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Abstract

On a finite three-dimensional domain €2, a hybrid asymptotic-numerical method is employed to analyze the existence,
linear stability, and slow dynamics of localized quasi-equilibrium multi-spot patterns of the Schnakenberg activator-
inhibitor model with bulk feed rate A in the singularly perturbed limit of small diffusivity €2 of the activator component.
By approximating each spot as a Coulomb singularity, a nonlinear system of equations is formulated for the strength
of each spot. To leading order in €, two types of solutions are identified: symmetric patterns for which all strengths are
identical, and asymmetric patterns for which each strength takes on one of two distinct values. The O(g) correction to
the strengths is found to depend on the spatial configuration of the spots through a certain Neumann Green’s matrix
G. When e = (1,...,1)7 is not an eigenvector of G, a detailed numerical and (in the case of two spots) asymptotic
characterization is performed for the resulting imperfection-sensitive bifurcation structure. For symmetric multi-spot
patterns, a leading-order global threshold in terms of |2| and parameters of the Schnakenberg model is obtained
below which a competition instability is triggered leading to the annihilation of one or more spots. A corresponding
refined threshold is established in terms of eigenvalues of G in the special case when Ge = ke. Additionally, a local
self-replication threshold for the strength of each spot is derived numerically above which a spot splits into two. By
examining O(e) corrections to spot strengths, a prediction is made for which spot is next to split as A is slowly
tuned. When the pattern is stable to O(1) instabilities, it is shown that the locations of spots in a quasi-equilibrium
configuration evolve on a long O(¢™%) time-scale according to an ODE system characterized by a gradient flow of a
certain discrete energy H, the minima of which define stable equilibrium points of the ODE. The theory also illustrates
that new equilibrium points can be created when A = A(x) is spatially variable, and that finite-time pinning away
from minima of H can occur when A(x) is localized. The theory for linear stability and slow dynamics when € is the
unit sphere are compared favorably to numerical solutions of the Schnakenberg PDE.

1 Introduction

Localized spatio-temporal patterns, consisting of a collection of spots, have been observed in many diverse physical and
chemical experiments (see the survey [19]). Such localized far-from equilibrium patterns (cf. [13]) can exhibit a wide variety
of dynamical phenomena including spot self-replication, spot annihilation, spot amplitude temporal oscillations, and slow
spot drift. From a mathematical viewpoint, a spot pattern for a reaction-diffusion (RD) system in a multi-dimensional
domain € is a spatial pattern where at least one of the solution components is highly localized near certain discrete points
in the domain that can evolve dynamically in time. In 2-D spatial domains there are now many studies of the stability
and dynamics of localized spot patterns for certain well-known RD systems such as the Gierer-Meinhardt model (cf. [22]),
the Gray-Scott model (cf. [24], [23], [2]), the Schnakenberg model (cf. [12], [25], [26]), and the Brusselator model (cf. [14],
[18]). A more complete list of references on applications of, and results for, 2-D spot patterns, and corresponding 1-D
spike patterns, in the context of RD modeling is given in the references of these cited articles.

*Dept. of Mathematics, University of British Columbia, Vancouver, BC, Canada (corresponding author tzou.justin@gmail.com)
TDept. of Mathematics and Statistics, Dalhousie University, Halifax, Nova Scotia, Canada xieshuangquan2013@gmail.com
fDept. of Mathematics and Statistics, Dalhousie University, Halifax, Nova Scotia, Canada tkolokol@gmail.com

§Dept. of Mathematics, University of British Columbia, Vancouver, BC, Canada ward@math.ubc.ca



A=60.1039 A=60.1238 A=60.1318 A=TINET

A=165.699 A=173.248 A=173.4

A=116.702

- A=173.416 A=400 /
A=173.408 A=208.603 ’

e
© © @ T 17
© |
7/

P
® ) ® © 8 i
o “ ‘ ‘ P —&— PDE numerics
‘ i — — — asymptotics
0 i : n i
‘ [} 100 200 300 400

A

Figure 1: Self-replication events for (1.2) in the unit sphere when slowly increasing the feed rate A. Parameter values are ¢ = 0.03,
D =1, and A is very slowly increased from 1 to 400 according to A = 14 0.0036t. Left: snapshots of solution for several values
of A as shown. Right: the number of spots as a function of A, comparing the leading-order asymptotic theory given by AN maz in
(1.3) versus full numerics.

The new focus of this paper is to provide the first systematic asymptotic study of the stability and dynamics of spot
patterns in an arbitrary bounded 3-D domain for a two-component singularly perturbed RD system. In this 3-D context,
only the limiting shadow problem, derived from the large inhibitor diffusivity limit, has been analyzed previously (cf. [21],
[9]). For concreteness, we will consider the Schnakenberg RD model introduced in [15] as a particular case of an activator-
substrate system, formulated originally as a simplified model of a trimolecular autocatalytic reaction with diffusion. The
main value of this prototypical RD model has been for studying various new aspects of pattern formation in RD systems
such as, the effect of domain growth (cf. [1, 4]), the effect of time-delay in the reaction-kinetics (cf. [7]), the existence and
stability of spikes in 1-D (cf. [10], [20]), self-replicating and slow-drifting spot phenomena in 2-D [12] and, more recently,
the study of rotational spot dynamics in [26].

In dimensionless form, the Schnakenberg RD model (cf. [15]) is

Vi =e?AV+b—-V+UV?, x€Q; 0,V =0, x€0f, (1.1a)
Uy =DAU+A-UV?*, x€Q, 0U=0, x€I. (1.1b)

Here, V and U are concentrations of the activator and inhibitor components, respectively,  C R? is a bounded three-
dimensional domain, b and A are constant bulk activator and inhibitor feed rates, D > 0, and 0 < ¢ < 1. We will show
that (1.1) has localized spot solutions in the regime where D = O(¢~%). To ensure that the amplitude of a spot is O(1)
as ¢ — 0, we introduce the rescaling U = c3u, V = ¢ 3v, and D = ¢~*D. Discarding the negligible b term in (1.1a), we
obtain the rescaled singularly perturbed Schnakenberg model

v =c?Av—v+uw?, xe; Ohv=0, xe€IN, (1.2a)
D 2
Sup= ZAu+A- T x€Q;  du=0, xeQ. (1.2b)
€ €
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Figure 2: Coarsening when decreasing the feed rate A. Parameter values are € = 0.03, D =1, and A is very slowly decreased from
400 to 1 according to A = 400 — 0.0036t. Left: snapshots of solution for several values of A as shown. Right: the number of spots
as a function of A: leading-order asymptotic theory given by AN min in (1.3) versus full numerics.

The goal of this paper is to develop a hybrid asymptotic-numerical approach to analyze the existence, linear stability,
and slow dynamics of quasi-equilibrium N-spot patterns for the 3-D RD model (1.2) in the limit ¢ — 0. By using a
formal asymptotic analysis, in §2 an N-spot quasi-equilibrium pattern is constructed for (1.2) when A > 0 is constant by
asymptotically matching a local approximation of the solution near each spot to a global representation of the solution
defined in terms of the Neumann Green’s function of the Laplacian. The local problem near each spot, referred to as
the core problem, is a simple radially-symmetric BVP system that must be solved numerically. In the global, or outer,
representation of the solution, each spot at a given instant in time is asymptotically approximated by a 3-D Coulomb
singularity for u of strength S; at location x; € Q for j = 1,...,N. We show that to within O(e) terms, there are
“symmetric” spot quasi-equilibria for which the source strengths S; are given by S; = S. + O(¢) for j =1,..., N, where
the common value S. = A|Q|/(47N+/D), is independent of the spatial configuration of the spots in the domain. The
O(e) correction terms to the source strengths do, however, depend on the spot locations through a Neumann Green’s
matrix G. In contrast, for the 2-D quasi-equilibrium spot patterns constructed in [12], [2], [14] and [18], it was found
that the O(e) deviation in a common value for the source-strengths is replaced by a much larger O(v) correction, where

= —1/loge. As a result, unless ¢ is extremely small, in a 2-D domain the source strengths for localized spot patterns
are rather strongly coupled, and do depend significantly on the overall spatial configuration of the spots.

In §2.1 we show that, to leading-order in &, there are also branches of “asymmetric” N-spot quasi-equilibria for which
the source strengths have two distinctly different values. To leading-order in &, these asymmetric quasi-equilibria all
bifurcate from the symmetric solution branch at a common bifurcation point S = Sy ~ 4.52. Upon including the O(¢)
terms, we find that this common bifurcation point structure for the asymmetric quasi-equilibria persists only for spot
configurations {xy,...xy} for which e = (1,...,1) is an eigenvector of the Neumann Green’s matrix G. In the unit
sphere such special spot configurations occur when spots are located at vertices of a platonic solid concentric within the
sphere, when spots are equally-spaced along an equator concentric within the sphere, and for many of the equilibrium
configurations of the ODE system for slow spot dynamics derived below in §4. When e is not an eigenvector of G, we
show that there is an intricate imperfection-sensitive bifurcation structure of asymmetric quasi-equilibria for S near S.y.



For the case where N = 2, we provide a detailed analytical characterization of this imperfection-sensitive bifurcation
behavior. We remark that a similar imperfection sensitivity behavior for 2-D quasi-equilibrium spot patterns was first
identified numerically in [18] for the Brusselator RD model, but no explicit asymptotic analysis of this behavior was given.
Imperfection-sensitivity behavior, and the specific role of whether or not e is an eigenvector of a certain Green’s matrix,
was not identified in the earlier analyses of [22], [25], [24], [23], [12], [2], and [14] of 2-D spot patterns for other RD models.

In §3 we analyze the linear stability of N-spot symmetric quasi-equilibrium solutions to two distinct types of O(1)
time-scale instabilities. From a numerical study of a local eigenvalue problem near each spot, associated with locally
non-radial perturbations, in §3.2 we show that the dominant spot shape-deforming instability is a mode [ = 2 spherical
harmonic, which we refer to as a peanut-splitting instability. This linear instability occurs when a spot source-strength
increases above the threshold Yo & 20.16. We then verify numerically that this linear instability mechanism triggers a
nonlinear spot self-replication event. In addition, for N > 2, a formal asymptotic analysis is used to derive an eigenvalue
problem associated with locally radially symmetric perturbations near each spot. To leading-order as ¢ — 0 we show that
this linear competition instability, which preserves the sum of the spot amplitudes, is triggered through a zero-eigenvalue
crossing when the common source strength S. decreases below the threshold S.; ~ 4.52, the common bifurcation point of
asymmetric quasi-equilibria in the leading-order theory. This linear instability is found numerically to be the trigger of
spot annihilation events. In summary, since S; = S.+O(¢) for j =1,..., N, our leading-order asymptotic theory predicts
that symmetric quasi-equilibrium N-spot patterns for N > 2 are linearly stable on an O(1) time-scale if and only if

ANmin < A< ANmmaz,  AN.min = 56.798NVD/|Q|, An.mas = 253.33NVD/|Q|. (1.3)

Spot self-replication event is triggered when the feed A is increased above the threshold Ap e and spot annihilation
event due to overcrowding is triggered when A is decreased below Ay min.

Our hybrid analytical-numerical theory for the existence and linear stability of quasi-equilibrium patterns is validated
for the unit sphere with rather extensive full numerical simulations of the 3-D PDE system (1.2) using the finite-element
package FlexPDE6 [6]. For the unit sphere, the Neumann Green’s function is known analytically (cf. [3]), making the
comparison convenient. Because FlexPDEG6 dynamically adapts the mesh according to the evolution of the solution, it is
particularly useful for computing localized solutions in 3-D. In our computations, FlexPDEG6 used up to 40000 nodes with
e = 0.03.

