (o) 77,;<(n )Yn + n7§n’y ) v cosmby — a, sin mby ( )
To simplify (A.15) we use the identity > 07 1 >0 2n%m =D 00 o Ym Domey Lop = > n(n—1)7,. This yields the
final result (4.25), and completes the proof of Principal Result 4.3. ]
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