Figure 1 illustrates the spot splitting phenomenon. Here, the feed rate A is ramped up very slowly, resulting in
successive spot-replication events. The first such event occurs at around A = 60, in excellent agreement with the
theoretical prediction Aj e, = 60.48. More generally, the asymptotic curve Ay mqz is in excellent agreement with the
numerics for a wide range of A, see Figure 1 (right).

The overcrowding instability is illustrated in Figure 2, where the feed rate A is ramped down very slowly, and the spots
are eliminated one-by-one due to the competition instability. Again, good agreement between numerics and asymptotics
is observed, as shown in Figure 2 (right), especially for small numbers of spots. For example the theory predicts that
two spots become unstable as A is decreased below As i, = 27.1, whereas full numerics show that one of the two spots
disappears at around A = 28.

For the special case where e is an eigenvector of the Neumann Green’s matrix G, in Main Result 3.1 we establish a
more refined asymptotic prediction for the competition instability threshold that involves the smallest eigenvalue of G in
the subspace orthogonal to e. In addition, in §3.1 we formulate the linear stability problem for asymmetric quasi-equilibria
and give some partial results for their stability.

When the stability condition (1.3) on the source strengths holds, in §4 we show that the spot locations associated with
an N-spot symmetric quasi-equilibrium evolves to a true steady-state configuration over a long O(¢~3) time-scale. To
leading order in ¢, in (4.18) of Main Result 4.2 we show that the slow spot dynamics satisfy an ODE system defined by
a gradient flow of a certain discrete energy H(x1,...,Xy), which involves the Neumann Green’s function and its regular
part. Minima of this discrete energy are stable equilibrium points of this limiting ODE spot dynamics, and we explicitly
identify certain such equilibrium spot configurations. A higher-order analysis, leading to the ODE dynamics (4.13) coupled
to the constraints (2.34), shows that the slow spot dynamics consists of a weakly coupled differential algebraic system
(DAE) of ODEs, in which the spot source strengths depend only weakly as ¢ — 0 on the spot locations.

In comparison, in a 2-D setting, the dynamical characterization of slow spot dynamics consists of a DAE system that
couples ODEs for the spot locations to a nonlinear algebraic system for the spot source strengths defined in terms of
a Green’s matrix, which depends on the overall spot configuration (cf. [12], [2], [18]). This DAE system of slow spot



dynamics in 2-D is rather strongly coupled, owing to the logarithmic gauge v = O (—1/loge). As a result of this strong
coupling in 2-D, spot self-replication events can be triggered intrinsically during the slow dynamics of a collection of spots
whenever a particular spot source strength exceeds a critical value (cf. [12], [2], [14]). In contrast, in our 3-D setting where
the spots have an asymptotically common source strength, with an error of only O(e), such intrinsically triggered spot
self-replication events do not typically occur for ¢ small. Instead, in 3-D an external parameter such as the feed-rate, or
the domain volume, needs to be increased dynamically in order to trigger spot self-replication events.

In §4.1 we extend our asymptotic theory for constant A to the case of a spatially variable feed, where A = A(x) in
(1.2b). For the linear stability theory, we find that the leading-order result (1.3) still holds provided that we replace
A in (1.3) with A, which denotes the spatial average of A(x) over the domain. Moreover, to leading order in ¢, the
slow spot dynamics is characterized in Main Result 4.3 in terms of the discrete energy H and an additional nonlocal
term involving A(x). In the unit sphere, our ODEs characterizing slow spot dynamics are verified with full numerical
FlexPDEG6 simulations of (1.2). For a few specific choices of the variable feed-rate, we illustrate from our ODEs, and from
full numerical PDE simulations, the effect of spot pinning, whereby a spot trajectory can be pinned to a new equilibrium
state created by the non-uniform feed-rate. Finally, in §5 we suggest a few open problems that warrant further study.

2 N-Spot Quasi-Equilibria

In this section, we use the method of matched asymptotic expansions to construct an N-spot quasi-equilibrium solution
to (1.2). In our analysis below we assume that the feed A > 0 in (1.2b) is constant. The case of the spatially variable feed
A(x) > 0 is considered in §4.1. We construct a pattern for which the spot solution is, to a first approximation, locally
radially symmetric in an O(e) region near the centers x1,...,xy of the spots, where we assume |x; —x;| = O(1) for i # j.
On an O(1) time-scale, we construct a quasi-equilibrium solution where the spot locations are, for e — 0, stationary in
time. In §4, we will show that the spot dynamics is slow and occurs on the long time-scale t = O(e73) > 1.

In the inner region near the j-th spot, we introduce the local variables

y=el(x—x;), v(x;+ey)=VD[Vjolp)+eVii+---], uxj+ey)= [Ujo(p) +eUj1 + -1, (2.1)

1
vD
where p = |y|. Upon substituting (2.1) into (1.2) we obtain, to leading order on 0 < p < oo, that

ApVio —Vio+UjoVjg =0, 10(0)=0, Vjo—0, as p— o0, (2.2a)

ApUjo = UjpVjo =0,  Uj(0) =0, (2.2b)

where A,Vjq = Vj’(’) + 2,0_1Vj’0. The linear —Vjo term in (2.2a) allows us to impose an exponential decay condition at
infinity for Vjo, whereas the far-field behavior of Uj;p must be proportional to the free-space Green’s function for the
Laplacian in 3-D. As such, in terms of some unknown source strength S;, we impose lim,, o [ p?0,Uj0 dp = Sj, so

that the far-field behavior for Ujg is
Ujo ~p; —Si/p+---, as p— o0, (2.2¢)

where p1; = £10(S;) must be computed numerically from (2.2). From (2.2b), we readily obtain the identity
Sj =/O UjoVjo p* dp. (2:3)

Next, we obtain an asymptotic solution for u in the outer region in terms of the Neumann Green’s function. We first
note that v ~ 0 in the outer region, and that from (2.1) and (2.3) we can express the term e 3uv? in (1.2b) in the sense
of distributions as

N . N
e 3uv? — 47r\/52 </0 UjonOp2 dp> d(x—x;) = 47r\/52 S;0(x —x5) . (2.4)
j=1 j=1
Therefore, from (1.2b), the quasi-equilibrium solution for u in the outer region satisfies

1 A dn
gAquBN\ij;Sj(S(xij), xeQ; du=0, xedn. (2.5)



This expression suggests an expansion for u in the form
2
U~ Uy +EU +e%ug + - -+, (2.6)

where ug is an unknown global constant, and where u; satisfies
Au1+— Zde X;), X€Q; Ohu;r =0, x€090. (2.7)

By applying the divergence theorem to (2.7), we obtain the solvability condition

o _ A9
- / 47r\/5'

M=

(2.8)

<.

Then, we write the solution to (2.7) as

N
Z (x;%;) + @y, (2.9)

ﬂ\

for some unknown constant @, where G(x, £) is the unique Neumann Green’s function satisfying

AG:ﬁ—d(x—& xeQ; 9,G=0, xedQ, (2.10a)
1
G(x;€) = m R(x;€), as x—¢; /QGdX:O, (2.10b)

where R(x;&) is smooth. In (2.10b), R(&;&) is called the regular part of G at the singularity x = £€. For the special case
where () is the unit sphere, the Neumann Green’s function is given explicitly by (cf. [3])

1 1 1 2 7
G(x;€) = 1 2 — 2.11
058 = =g + e 3 (e e mg) (1)~ (2112)
Here x’ = x/|x|? is the image point to x outside the unit sphere, and - denotes the dot product. To calculate R(&;€) from
(2.11a) we take the limit of G(x,&) as x — £ and extract the nonsingular part of the resulting expression. We readily
obtain that

1 |€ R

R(&;:€) = (=P ~ ilog( —1€1%) + ~Tlox (2.11b)

Next, by using (2.6) with (2.9) and (2.10b), we obtain that the local behavior of u near x; is

N

S; 4
J i=1
i#]

Here, we have defined R;; = R(x;;%;), and Gj; = G(x;;%;). Matching the local behavior (2.12) to the far-field behavior
(2.2¢) of the inner solution Ujg, we find to leading order that

pj=vDuy, j=1,...,N, (2.13)

while the singularity behavior matches by construction. Because the spot strengths are determined in terms of p;, the
simplest N-spot pattern is one in which all spots have a common source strength S; = S, for j = 1,..., N, independent
of their locations. From (2.8), we obtain that this common source strength is

Al

eyt (2.14)



We refer to such a pattern as a “symmetric” pattern. This result is analogous to that for the mean first passage time
(MFPT) for a narrow capture problem in a three-dimensional domain with N small identical traps [3], where the leading-
order average MFPT is independent of the locations of the traps in the domain.

A symmetric quasi-equilibrium pattern of N spots is then characterized to leading-order by

N N
vge ~ VD gv (Ex—xl) s tge ~ %m e (—45% ;c«x; xi) + u> , (2.15)

where @, is a constant to be determined below in §2.1 by a higher order matching procedure. Here V.(p) and puo = po(.5),
with § = S., are determined by the following radially symmetric core problem on 0 < p < co:

AV, - V. +UV2=0, V!(0) =0, Vo—0, as p— oo, (2.16a)
AU.-UVZ=0, U.0)=0, Uc"’/io—ga as p— 00. (2.16b)

In the inner region near x;, we have that vy and u4. are given to leading order by

1
VD
Upon solving the BVP (2.16) using numerical continuation, we plot pg in terms of the strength S in Fig. 3(a). The fold
point at (Scy, poy) ~ (4.52,5.78) divides 1o (S) into a left and right branch as shown in Fig. 3(a). In addition, in Fig. 3(b)

and Fig. 3(c) we plot V. and U, versus p, respectively, for a few values of S. We observe from Fig. 3(b) that V. has a
volcano-shaped profile, characterized by a maximum not at p = 0, when S > 18.7.

Vge ~ VDV, (e x = x50) ,  uge ~ —=U, (7Y x — %) - (2.17)

1

10

o
©
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Figure 3: In (a), we plot the relationship po = po(S) as obtained from a numerical solution of the core problem (2.16). The fold
point at (Scy, poy) =~ (4.52,5.78) divides po(S) into a left and right branch. In (b), we plot V. versus p = |y| for S = 3.67 (dotted),
S = 18.7 (dashed), and S = 29.1 (solid). For S 2 18.7, the profile is volcano-shaped so that the mazimum of V. occurs at p > 0.
When S < 18.7, the mazimum of Ve is at p = 0. In (c), we show the corresponding profiles for U.(p).

We can determine the limiting asymptotics as S — 0 for the curve ug(S) by seeking a perturbation solution of (2.16)
as S — 0. We readily derive for S — 0 that

b 52 S S°
UcNS<1+bQ(M1+Uc1)+"'>7 Vch<w+bg(—M1w+Vcl))7 (2.18)

and that po(S) for S < 1 has the limiting asymptotics

b S? ° °
Mowg (1—|—b2M1+) ; bE/ p2w2dp, J25) Eb_l/ pQ‘/Cldp (219)
0 0
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Figure 4: Comparison of the asymptotic result (2.19) for uo for small S (discrete points) with the numerical result (solid curve)

computed from (2.16). In (2.19) we use b ~ 10.43 and p1 ~ 10.67. The asymptotic result agrees well on 0 < S < 3, with the
minimum of the po versus S graph occurring at Scy ~ 4.52.

Here w(p) is the unique ground-state solution of A,w —w + w? = 0 with w(0) > 0 and lim,_,o w = 0, while U (p) and
V.1(p) are the unique solutions on 0 < p < 0o to

LV = AV — Veg + 2wV = —w?U 7(0)=0, lim Vor =0, (2.20a)
p—r00
AU = w?; '1(0)=0, Ug~—b/p, as p— . (2.20b)

By solving for w and the pair (U1, V1) numerically we estimate that b ~ 10.43 and u; ~ 10.67. In Fig. 4 we show that
the asymptotic result (2.19) agrees very closely with the corresponding numerical result for most of the left branch of the
o versus S curve of Fig. 3(a).

For a given po > poy, the multi-valued nature of S(uo) in Fig. 3(a) gives rise to the possibility of “asymmetric”
patterns consisting of Ny spots with strength Sy on the left branch and N, spots with strength S, on the right branch.
Such a pattern takes the form

N N,
Vge ~ \/52 Vier (571|x — x1|) + \/BZ Ver (5*1|x — x1|) , (2.21a)
i=1 =1

H A S, ans. N
£ noe %) — =223 Glxix,) +
Uge ™~ ) +e <— \/E ;G(X, Xz) \/E 2 G(X, x,) + ul) , (2.21b)

where the pairs (Vog, Uer) and (Vi,., U,,.) are the solutions to (2.16) with Uep ~ pg — Se/p as p — oo, and Uy ~ po — Si-/p
as p — oo, respectively. For given positive integers Ny and N,., with N = Ny + N,., the two source strengths S, and S,
for the leading-order asymmetric pattern must be determined from the nonlinear algebraic problem

Al
47D’
For N =2 and N = 4, in Fig. 5 we plot the symmetric and asymmetric solution branches, as computed numerically from

(2.22) using MATCONT [5]. From these figures we observe that the leading-order asymptotic theory predicts that the
asymmetric branches bifurcate from the symmetric solution branch at S.y ~ 4.52.

NyS; + N,.S, =

1o(Se) = po(Sr), where Sy <S¢ < S, (2.22)

2.1 Refined Asymptotic Theory

For the symmetric quasi-equilibrium pattern constructed above we now perform a higher-order matching procedure to
determine the constant @; in (2.15). This analysis is also needed below in §4 in our derivation of slow spot dynamics.
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Figure 5: Bifurcation diagram of \/N-13_, S% versus A|Q|/(4mNVD) computed using MATCONT [5] from the leading-order
problem (2.22) for D = 0.1 and € = 0.05 for N = 2 spots (left panel) and for N = 4 spots (right panel). The heavy solid curves are
the symmetric solution branch. In the left panel, the dashed curve represents the asymmetric branch. In the right panel the labelling
of the curves is: (dashed curve) N =3 and Ny = 1; (dashed-dotted curve) N, = Ny = 2; (dotted curve) N, =1 and Ny = 3. The
leading-order theory predicts that the asymmetric branches bifurcate from a common point.

With ug = po/v/D and S = S,, we first write the local behavior (2.12) in terms of inner variables as

1 S, 47 S, _
~— — —= |+ — ge). + + - — X;. 2.23
u 75 (Ho 5 ) € { 0] (Ge), + 1y as X — X, (2.23)

Here e = (1,...,1)T, while G is the N x N symmetric Neumann Green’s matrix with matrix entries (G);; = G(x;;x;) for
i #j and (G)j; = R(xj;%;).
To account for the O(e) correction to the singularity behavior in (2.23), we need the higher-order terms Uj;; and

Vj1 in the inner expansion as introduced in (2.1). Upon substituting (2.1) into (1.2), we obtain in matrix form that
Wi = (Vj1,Uj1)7 satisfies

AW+ MW =0, 0<p<oo, (2.24a)
W/ (0) = (0,0); Wi~ (0,0)", as p— o0, (2.24b)

where o and the 2 x 2 matrix M are defined by

(2.24c)

_ 2
ajzi47rsc(ge)j+ﬂl\/57 M= ( L+ 20U Ve ch ) .

UV, V2

We can readily identify the solution to (2.24) by differentiating the core problem (2.16) with respect to S. For S # Sy,
we obtain that

aj aj
Vi1 = 205V, Ujp = —2=0sU.. 2.25
" S) " s) (22)
Therefore, provided that S, # Scf, we have for S = S. that
U ~aj— 3 as p— 00} and /OO(QUVV +V2U')p2dp— ) (2.26)
T g (Sae” ’ o e Ho(Se) '

Next, we proceed to one higher order in the outer region. In the sense of distributions, and upon using the integral
identity in (2.26), we get as € — 0 that

N
“Bup? ™ £a; X —Xi). .
£ —4 \/BZ{SCJF%(SC)}(;( i) (2.27)

Jj=1
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Figure 6: Comparison of asymptotic result (2.31) (solid curve) and full numerical result computed from the steady-state of (1.2)
(discrete points) for u corresponding to a one-spot solution centered at the origin in the unit sphere. The parameters are A = 10
and D =0.1.

By using (2.27) in (1.2b), we obtain that the term wus in the outer expansion (2.6) satisfies

Aug = x €Q; Opuz =0, x€00. (2.28)

\/>Ho Zaj ’

The solvability condition for (2.28) is that Z;\;l a; = 0. Upon using (2.24c) for o, we determine @; as

o arS. , ¢
U = NVD (e’ Ge) . (2.29)

Then, by solving (2.28) for ug up to a constant, and by using (2.15) and (2.29), we obtain that the outer expansion for a
symmetric N-spot quasi-equilibrium solution is

o 4meS. elGe Ane? [ 4mS. \ < [eTGe . 9
e~ Up " ( ZGXX’ N >_ VD (ué(&))z[ N (ge)} Coax) et . (230)

i=1

To illustrate (2.30), we let N = 1, Q be the unit sphere, and take x; = 0, so that the spot is at the center of the
sphere. Then, we use the explicit Green’s function (2.11) to obtain from (2.30) that

Ho eSe ﬁ 1 2 _ A
e~ b @(2+T>+0(5>, %=

where r = |x|, so that on the domain boundary where r = 1 we get

po  3eSe
Uge = —— — , x € 09). 2.31
qe \/5 2\/5 ( )
For this radially symmetric setting, we can solve for the steady-state of (1.2) numerically and then compare with the
asymptotic result (2.31). The comparison of us on the domain boundary versus ¢ in Fig. 6 shows that the asymptotic
result is very accurate even when ¢ is only moderately small.

Finally, we provide an alternative analysis to construct an N-spot quasi-equilibrium solution, which is needed in §3
and §4 below. In this approach, we allow the source strength S; in (2.2c) to depend weakly on ¢, and so we write Uje,
Vje to be the solution to (2.2) for which Uje ~ p; — Sje/p as p — 0o, where p; = 110(S;e). By proceeding as in (2.4) and
(2.5), we obtain that the outer solution satisfies

4
Aqu—N ”EZSﬁax x;), x€Q;  Ou=0, xecdQ. (2.32)

10



Instead of expanding u as a power series in € as in (2.6), we solve (2.32) exactly to obtain

u—g—ﬁ:is G(x; x:) isv _ Al (2.33)
- \/51_21 i€ bt VAR gt 1€_47T\/57 .

where ¢ is a constant and G satisfies (2.10). By matching the local behavior of the outer solution u as x — x; with the
far field behavior u; = D~Y2U e ~ DY/2 (u; — S;e/p) of the j-th inner solution, where u; = uo(S;e), we obtain that

Sje for j =1,..., N and the constant £ must satisfy the N + 1 dimensional weakly coupled nonlinear algebraic system
dre 110(S;e) al A9
— 22 (gS), = ER2EL =1, ... N; Sic = . 2.34
6 \/5( )j \/5 J j; J€ 471_\/5 ( )
Here 10(Sje) is to be computed from the core problem (2.2), S = (Sie,...,Sne)?, and G is the symmetric Neumann

Green’s matrix with matrix entries (G);; = G(x,;x;) for i # j and (G),;; = R(x;;x;). It is readily shown from (2.34) that
a two-term expansion for £ and Sje is

47eS,. (el Ge ) 1o (Se) dre
— . cee =1,...,N; ~—
1(Se) ( N (ge)J) o J= e N e TR BN

provided that S; # Scs. Upon substituting this result into (2.33) we obtain our previous result (2.30) obtained from a
more conventional power series representation of the outer solution.

S.efGe+---, (2.35)

Sjg ~ Sc"’

An important special case of (2.34) occurs when the spots locations are aligned so that e = (1,...,1)7 is an eigenvector
of the Green’s matrix G. In particular, assume that Ge = kje for some eigenvalue k;. Then, (2.34) has a solution with

S = S.e for any € > 0, for which
dre fo(Se) AlQ|
= —=85:k + ——, Se= ———. 2.36

> R =NVD (236)
Therefore, when Ge = kje, there is a common source-strength solution to (2.34) that is precisely the same as that for the
leading-order solution in (2.14). For this special case, we readily identify that that a; = 0 in (2.24c) so that Uj; = Vj1 =0
from (2.25). As a consequence, we have Uje = U, + O(g?) and Vje =V, + O(e?), which is used below in §3 in our linear
stability analysis.

For N = 4, we now illustrate the solution structure to the nonlinear algebraic system (2.34) in the unit sphere for
both the situation where e is an eigenvector of G and when this condition does not hold. We first place the spots at the
vertices of a tetrahedron at a distance ry = 0.564 from the origin, with one spot at the north pole. From Table 1, as
discussed below in §4, this configuration, for which e is an eigenvector of G, is a true equilibrium state for (1.2). We then
solve (2.34) numerically using MATCONT [5] for D = 0.1 and € = 0.05 to compute both the symmetric and asymmetric
branches of solutions as the parameter A is varied. The results shown in Fig. 7(a) indicate that all the asymmetric
solutions (see caption for legend) bifurcate from the symmetric branch (heavy solid) at the common value predicted from
our theory. However, in contrast, if we then perturb the spot at the north pole so that e is no longer an eigenvector
of G, we observe from Fig. 7(b) an imperfection sensitivity phenomenon whereby the asymmetric solution branches now
exhibit a saddle-node structure and the bifurcation point from the symmetric branch as predicted by the leading-order
theory does not persist under the e-perturbation induced by (2.34). In a 2-D context, a similar imperfection sensitivity
behavior was first observed in [18] for spot patterns of the Brusselator RD model on the surface of the unit sphere. In
Fig. 7(b), the heavy solid curves indicate solution branches of (2.34) where the strengths S;¢ satisfy either S;e < Scf
Vj or Sje > Scy Vj. The other curves indicate solutions that consist of strengths both smaller and larger than Sy (see
caption for details).

For the case of N = 2 spots for which e is not an eigenvector of G we now provide an asymptotic theory to analytically
characterize the imperfection sensitivity as shown in Fig. 8, which was obtained by solving (2.34) numerically using
MATCONT [5]. The heavy solid curves indicate solutions of (2.34) in which Si,S2 < Scy or Si,S52 > Scy, while the
dashed curves indicate asymmetric solutions where S; < Sy and S > S.y and also vice versa. For N = 2, we eliminate
€ in (2.34) to obtain

[1,0(51) — Mo(SQ) = —4re [RHSl — RQQSQ + (SQ — S1)G12] , (237)

11
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Figure 7: Left panel: Bifurcation diagram of \/N—1>. SZ wversus A|Q|/ (47 NV/D), computed from (2.34) using MATCONT [5],
for D = 0.1 and € = 0.05 when N = 4 spots are placed at the vertices of a tetrahedron of radius ro = 0.564 concentric with the unit
sphere where |Q| = 4w /3. For this case where e is an eigenvector of G all three asymmetric branches of quasi-equilibria bifurcate
from the common value (4.52,4.52) as expected by the theory. Legend with respect to the left and right branches of puo(S) in Fig. 3(a):
(solid curve) symmetric branch; (dashed curve) 3 right 1 left; (dashed-dotted curve) 2 right 2 left; (dotted curve) 1 right 3 left. Right
figure: same plot and parameter values except that the spot at the north pole for the tetrahedron is moved to (0, sin(w/6), cos(m/6))
with 7o = 0.564. In this case there is an imperfection sensitivity of the asymmetric solution branches, and the bifurcation point
from the symmetric branch predicted by the leading-order theory does not persist under the € perturbation. Some solution branches
corresponding to permutations of the asymmetric patterns have been omitted in the right panel for clarity.

’/ 5 .
af - 45| 1
3 ‘ : ‘ ‘ 4 ‘ ‘
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AlQI/(4mNV/D) A|Q|/(4nN/D)

Figure 8: Left panel: Bifurcation diagram of /N5 SZ wversus A|Q|/(4mNVD) computed from (2.34) using MATCONT [5]
for D = 0.1 and € = 0.05 when N = 2 spots are placed at x1 = (0,0,70 + 0.1) and x2 = (0,0, —rg), with ro = 0.429, which
corresponds to a small perturbation of the true equilibrium values as given in Table 1, and discussed in §4. The dashed branches
are the asymmetric solution branches. Since e is not an eigenvector of G, we observe an imperfection sensitivity behavior for the
quasi-equilibria. The numerical results for the saddle node points are S1 =~ 5.72 and S2 =~ 3.33, which agree rather closely with the
corresponding values S1 ~ 5.82 and Sz ~ 3.23 predicted from the '/® asymptotic theory. Right panel: favorable comparison of full
numerical results (dotted and heavy solid) for the solution branches, computed from (2.84), with the asymptotic result (light solid)
from the cubic (2.44).
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where we have relabeled S; = S1¢ and Sy = So¢ for simplicity. We now introduce a detuning parameter § that measures
how close we are to the critical value S.y, so that

Al

B R ST 2.38
am2)vD Y (2:38)

and we write S; and S in terms of § and some S < 1 as

.0 ~ 0
Slecf+S+§, SQZSCf+S—§. (239)

Upon substituting (2.39) into (2.37), we obtain using Taylor series, together with 1 (Sc¢) = 0, that
"
—4re [Scf (Ri1 — Raz) + O(8, 5)] = ull(Sep) (55 + 0(52)) + @53 + 0525, 562, 8%) . (2.40)

To balance the terms in (2.40) we need S = O(£!/3), and S6 = O(e), which yields § = O(¢%/3). With this scaling, it
readily follows that we can neglect the error terms written in (2.40). We then write S = 51/35’0 and § = 51/350, where 5’0
satisfies the cubic .

po (Ser)

3 S8+ 116 (Ser)Sodo = —4mSer (Ri1 — Raa) - (2.41)

From the numerical results used for Fig. 3(a), we estimate that p(Scs) ~ 0.15 and pg'(Ser) = —0.12. Relabelling the
spots so that Ry > Reo without loss of generality, we reduce (2.41) to a canonical cubic by introducing « and y by

So=Soay, 6o = doar, (2.42a)

where Spq and dgg are

Sod = <12ﬁscf (Riy — 322))1/3 g = <|ug'(scf)| > Y3 [4nS,s (Ryy — Ran))?? (2.42b)
1o (Ser )l 7 3 116 (Sey) ’
so that (2.41) reduces to the canonical cubic
Y —azy=1. (2.43)

This cubic always has one real solution y3 > 0 for any x, and two additional real solutions y; and yo, with y; < Ymin =
—271/3 < 0 and Yumin < Y2 < 0, whenever & > zpmin = 272/3 + 21/3 ~ 1.8899.

In summary, in terms of the roots of the cubic (2.43), and the scaling (2.42), the roots of (2.34) near S.s are given in
terms of z and y by

A|Q] <5Od> 2/3
L B - P L PSS 2.44a
47(2)v'D ! 2 ( )
~ ) ~ ]

Sy~ Sep + &3 Soay + (;d> 2e?3; Sy~ Sy —eV380ay + (;d> ze?/3. (2.44D)

The saddle-node bifurcation value associated with (2.44) is at

Al ) (5001) 2
— ) ~ S+ (22 zmime??, S.r~4.52, Tmin ~ 1.8899. 2.45
(477(2)\@ L% / (245)

For the unit sphere, and for the specific 2-spot pattern given in the caption of Fig. 8 with ¢ = 0.05, (2.45) yields a
value of 4.942, which is very close to the saddle-node point of 5.05 computed in the left panel of Fig. 8. In the right
panel of Fig. 8 we show that the asymptotic result from the cubic (2.44) accurately predicts the imperfection sensitive
bifurcation structure of the full system (2.34) even when ¢ = 0.05. In Fig. 9 we confirm the £2/3 prediction of (2.45)
for the saddle-node location by comparing it on a log-log plot against full numerical results computed from (2.34) using
MATCONT [5].
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Figure 9: Log-log plot of ( ) — Scy versus € characterizing the location of the saddle-node point on the asymmetric solution
sn

3 The Linear Stability of Quasi-Equilibrium Patterns

In this section, we analyze the linear stability of symmetric quasi-equilibrium patterns. We begin by considering the
effect of locally radially symmetric perturbations near each spot. We let v,. and w4, denote the N-spot symmetric
quasi-equilibrium pattern, and in (1.2) we introduce the perturbation

v =vge + Mo, U= Uge + M, where || <1, [¢| <1, (3.1)

to obtain the linear eigenvalue problem
2Ap — ¢ + 2UgeVged + vgew =)\p, x€Q, O =0, x€0Q, (3.2a)
gm — E% (2ugevged + Vo)) =X, x€Q, O =0, x€nN. (3.2b)

In the inner region near the j-th spot at x = x;, we let

;¥
¢~ ci®i(p), Y~ T 5([)) : (3.3)
for some constant ¢; to be determined. We then use the local behavior v,e ~ vV DVje(p) and uge ~ Uje(p)/V'D to obtain

the leading-order inner eigenvalue problem

AP — @5 +2VielUje®; + VED,; = A0;, 0<p<oo;  ®j(0)=0, ®; =0, as p— oo, (3.4a)
AU —2VieUje®; — ViV, =0, 0<p<oo; W5(0) =0. (3.4b)
We will impose the normalization condition that lim,,_ . fopo p*0,V;dp = —1, so that we have the following far-field

behavior in terms of some function B; = B;(\; Sje):
1
U, ~ - + Bj(\; Sje), as p—o00. (3.4c)

Here Sj¢, for j =1,..., N, is to be determined from the nonlinear algebraic system (2.34). By applying the divergence
theorem to (3.4b), we obtain the integral identity

/ (2VeUje®; + Vo W;) p*dp = —1. (3.5)
0

14



Now in the outer region, the reaction term in (3.2b) of order O(¢~?) is localized. Therefore, in the sense of distributions
we write

N o N
e7% (2ugevged + Ugew) — 47chj [/ (2V;eUje®; + V]2€\IJJ) p?dp| 0(x —x;) = —47chj5(x - %),
j=1 0 j=1

so that the outer equation for v is
drre &
Aw:—f;clﬁ(x—xi), xeQ; =0, xed. (3.6)
The exact solution to (3.6) is
N
—  4dre
Y=v¢+ jgciG(X;Xi% (3.7)

where 1) is a constant to be determined, and G(x; x;) is the Neumann Green’s function satisfying (2.10). Then, by applying
the divergence theorem to (3.6) we obtain the solvability condition

N
> e =0. (3.8)
j=1

In view of (3.1) and (3.8) we see that the perturbation preserves the sum of the spot amplitudes. As such, this type of
instability is referred to as a competition instability (c.f. [17]).

Next, we derive a linear algebraic system for the constants c¢;, 7 =1,..., N, and . We expand (3.7) as x — x; and,
in terms of inner variables, we get
-G 4dre
¢N¢+Df+?(g0)], as X-}Xj, (39)
where p = e !|x — x|, G is the Neumann Green’s matrix, and ¢ = (c1,...,cy)?. This local behavior of the outer

eigenfunction must match with the far-field behavior of the corresponding inner solution, given by ¢ ~ ¢;D7Y(Bj +1/p)
as p — oo. In this way, we obtain that ¢ and 1 satisfy

N
¢jBj =Dy +4re(Ge);, j=1,....N; > =0, (3.10)
i=1

where B; = B;(\; S;e). By eliminating 1, we readily derive in matrix form that c satisfies the matrix eigenvalue problem
1
(I-&)(B—4meG)c =0, E=—eel; elc=0, (3.11)

where e = (1,...,1)7, and where B is the diagonal matrix with entries (B);; = B; and (B);; =0 for i,j = 1,...,N. The
discrete eigenvalues A of the linearization (3.2) are roots of det ((I — &) (B — 4weG)) = 0, provided that the corresponding
eigenvector c satisfies the side constraint e”c = 0.

We first consider the leading-order theory associated with (3.11). To leading order in €, we obtain that S; = S+ O(e)
for j =1,...,N, where S, is defined in (2.14), and Uje ~ U+ O(¢e) and Vjg ~ V. +O(e), where U, and V. satisfy the core
problem (2.16). As a result, we obtain that B = B(\;S.)I + O(e), where B(); S.) is to be computed from the following
common core problem that is the same for each spot:

A0, — .+ 2V.U P+ VU, =D, 0<p<oo; /. (0) =0, b, -0, as p— o0, (3.12a)
1
AV, —2VUD. — V2. =0, 0<p<oo; v (0)=0, U, ~ p +B(\;S.), as p—oo. (3.12b)
For N > 2, the leading-order term in (3.11) yields that the discrete eigenvalues A of the linearization (3.2) satisfy

B(X\;S,) =0, (3.13)
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Figure 10: The real (a) and imaginary (b) parts of the eigenvalue with largest real part corresponding to the leading-order competition
instability criterion (3.13). As S. decreases, there is a complex conjugate pair of eigenvalues that collide on the negative real azis
when Sc /= 5.12. As S. is decreased further, a real eigenvalue crosses into the right half-plane when S. = Scy ~ 4.52.

and that for N > 2 the allowable amplitude perturbations c consists of the N — 1 dimensional subspace where e’ c = 0.

We first suppose that A is real-valued and we solve (3.12) numerically, subject to the side constraint (3.13). In Fig. 10
we plot the real and imaginary parts of the corresponding eigenvalue with largest real part as a function of S.. For S,
sufficiently large (not shown), our computations of the root of (3.13) with the largest real part shows that A is negative
real. As S. decreases, two real negative eigenvalues collide and split, forming a complex conjugate pair in the left half-
plane. As S, decreases further, as shown in Fig. 10, this pair hits the negative real axis when S ~ 5.12 and A = —0.2.
One of the eigenvalues remains in the left half-plane on the negative real axis, while the other eigenvalue crosses into the
unstable right half-plane along the real axis, triggering a competition instability as a result of a zero-eigenvalue crossing.
We claim that the value S; = Scomp at which this crossing occurs corresponds precisely with the minimum point of the
graph 1o (S.) versus S. shown in Fig. 3(a). To see this, we observe upon differentiating the core problem (2.16) with
respect to S, that the resulting problem is precisely the inner eigenvalue problem (3.12) with A = 0, which gives rise
to the equivalence B(0;S.) = —pg(S.). With the required condition B(A;S.) = 0, we conclude that the leading-order
competition threshold must occur at Scomp = Sef ~ 4.52.
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(a) surface plot of |B(iAr; S)| (b) |B(#/100; S)| versus S (¢) B(iAr;10) versus Ar

Figure 11: In (a), we plot the numerically computed surface |B(iAr; S)| for 0 < S < 30 and 0 < Ar < 30, showing that |B(iAr; S)| > 0
holds. In (b) we plot the slice |B(i/100;S)| versus S, showing as ezpected, that |B(i/100;S)| is very small when S = S¢p ~ 4.52.
In (c), we plot the slice |B(iAr; 10)| versus ;.

Next, we consider the possibility that an instability arises through a Hopf bifurcation, whereby a complex conjugate
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pair of eigenvalues enters R(A) > 0 through the imaginary axis. We let A = ¢A; in (3.12) and, upon separating the
resulting system into real and imaginary parts, we readily compute the modulus |B(iAr; S.)| numerically as a function
of S. and A\; > 0. The surface plot and slices through the surface shown in Fig. 11 verify that the strict inequality
|B(iAr; Se)| > 0 holds, and so there can be no Hopf bifurcation as S, is varied. Since for S, < 1, (3.12) is readily seen to
reduce to leading-order to the scalar self-adjoint local eigenvalue problem L.y = A®.o, where L is defined in (2.20), which
has no imaginary eigenvalues, it follows by continuity of the eigenvalue path with respect to S, that any complex-valued
eigenvalues for (3.12), with the side constraint (3.13), must remain in the stable left-half plane $()\) < 0 for any S, > 0.

Overall, the numerical results of Fig. 10 and Fig. 11 show that, to leading-order in €, the N-spot quasi-equilibrium
pattern is linearly stable (unstable) to a competition instability when S¢ > Scomp (Se < Scomp)- In terms of the parameters

A and D, we obtain from (2.14) that, to leading order in ¢, a quasi-equilibrium pattern of N identical spots is linearly
stable to a competition instability when

AlQ|
47rNvVD

That is, a competition instability is triggered when the total inhibitor feed rate A|Q| is insufficient to sustain the N spots,
or when the interaction of the spots, mediated by the diffusion coefficient D of the inhibitor, is sufficiently strong.

> Seomp = Sof & 4.52. (3.14)

We now make several remarks. First, the leading-order-in-¢ linear stability criterion (3.14) is independent of where
the spots are located. Second, with the competition threshold coinciding with the minimum point of the graph po(S.),
the entire left (right) branch of ug(S.) is unstable (linearly stable) to a competition instability. Finally, while this leading-
order analysis determines when a symmetric quasi-equilibrium pattern loses stability when N > 2. it gives no information
regarding which mode of instability is most dominant. This is unsurprising, since all spots are identical to leading order,
regardless of location. A higher order analysis is thus required to determine the dominant mode. We will provide such a
higher order theory below when the spot configuration has a special structure.

In Fig. 13, we illustrate our leading-order theory by solving (1.2) for an initial configuration of two antipodal spots
located at (0,+0.429,0) inside a unit ball (see Fig. 12 for the initial configuration). In Fig. 13(a), we set the parameters
D =0.092 and A = 10 so that S. =~ 5.5. We initialize the spots so that the amplitude of one is slightly larger than that
of the other. Since S, > Scomp, We observe no competition instability. In particular, since S. > 5.12 for which there is
a complex conjugate eigenvalue pair in the left half-plane (see Fig. 10), we observe in Fig. 13 that the spot amplitudes
oscillate out of phase in a manner consistent with c”'e = 0 as they settle to their steady state value. In Fig. 13(b), we set
D =0.143 and A = 10 so that S. ~ 4.4. Since S. < Scomp, We observe that the linear competition instability triggers a
nonlinear event leading to the collapse on an O(1) time-scale of only one of the two spots.
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Figure 12: Typical initial conditions for numerical solutions of (1.2) on the unit ball. Two antipodal spots are located at (0,£0.429,0).
In (a), we plot v (solid) and u (dashed) at t = 0 as a function of y on the line x = z = 0. In (b), we show a surface plot of v on
the plane z = 0. Here, D = 0.143, A = 10, and € = 0.01. The surface plot (b) has been slightly altered for clarity.

For the case N = 1 of a one-spot solution, the solvability condition (3.8) would require that ¢; = 0 unless the integral
in (3.5) were identically zero. To have ¢; # 0, the far-field condition in (3.12b) must, therefore, be replaced with the
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Figure 13: Plots of the amplitude of two antipodal spots located at (0,20.429,0) as computed from numerically solving (1.2) using
FlexPDE6 [6]. In (a), we set D = 0.092 and A = 10 so that Sc ~ 5.5 > Scomp &~ 4.52. The amplitudes appear to oscillate out of
phase as they settle to their steady state values. In (b), D = 0.143 and A = 10 so that S ~ 4.4 < Scomp. The linear competition
instability is seen to trigger a nonlinear event leading to the collapse of one of the two spots. In (a), e = 0.02, while in (b), e = 0.01.

condition that ¥ — 1 as p — oo. That is, ¥ must be a constant at infinity. From a numerical solution of (3.12) with this
modified far-field behavior, we show in Fig. 14 that the eigenvalue with largest real part always lies in the left half-plane.
Therefore, the one-spot solution is always linearly stable to a radially symmetric perturbation.

40 50 60 70 80

Figure 14: The real (a) and imaginary (b) parts of the eigenvalue with largest real part corresponding to a radially symmetric
perturbation of a one-spot solution. The real part is negative for all S. For S < 10 (not shown), the largest eigenvalue becomes —1
due to discretization, and is therefore absorbed into the continuous spectrum located on the negative real azis with A < —1.

Next, for N > 2, we extend the leading-order stability theory to capture the weak effects on the stability thresholds
of the locations of the spots for the special case where the spots are aligned so that e is an eigenvector of the Green’s
matrix G. In the unit sphere such patterns occur when spots are located at vertices of a platonic solid concentric within
the sphere, when spots are equally-spaced along an equator concentric within the sphere, and for some of the equilibrium
configurations of the spot dynamics (4.13) derived below in §4. For such patterns, it follows from the fact that G is
symmetric that its matrix spectrum is

Ge = kie; Ga; =kjq;, qe=0, j=2,....N, qqi=0, i#j. (3.15)

We recall from the discussion following (2.36) that when Ge = ke, there is a common source-strength solution to
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(2.34) that is the same as that for the leading-order solution in (2.14), i.e. that S;e = S, for all j = 1,..., N where S, is
defined in (2.14). In addition, we have Uje = U, + O(£?) and Vje = V. + O(e?), so that B = B(X;S.)I + O(£?) in (3.11).
As a result, with a negligible error of O(g?), we obtain for N > 2 from (3.11) that

B(X\; S.) = 4mek; , when c=q;, j=2,...,N. (3.16)

To determine the critical values for S. at the stability threshold, we set A = 0 in (3.16) and use B(0;S.) = —puj(S.),
which yields the N — 1 nonlinear algebraic equations

1 (S.) = —dmek;, j=2,...,N. (3.17)

To determine the root of (3.17) for each j, we expand S. = S.; + ¢S, and by using 1§ (S.r) = 0, we readily calculate

~ 4drk;
S;=— 1, 7=2,...,N. (3.18)
T ug(Ser)
We conclude that there are zero-eigenvalue crossings whenever S, = S¢y + 55} + .- for j =2,...,N. The competition

instability threshold will then correspond to the largest of these possible values for gj. Since pg(Sey) > 0 from Fig. 3(a),
this threshold will be determined by the smallest of the eigenvalues of G in the subspace perpendicular to e. We summarize
this result as follows.

Main Result 3.1 Lete — 0 and N > 2, and suppose that the spots are aligned so thate = (1,...,1)T is an eigenvector of
the Neumann Green’s matriz G. Then, the N -spot quasi-equilibrium solution is linearly stable to a competition instability
on an O(1) time-scale if and only if

—ﬂ min k; where S, :ﬂ
1l (Se) i=2...N 7’ T 47NVD’

Here kj for j =2,...,N are the eigenvalues of G in the subspace perpendicular to e (see (3.15)). In addition, Scy ~ 4.52
is the minimum point of the graph of po(S.) versus S. shown in Fig. 8(a), where we estimate that pug(Scs) ~ 0.15.
Equivalently, we predict that such a pattern is linearly stable on an O(1) time-scale if and only

Se > Scomp = Se 3.19
4 f

_ (Aap’ dre : -
D < Dcomp = m Scf - ug(sc) j:I;‘l‘I‘l’N k]’ . (320)

For the unit sphere, we now compare the prediction of (3.19) and (3.20) with full numerical results computed from
FlexPDEG6 [6] for a symmetric two-spot pattern with spots at x; = (0,0,79) and x2 = —x;, and for the four spot
tetrahedral pattern of Fig. 7(a) of §2.1. A pattern was classified as unstable when the amplitude of one of the spots
collapsed to zero on an O(1) time-scale (as in Fig. 13(b)) while deemed not to be caused by a triggering due to slow spot
dynamics (see brief discussion below). Otherwise the pattern was classified as stable. The results of these computations
for ¢ = 0.03, A = 10 are shown in Fig. 15(a) and Fig. 15(b), where numerically stable (unstable) parameter sets are
marked by solid (open) circles. The leading-order competition stability threshold is indicated by the dashed line, while
the refined threshold is plotted in heavy solid. As expected, the smaller the distance between the spots, the smaller the
diffusivity D must be in order for the pattern to be stable. We observe excellent agreement between the refined asymptotic
theory and results from the full PDE solution.

Similarly, in Fig. 16(a) and Fig. 16(b) with ¢ = 0.03 and D = 1, we show a favorable comparison between the refined
stability threshold (3.19) and full numerical results computed from (1.2) using FlexPDEG6 [6] for the case where N = 4
spots are placed at the vertices of a tetrahedron of radius ro < 1 concentric within the unit sphere. The true steady-state
of the slow dynamics is when o = 0.564 (see Table 1). For this case, there is a mode degeneracy in that ke = k3 = ky, so
that up to O(e) terms the entire 3-D subspace perpendicular to e goes unstable as S, crosses below Scomp. As a result,
although the refined stability theory determines the stability threshold, the linearized stability theory is not capable of
identifying which mode of instability is dominant.

We make three remarks. First, with regards to numerically determining the stability of quasi-equilibrium patterns,
the process was made difficult by the slow drift of concentric patterns to their equilibrium radius r. (see Table 1 of §4).
When ro > r., an originally stable pattern may become unstable as the spots drift closer together. Starting close to
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Figure 15: Comparison of the predictions of the refined competition stability threshold (3.19) (solid curves) with the full numerical
results computed from (1.2) using FlexPDEG [6] for a two-spot pattern with spots at x1 = (0,0,70) and x2 = —x1 for A =10 and
e = 0.03 inside the unit sphere. The vertical azis is D (left panel) and S (right panel). The solid (open) dots represent parameter sets
where the pattern was observed numerically from FlexPDEG6 to be stable (unstable). The horizontal dotted lines are the leading-order

competition thresholds D comp = (Azsc_ﬁ) /36 ~ 0.136 (left panel) and Scomp = Scy =~ 4.52 (right panel).
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Figure 16: Comparison of the predictions of the refined competition stability threshold (3.19) (solid curves) with the full numerical
results computed from (1.2) using FlexPDE6 [6] for a four-spot pattern with spots centered at the vertices of a tetrahedron of
radius ro < 1 concentric within the unit sphere. The parameters are D = 1 and € = 0.03. The vertical azis is the competition
instability threshold for A (left panel) and S (right panel). The solid (open) dots represent parameter sets where the pattern was
observed numerically from FlextPDEG to be stable (unstable). The horizontal dotted lines are the leading-order competition thresholds
Acomp = 12¢/DS.p =~ 54.24 (left panel) and Scomp = Sey = 4.52 (right panel).
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threshold, the dynamics can destabilize a pattern rather quickly when ¢ is only moderately small. A pattern thus needed
to be initialized farther below threshold in order to be more assuredly classified as stable, resulting in apparently poorer
agreement with asymptotics when rg > r.. When ry < r., dynamics increase distances between spots so that an originally
stable pattern will remain stable for all time. On the other hand, the O(1) instability of an unstable pattern will trigger
before the O(e3) dynamics can stabilize it. This results in seemingly better agreement with asymptotics when ro < 7.
Second, even though the linear theory predicts that all modes destabilize simultaneously at S = Scomp, we have only
numerically observed the annihilation of a single spot at a time, regardless of initial conditions. This mode selection may
be due to an effect of higher order than the above analysis can capture. Finally, for the case where e is not an eigenvector
of G, it is much more challenging to calculate e-dependent correction terms to the leading-order competition stability
threshold S.r, and we do not perform this analysis here. This difficulty arises due to the need to resolve the intricate
imperfection-sensitive bifurcation structure that exists near S.; whenever e is not an eigenvector of G.

3.1 Linear Stability of Asymmetric Patterns

In this subsection we briefly formulate the leading-order linear stability problem for the asymmetric patterns of (2.21).
It is beyond the scope of this paper to give a comprehensive study of the stability of these patterns, and we only give
a partial result showing the instability of asymmetric patterns for which N, > N,. While previous studies of 2-D spot
problems (cf. [25], [18]) have found that certain asymmetric patterns can be stable in a particular regime, we have not
been able to numerically observe any stable asymmetric patterns (even when N, < N;) in the 3-D Schnakenberg model,
perhaps owing to the small domain of attraction of such patterns.

The formulation of the linear stability problem proceeds in a similar manner as for the symmetric pattern, with the
critical difference being that B(A;.S) need not be zero. The relationship B(};S) must therefore be determined in order
to determine stability. To begin, we index the spots so that spots corresponding to strength S, are located at X;—Z’T), for

j=1,...,Nyp. Then, in the inner region near x§€’r) where (Vge, tuge) ~ (VD) 167 /3/D), we let ¢ ~ cgé’r)(b(é””)(p)
and ¢ ~ cg-g’r)\ll(e”’)(p) /D in (3.2). This results in the inner eigenvalue problem of (3.4) with the far-field condition
W)~ 1/p 4 B(A; Sp,). By the same matching procedure leading to (3.10), we have that

(0 (r)
c:’B(X; Sp) ¢’ B(X; Sy)
J - = d}o s 7j = ’d}o . (3.21)

D
The weights associated with the perturbation of each type of spot must then have a common value, so that

) (r) _

c;'=cg, j=1,...,Ng; ¢;'=¢, j=1...,N,. (3.22)
Together with (3.21), (3.22) yields one equation for ¢; and c¢,,
B(X; S¢)ee — B(A; Sr)er =0, (3.23a)

while the second equation comes from the solvability condition (3.8), which we rewrite as

Nyco + Npey = 0. (3.23b)

A nontrivial solution to the system (3.23) exists if and only if A satisfies the transcendental equation C(\) = 0, where

N,  B(X\S))
KA = —+ —"—=, 3.24
W=t Bovs) (324
where for given positive integers IV, and Ny, the source strengths Sy and S, are determined by the nonlinear algebraic
system (2.22). The asymmetric pattern is unstable if (3.24) has a root in R(\) > 0, and is linearly stable if all roots to
(3.24) are in R(N\) < 0.

We now give a numerically-assisted proof for the existence of at least one positive real root of (3.24) when N, > Ny.
We first recall that B(0,.5) = —pug(S). Together with the one-sided inverse functions Sy = S¢(ug) and S, = S, (o) of the
map fio(S), we obtain
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_ N . _ Mo [Sr(po)]
OV, = Plds PO = )
The function po(S) is shown in Fig. 3(a). Observe that p,(S) > 0 (u((S) < 0) when S > S (S < Ser). In Fig. 17(a)
we plot the numerically computed function D(pug) versus po on fi9 > ftomin, Where fiomin = po(Ses). By L'Hopital’s rule
we must have D(pomin) = 1. However, our plot in Fig. 17(a) shows that 0 < D(ug) < 1 for pg > pomin. Therefore,
when N, > Ny, we have from (3.25) that K£(0) > 0. Next, we note that because the entire right branch of pg(S)
is stable with respect to positive real eigenvalues, B(\;S,) must be of only one sign when A is positive real. With
B(0;S,) = —ui[Sr(po)] < 0, we have that B(A;S,) < 0 for all A > 0. Now since the left branch is unstable to a
competition instability, there must exist a A. positive real such that B(\.;Sy) = 0. With B(0; S¢) = —u([Se(po)] > 0, we
must have B(A;Sp) > 0 when 0 < A < A.. Therefore, as A - A, K — —oo. Using that £(0) > 0 whenever N, > N, we
conclude from the intermediate value theorem that there must exist a positive real root 0 < A, < A; to (3.24). As such,
all asymmetric patterns of (2.21) with N, > N, are unstable to a monotonic instability. In Fig. 17(b), we show typical
curves for B(A;S¢) (dashed) and B(A;S,) (solid) for A > 0 with S, = 3.06 and S, = 6.99. Here, B(\;S¢) crosses 0 at
Ae = 0.65 while B(\; S,.) is of constant sign. In Fig. 17(c), we plot the positive real root satisfying 0 < A, < A, of K())
in the case Ny = N, = 1. As A|Q|/(47(2)V' D) — S:;,, the asymmetric pattern approaches a symmetric two-spot pattern
with S1 = S = Scy. From the leading-order stability theory, this pattern is neutrally stable with a zero eigenvalue,
consistent with Fig. 17(c).

>0. (3.25)

The argument above cannot in general be applied when N,. < N,. Numerical solutions of X(\) = 0 in the case N, = 1
and N, = 3 (dotted branch in the right panel of Fig. 5) indicate that the solution at the saddle node is neutrally stable,
while the upper branch is unstable to a real positive eigenvalue. There is no positive real root of JC(\) on the lower branch,
though numerical solutions of the full PDE still indicate that these solutions are monotonically unstable. This may be
due to a small domain of attraction of solutions on the lower branch. A full characterization of the stability of asymmetric
branches with V. < Ny, as well as a refined stability theory for general asymmetric patterns, is beyond the scope of this
paper.
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Figure 17: In (a), we plot D(po) defined in (3.25) versus po on pio > ftomin. Here, Se < Scp (Sr > Scy) is the smaller (larger)
value of S associated with po(S) (see Fig. 3(a)). In (b), we plot B(X\;Se) (dashed) and B(X;S;). Here, Sy = 3.06 and S, = 6.99
are solutions of (2.22) with N = N, = 1 and A|Q|/(47vD) = 10.05. For the particular parameters used, B(\;S;) crosses 0
at Ae = 0.65 while B(\;Sy) has constant sign. In (c), with N, = N, = 1, we plot the positive root of IC(X) in (3.24) satisfying
0 < A+ < . Observe that A, — 0% as A|Q|/(47(2)V D) — ij‘

3.2 Spot Self-Replication: A Peanut-Splitting Instability
Next, we analyze the linear stability of a quasi-equilibrium pattern to localized radially asymmetric perturbations near
each spot. Because this instability is local and does not involve coupling between spots, the same analysis applies to both

symmetric and asymmetric patterns. In the j-th inner region, we use the local behavior (2.17) and ¢(x; + €y) = ®(y)
and ¥ (x; +¢cy) = U(y)/D to write (3.2) as
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Figure 18: Plot of the eigenvalue of (3.28) with largest real part versus S for £ = 2 (heavy solid), £ = 3 (light solid), and £ = 4
(heavy dashed). As S increases, the £ = 2 mode is the first to become unstable.

Ay® — ® +2U.V.® + VAU =\, Ay —2U V& - VU =0, ®—0 as |y|— oo, (3.26)

where U, and V, satisfy the common core problem (2.16). For (3.26), we impose the usual regularity conditions at |y| = 0,
while the far-field condition for ¥ depends on the mode of the perturbation. That is, we decompose ® and ¥ into spherical
harmonics as

® = PJ"(cos p)e"™  F(p), U = P"(cos )™ H(p), (3.27)
where y* = p(sin ¢ cos 0, sin ¢sin 6, cos @), with 0 < ¢ < 7 and 0 < § < 27 being the spherical angles. In (3.27), P;"(z) are
the associated Legendre polynomials, ¢ is a positive integer, and m = 0,...,£. The £ = 1 mode represents the translation

mode for which A = O(&3); these eigenvalues are captured in the analysis of slow spot dynamics studied in §4. The £ = 0
mode is associated with the competition instability studied in §3. As such, we consider only the modes ¢ > 2. Substituting
(3.27) into (3.26), we obtain the radially symmetric eigenvalue problem

LF —F+2UVwF+V2H=)F, F0)=0, F-—=0, as p— o0, (3.28a)
1

LoH —2U.V.F —VZH =0, H(0)=0, NW’

as p— 0o, (3.28b)
where we have defined the operator £, by £y = 9,, + 2p 19, — £({ + 1)p~2. In (3.28), the boundary conditions at p =0
are required for the regularity of L,F and LyH at the origin.

By solving (3.28) discretely for a range of S, we find that the eigenvalue with largest real part is real, and for each ¢,
is negative (positive) when S < X, (S > X;). Here, 3 depends on ¢, and for the first three modes that we consider, has
the ordering 5 < X3 < ¥, as shown in Fig. 18. We have found that this ordering persists for the higher modes, and thus
see that the £ = 2 mode is the dominant instability. The corresponding threshold is 35 ~ 20.16. This linear instability
mechanism is found numerically to trigger a nonlinear event leading to the splitting of a radially symmetric spot into two.
In the analysis of localized spot patterns for the 2-D Schnakenberg model [12], this has been referred to as a “peanut
splitting instability”. In our 3-D case, there is a mode degeneracy in the sense that the radial modes m = 0,1,2 all lose
stability simultaneously. The mode that is activated presumably depends on the initial conditions.

In terms of the original parameters of the Schnakenberg model, the splitting instability occurs when the total inhibitor
feed rate A|Q| is sufficiently large to support more than the current number of spots, or when interaction between the
spots is sufficiently weak (D is small). We remark that, in contrast to the competition mode, the peanut splitting is a
local instability in that there is no coupling between the spots. That is, a particular spot will split if its strength exceeds
Yo, independent of the other spots. The spots of a symmetric pattern will therefore also split simultaneously if S, > ¥.
Together with the competition stability criterion (3.14), our leading-order asymptotic theory predicts that the symmetric
quasi-equilibrium N-spot pattern is linearly stable on an O(1) time-scale if only if

< 2%y Seomp A 452 Ny~ 20.16. (3.29)
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These thresholds are equivalent to thresholds for A given in (1.3), and are in excellent agreement with numerics as
figures 1 and 2 show.

A=345.18

Figure 19: Numerical simulation of (1.2a) showing self-replication process of seven spots. Here, ¢ = 0.06 and A is very slowly
increased according to the formula A = 200+&*t. Snapshots show the value of A at the self-replication thresholds. Next to the spots,
the value of (ge)j 18 also given. Asymptotics predict that the spot with the smallest value of (Qe)j will be the one that self-replicates.

The leading-order thresholds (1.3) provide an excellent prediction for when the splitting first starts to occur, but does
not predict which spot(s) will split. In fact, it is surprising that only one spot splits at a time. Indeed, on snapshot
#7 of Figure 1 (A = 173.248), one can observe at least two spots initiate the deformation (right and center spots).
However, eventually only the center spot undergoes splitting. This is also very different qualitatively from either one or
two dimensions. For example in [12], the authors performed an analogous experiment in two dimensions, and observed
increasing A past the threshold resulted in multiple spots splitting simultaneously. Similarly, in one dimension, multiple
spots tend to replicate simultaneously [11]. A two-order expansion of S; — see (2.35) — shows that the largest S; corresponds
to the smallest value of (Ge) e This suggests that as A is increased, the spot that self-replicates is the one with the smallest
value of (Ge);. Figure 19 shows self-replication with 7 spots. The value of (Ge), is indicated for each spot in the figure.
While all of these values are rather close, the self-replicating spot is indeed the one with the smallest such value (-0.27).

4 Slow Spot Dynamics

In this section, we analyze the slow dynamics associated with an N-spot quasi-equilibrium solution. To derive an ODE
system characterizing the slow spot dynamics, we must extend the calculation in §2 to one higher order. We will proceed
by the method summarized at the end of §2.1. In the inner region near the j-th spot, we let x; = x;(0) where o = £3t,
and expand the inner solution as

y =e '(x—x;(0)), wv(xjtey)=VD[Vic(p) +*Vjaly) +-], u(xj+ey)= [Uje(p) + 2 Uja(y) +--+] , (4.1)

1
VD

with p = |y|, where Uje, Vje satisfy the radially symmetric core problem

ApVie = Vie + UV =0, 12(0) =0, Vie—=0, as p— o0, (4.2a)
ApUje —UjeViz =0, Uje(0) =0, (4.2b)

with far-field behavior
Ujleu‘j_ij/p"i_"'a as p— 00, (426)

where p1; = 110(S;e). The corresponding outer solution (see (2.33)) is given by

im TS Gy, 3 e = A2 w
\/ﬁi::L i€ s &g )y o 1€ 471‘\/5, .
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where Sje, for j =1,..., N, and £ satisfy the nonlinear algebraic system (2.34).

We first expand v as x — x;, while retaining the higher-order gradient terms associated with the Green’s function.
Upon using (2.10b), we obtain in terms of inner variables that

S dme 4me? a
_ N - 75 (gS); — Nt SieVxR(X; X;) |x=x, + ZSiEVxG(x; Xi)lx=x; | » @ x— x5, (4.4)

un~E
i=1
i#]

where G is the Neumann Green’s matrix. The O(g?) term in (4.4) is the motivation for the form of the higher-order
expansion in (4.1) and the scaling for the slow time-scale o = £3t.

Upon substituting (4.1) into (1.2), and matching the inner solution to the O(g?) term in (4.4), we obtain that
Wy = (Vj2,Uj2)7T satisfies

o X/~’VY‘/j5 2 0
LW, = AyWQ + MWy = — J 0 , yc€ R ) Wy ~ b, . y , as |y‘ — 00. (45&)
J

Here the 2 x 2 matrix Mg and the vector b; are defined by

N
—14+2U,;cVie V2
Me = EUENS ) by = —AmSie VR X e, — 4T 3 Sie VG (%% e, - 15b
) ( ~WieVie  —V i = AT VR0 %) by — A7 D i VXG0 X0 e (4.5b)
i#j

Let y = (y1,92,y3)T and Wje = (Vje,U;e)T. We observe upon differentiating the core problem (4.2) with respect to
i-th coordinate y; of y that

!
L(0y,Wjg)=0 where 0, Wjc=p* ( Vj}e(p) > y;, for 1=1,2,3.
) ) Uje(P)

This shows that the dimension of the nullspace of £, and consequently £*, is at least three-dimensional. We will assume
that this nullspace is exactly three-dimensional, which we can verify numerically provided that S;e does not coincide with
the critical value ¥y &~ 20.16 for the peanut-splitting instability.

From a Fredholm alternative criterion, the following lemma provides a necessary condition for (4.5) to have a solution.

Lemma 4.1 A necessary condition for (4.5) to have a solution is that x;(o) satisfies

3
/—_7
X; =

Sb m=nS0= [ PPV, (1.6

where Py(p) is the first component of P(p) = (Pi(p), Pa(p))T, which satisfies

0

2
AP—P+MIP=0, 0<p<oo; P~<
P P € P 1/p?

), as p— oo, (4.7)
and P = O(p) as p — 0, where A,P =P" +2p~'P’.

Proof: We first seek three independent nontrivial solutions to the homogeneous adjoint problem £*®¥ = A, W+ MZI ¥ = 0
in the form ¥, = P(p)y;/p for i = 1,...,3. Since

2 Yi
Ay [Pyi/p] = <APP - p2P> rx

we readily obtain that P(p) satisfies A,P —2p™2P + MZIP = 0. To establish the far-field behavior of P, we obtain using
(4.5b) for Mg, and the fact that Vo — 0 exponentially as p — oo, that Ps(p) satisfies Py +2p~ ' Pj—2p=2P =~ 0 for p > 1.
The decaying solution to this Euler’s equation implies that P, = O(p~2) as p — 0o, and the eigenfunction is normalized
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by imposing the precise behavior that P, ~ 1/p? as p — oco. In contrast, for P;(p) we obtain that P’ +2p~'P] — P, ~ 0
as p — 00, so that P; decays exponentially as p — oo. In this way, we obtain that P satisfies (4.7).

Next, to derive our solvability condition we use Green’s identity over a large sphere of radius |y| = po > 1 to obtain
that

lim (TTLW, — WI L) dy = lim (¥70,W, — W30,¥,;)

—00 —00
Po Qo PO 09,

ds. (4.8)

P=pPo

With ¥, = P(p)y:/p, and for a fixed i € {1,2,3}, we first calculate the left-hand side of this expression using (4.5a) to
obtain

lim (WTLW, —WILw,) dy = — lim | LPy(p) (x}-VyVie) dy,
PO S, P00 JQ,,
YilYk -1
- li Vi (p)Pi(p)dy 4.9
Zl‘ pol_l;noo %, p2 jE(p) l(p) Yy ( )
where x; = (2, ;2, J3)T. By using symmetry considerations, we readily establish that fQ yiyrf(p)dy = 0 and
fQ y2f(p)dy = 4 p4 f(p) dp for any radially symmetric function f(p). In this way, the last expressmn (4.9) becomes
lim (O] LW, — WI LD, dy = A h P> Pi(p)Vi=(p)dp (4.10)
pPo—00 | H 2 2 g g I 0 1 j€ . .

PO

Next, we calculate the right-hand side of (4.8). For the first term on the right-hand side of (4.8) we use Ps(p) ~ 1/p?,
Uj1 ~bj-y and 9,U;1 ~ b;-y/p as p — 00, to estimate that

lim OO, Wsl,_p, dS = lim Pz(p)%apUjl‘ dS = lim Yiboy)|  ds.
P

P00 Joq,, P00 Joqy,, p=po P00 Joqy,, p* p=po
Then, since fBQ Yivi f ()| p=po dS = 0 for i # k, and writing dS = p2dQo, where dQ is the solid angle for the unit
PO

sphere, we obtain that

y2 4
li lIl 0,W dS = 1 “5bji dQ = —bj;, 4.11
polj)noo -~ 2| p=po pognoo 861, Po j 0 3 ( )

for each i = 1,2,3. In a similar way, we can calculate the second boundary integral in (4.8) as

~ lim WTo,%,,_, dS—=— lim bi-y) 0 {P yM 240,
Po—>00 02,0 2 ‘p P Po—>00 0, ( ! y) g 2(p) 1Y P:POPO 0
. Yi 2
— — lim b.y)o, [ L ’ a9y,
b0 Joo,. (b;-y) 9y <p3> p:popo 0

. 2y,
= lim (bj-y) (i)‘ P50,
0, p pP=po

PO —>00
. yZ 8w
=0 Joq, g le=o 3

By adding (4.11) and (4.12), we obtain that the right-hand side of (4.8) is 47bj;. Finally, by equating this expression with
that given in (4.10) for the left-hand side of (4.8), we obtain that z’; = —3b;i/k1, where £ is defined in (4.6). In vector
form, with ¢ = 1,2, 3, we obtain (4.6). |

By combining (4.6) with our expression for b; in (4.5b), we obtain an ODE-DAE system for the slow spot dynamics
given by

dx;  127é®
dt - K1

N

SieVaR(%: X)) lxms, + 3 SieVaG(XiXi)lams, |+ G=1,...,N, (4.13)
i=1
i#j
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where k1 = k1(Sje) and Sig, ..., Sne are determined from the nonlinear algebraic system (2.34), which for e < 1 depends
weakly on the spot locations x1,...,xy. This ODE-DAE system is valid when the N-spot quasi-equilibrium pattern is
linearly stable to either competition or peanut-splitting instabilities, as was discussed in §3. Our numerical computations
of k1 shown in the left panel of Fig. 20 reveal that 1 < 0 for 0 < S; < 33 =~ 20.16.

Numerical realizations of the ODE-DAE system (4.13) and (2.34) are readily possible when € is the unit sphere. In this
special case, the Neumann Green’s function and its regular part were given explicitly in (2.11). Since G(x;&) = G(§;x),
we can write (2.11) as

o (Lt 1 y_ 1 L ). S e
66xi6) = 1- (g g )~ E (D gk O, T -0 S le -l ()
for some h(&), where & = £€/|&|?. A simple calculation of the gradient, which is needed in (4.13), yields
1 x—¢ 1 x&’) 1 (E §'x) X
Cx;8)=—— (s + ) + =) 415
w61~ (= *rem—er) * o U emet) * )

Rixjg) = -~ L x=¢& 1 <€ €X>+X. (4.15b)

“migx—epP T a7 g Tix—g|

For a particular parameter set, as described in the caption of the right panel of Fig. 20, we compare results from
(4.13) for a 2-spot evolution in the sphere with corresponding full numerical results computed from the PDE (1.2) using
FlexPDE6 [6]. In our example, the two spots are initially taken to be in an antipodal configuration so that e = (1,1)7 is
an eigenvector of the Green’s matrix G. As a result, from (2.36), we have S;z = Soe = S, = A/(64/D). The results shown
in the right panel of Fig. 20 show that the asymptotic result (4.13) is highly accurate in predicting the full dynamics. For
this special configuration, we obtain from (4.13) and (4.15) that x; = (0,0, z9) and x2 = —x; satisfies the explicit ODE

dZO _ 3S 8 .F (20)7 .FQ(Z()) = ( AE 1) )

dt |1
It is readily verified that there is a unique root zp. to Fa(zp9) = 0 on 0 < 2y < 1, and using a root finder we get
Zoe = 0.42885, which confirms the result shown in Fig. 20.
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Figure 20: Left panel: k1 versus S. computed numerically from (4.6), which shows that k1 < 0 for 0 < S. < 32 &~ 20.16. Right
panel: plot of the z-coordinate zo(t) > 0 of two antipodal spots initially located at (0,0,+0.1375). The other spot evolves as —zo(t).
The solid curve is obtained from numerically solving the full Schnakenberg model (1.2) in the unit sphere, while the circles are
obtained from numerically solving the ODE (4.16), as derived from (4.13), with Sie = Sse = A/(67/D). The parameters are D = 1,
A =80, and € = 0.02. For this parameter set, where Sie =~ 13.33, we get k1 = —2.0395.

For an arbitrary initial configuration of spots, we recall from (2.35) that to leading order in € we have S; = S. 4+ O(¢),
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where S, is given in (2.14). Then, upon introducing the discrete energy H(x1,...,xy) defined by

N N N
H(xi,.,xn) =Y Rxiixi) +2) Y Gxiix;), (4.17)
i=1

i=1 j>i
we can write (4.13) in the form of a gradient flow. The result is summarized as follows:
Main Result 4.2 Let ¢ — 0, and suppose that the N-spot quasi-equilibrium solution of (1.2) is linearly stable on an

O(1) time-scale to either competition or peanut-splitting instabilities. Then, to leading order in e, the collection of spots
evolve by the gradient flow

dx; 67 S, . AlQ|
B PPy H(xy, ..., xn), =1,...,N; §, =1 4.18
dt Vet Ny 4xNvD (4.18)
where the discrete energy H is defined in (4.17). Here k1 = k1(S.) is defined in (4.6). In terms of the spatial configuration
{X1,...,Xn} of spots, a two-term expansion for the spot strengths when ug(Se) # 0 is
4dreS. [eTGe
Sic ~ 8. —(Ge), ) +---, j=1,....N, 4.19
o ot s (S0% - (Ge), ) (1.19)
where e = (1,...,1)T and G is the Neumann Green’s matriz.

We now use (4.18) to discuss possible steady-state spot configurations. It follows from (4.18) that spatial configurations
of steady-state spots are critical points of the discrete energy H, and that patterns that are linearly stable with respect
to the ODE dynamics (4.18) are minima of 7. The discrete energy H also arises in the analysis of the mean first passage
time for a Brownian walk in a 3-D domain with small localized spherical traps (cf. [3]). Following the decomposition in
[3], we define Hg by

Hy TN al 7 Y& 7

— O — = . . .. .

H(x1,...,XN) = 107 Ho = 4w ;:1 (R(x“xz) + 1071-) +2 ;:1 jii (G(x“xj) + 1071') . (4.20)
For the unit sphere, in Table 1 we give some results for N = 2,...,20 computed in [3] using numerical optimization

software for a restricted optimization problem whereby #( is minimized subject to the condition that either all N spots
must be on a single ring (second and third columns), or all N — 1 points are on a single ring while the remaining spot is
at the origin (fourth and fifth columns). From this table we observe for N > 16 that the second class of patterns gives a
smaller Hy. It was found in [3] that, for N = 2,...,20, an unrestricted optimization of Hy gives results that coincide to
the number of digits shown with the restricted minimum energies in Table 1, with all spots being very close to, but not
exactly on, a common ring of radius r.. As a result, for N = 2,...,20, the global minimum of H can be predicted rather
accurately from the restricted optimization results in Table 1.

Point configurations corresponding to such global minima of H are linearly stable equilibria of the ODE dynamics
(4.18). We then perform numerical simulations of (4.18) with randomly generated initial conditions in an attempt to
classify steady-states of (4.18) with large basins of attraction of initial conditions. We find for N = 2,3,4,6,8 that the
computed steady-state solutions agree precisely with those for the one-ring patterns shown in the second and third columns
in Table 1 and that, for these values of N, e = (1,...,1)T is an eigenvector of the Green’s matrix G at the steady-state. In
particular, for N = 2, the first row of Table 1 predicts that a two-spot steady-state of (4.18) will correspond to antipodal
spots on an interior sphere of radius r. =~ 0.429, which is precisely what was observed in the results shown in the right
panel of Fig. 20. In addition, for N = 4, we observe from Table 1 that the bifurcation diagram shown in Fig. 7(a)
correspond to true steady-state solutions. Moreover, our numerical results show for N = 12 that some initial conditions
lead for (4.18) lead to a steady-state where the spots are centered at the vertices of an icosahedron with discrete energy
and radius given in Table 1, for which e is an eigenvector of G, while other initial conditions lead to a pattern with 11 spots
nearly on a common ring with a spot at the center. For N = 13,14, 15, initial conditions lead either to spots nearly on a
common ring or to the near-ring and center-hole pattern. For N = 16, ..., 20 our computations of (4.18) lead typically to
the near-ring and center-hole pattern. For N = 12,...,20, we find that the discrete energies at the steady-state coincide
very closely with the restricted optimization results in Table 1. For N = 5, our simulations of (4.18) with random initial
conditions, shows that (4.18) converges to a steady-state with 2 antipodal spots at a distance of 0.59279 from the origin,
and with 3 spots equally-spaced on a mid-plane with spots being at a distance 0.59605 from the origin.
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N ’H((Ja) Spherical radii H(()b) Spherical radii
r; =r.Vj ry=r.Yj,(r1 =0)
2 7.2763 0.429 9.0316 0.563
3 || 18.5047 0.516 20.3664 0.601
4 || 34.5635 0.564 36.8817 0.626
) 56.2187 0.595 58.1823 0.645
6 82.6490 0.618 85.0825 0.659
7 115.016 0.639 116.718 0.671
8 152.349 0.648 154.311 0.680
9 || 195.131 0.659 196.843 0.688
10 || 243.373 0.668 244.824 0.694
11 || 297.282 0.676 297.283 0.700
12 || 355.920 0.683 357.371 0.705
13 || 420.950 0.689 421.186 0.710
14 || 491.011 0.694 491.415 0.713
15 || 566.649 0.698 566.664 0.717
16 647.738 0.702 647.489 0.720
17 734.344 0.706 733.765 0.722
18 826.459 0.709 825.556 0.725
19 || 924.360 0.712 922.855 0.727
20 || 1027.379 0.715 1025.94 0.729

Table 1: Numerically computed minimal values of the discrete energy function Ho for the optimal arrangement of N-traps within a
unit sphere where the optimization is restricted to a one-ring configuration Héﬂ>, or to a one-ring configuration with a center spot
Héb) (see [3]). The minimum of these two values is shown in bold face. The unrestricted optimization of Ho gives results extremely
close to the restricted minimum energies in Table 1, but that not all spots lie exactly on a ring of a common radius.
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4.1 Spot Dynamics with a Spatially Varying Feed-Rate

In this subsection we extend our previous analysis of (1.2) to the case where the feed-rate A depends on x, with A(x) > 0
in 2. We only briefly highlight the new features of the analysis needed when A = A(x).

We proceed by the method discussed at the end of §2.1. Since the inner solution near each spot does not depend on
A, we can proceed as in §2.1 to allow the source strength S; in (2.2) to depend weakly on ¢, and so we write Uje, Vje to
be the solution to (2.2) for which Uje ~ pu; — Sje/p as p — 0o, where p; = po(S;e). In place of (2.32), the outer solution
now satisfies

4775
A D Zsjga x€Q;  du=0, xcan. (4.21)

By the divergence theorem, we obtain that

N _
> Sie = Al , A

1
= 4mv/D 12 /Q Alx) dx. (4.22)

The exact solution to (4.21) is simply
_ Ame
u==~&+ ulp ZSlgG X;X;), (4.23)
where ¢ is a constant, G is the Neumann Green’s function of (2.10), and wu1,(x) is the unique solution to

Auy, = —Ax)+ A, x€Q; Opu1p =0, x€0Q; /ulpdx:o, (4.24)
Q

which is given explicitly by
urp(x / G(&x ) dE. (4.25)

By expanding (4.23) as x — x; we obtain in terms of inner variables that

2

je € 4me € -
£ ) - 2 (GS). 4+ ——vyby 4 , 4.9
\/Ep Dulp(xj) \/5 (g )] + \/Ey J + ’ as X — XJ ’ ( 6)
where G is the Neumann Green’s matrix, S = (Si¢, ..., Sne)?, and where we have defined BJ— by
N
-1
b; = ﬁvxulp\xzxj — 47 | Sje Vi R(x: %) |xex, + ;Sigvxa(x;xi)\xzxj . (4.27)
i)

Upon matching (4.26) to the far-field behavior of the j-th inner solution defined in (4.1) we obtain, in place of (2.34),
that Sje, for j =1,..., N, and § now satisfy

fo(Sje)

\F(QS) Dulp( i) = i j=1,...,N; Zsjgzﬂ (4.28)

§—

where the graph of po(Sje) versus Sje was shown in Fig. 3(a). In addition, we obtain that Wy = (Vj2, U i2)T now satisfies
(4.5) with b; replaced by b Therefore, by using Lemma 4.1 we can determine the slow spot dynamics in terms of b
This yields, in place of (4. 13) that the ODE-DAE system for the slow spot dynamics when A = A(x) is feed rate is

de 83 3

N
o o ﬁvxulp&:xj — 127 | Sje Vi R(X; X)) |x=x; + ZSigVXG(X; Xi) lx=x; , j=1...,N, (4.29)

i=1
1#]
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where Sig, ..., Sne are now determined from the nonlinear algebraic system (4.28), and k1 = k1(Sje) < 0 from Fig. 20(a).
Finally, upon making the leading-order approximation S; = S, + O(e), for j =1,..., N, where

_ A9
o 47r]\7\/57

we can readily reduce (4.29) to the following simple result:

(4.30)

Main Result 4.3 Let ¢ — 0, and suppose that the N-spot quasi-equilibrium solution of (1.2) with A = A(x) > 0 is
linearly stable on an O(1) time-scale to either competition or peanut-splitting instabilities. Then, to leading order in ¢,
the slow time evolution of the collection of spots satisfies

dx;  127S5.¢®
dt - |,"€1|

N
N .
Vs R(%; X)) s, + D, VoG (%3 Xi) |emse, — mvxmﬂxzxj ., j=1,...,N, (4.31)

i=1
i#]
where S. is given in (4.30). In term of the discrete energy H of (4.17), we have equivalently that

2N

dx; 6mS, e
e <ij/H(X1,...,XN) - vaulp|x_Xj) ) Jj=1...,N, (432)

dt - ‘Hl‘

where w1, which satisfies (4.24), is given explicitly in (4.25). Here k1 = k1(S:) < 0 is defined in (4.6) (see Fig. 20(a)).
In terms of the spatial configuration {x1,...,xXn} of spots, a two-term expansion for the source strengths when p,(Se) # 0,
as obtained from (4.28), is

4 . T
Sie ~ S+ TeS (e Ge

€ 1 o
Gy N (ge)j> + NGIACA (Ulp(xj) N ;ulp(xi)> , j=1,...,N, (4.33)

where e = (1,...,1)T and G is the Neumann Green’s matriz.

We now illustrate Main Result 4.3 for a few choices of the variable feed A in the unit sphere.
Example 1: (Radially Symmetric Feed-Rate: A = A(r))

We first use (4.31) to derive an ODE for a one-spot solution centered at x; = (7“,707 0) along the positive z axis inside
a unit sphere when the feed-rate A is purely radial, i.e. A = A(r). We use S. = A/(3v/D) from (4.30), together with
(4.15) and the solution u1, to (4.24), to readily obtain that (4.31) reduces to

dr Ae? re—r% 3 [
T___ = F h F = - A(p)p? 4.34
dt T)|I€1| la(T) ) where 1a(7") (1 7 ,r2)2 + Ar2 A (p)p dp7 ( 3 )

and A = 3f01 p?A(p)dp. Since F1,(0) = 0, then r = 0 is always an equilibrium point. Moreover, since Fi,(r)
r[2+ A(0)/A] > 0 as r — 0, it follows that r = 0 is a stable equilibrium point of the ODE (4.34) for any A(r) > 0.
Finally, since Fi4(r) > 0 on 0 < r < 1, we conclude that there is no radially symmetric feed-rate that can lead to the
pinning of a spot at some distance r., with 0 < r. < 1, from the origin.

Next, we consider a two-spot pattern in a spherical domain where the spots are symmetrically placed at x; = (r,0,0)
and xo = —x; with 0 < 7 < 1. Assume that A = A(r) > 0. We use S. = A/(6v/D) from (4.30), together with (4.15) and
the solution uq, to (4.24), to readily obtain that (4.31) reduces to

dr 38.e3 2r3(3 — 1) 1 3 ("
a2 g . TNOTT) e 2 Aptd 4.35
i 1| Faal(r), F2a(r) (rf —1)2 +r 4?2+r2A o p-ap, ( )

where A = 3f01 p*A(p) dp. Any steady-state 7. of (4.35) must satisfy

5(9 _ .4 "2 A(p)d
253 — %) [y p (p)dp _ 1 5 (4.36)

(rt =12 " [T p2A(p)dp 4
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The left-hand side of (4.36) is monotone increasing, is zero at » = 0 and is unbounded as » — 17. Since the right-hand
side is monotone decreasing on 0 < r < 1 and has a unique sign change at 7 = 4=/3_ it follows that there is a unique
steady-state solution ro. to (4.35) on 0 < ro. < 471/ for any A(p) > 0. Therefore, the effect of the radially symmetric
feed-rate is simply to modify the location of the steady-state observed in Fig. 20 for the case where A was constant.

Example 2: (Pinning of a Spot)

~ We consider a one-spot solution and take A(x) = Ag + Bz with 0 < B < Ay, where x = (x,y,2)". For this case,
A = Ay, and we calculate from (4.24) that

B B

Uiy (x) = 1—5 (8-1xP) . Vawnp(x) = I5 (~202, ~2y2,3 — |x* 222)" (4.37)

We obtain from (4.15b) that
Vi R(x;%1))| xaf2-r7 (4.38)
X X; X X=X1 — 5 _ 71 _o\o ) *
Vb= T yr | (1= 12)2

so that (4.31) with N =1 and w1, as in (4.37) yield that

dxq RIS (2 —1r?) 3B 9 N T

— = 1 — (2 2 -3 2 4.39

i N e R T e R A 439

where r = |x;| and S; = Ag/(3v/D). The steady-state for (4.39) is 21, = y1. = 0, and where 21, = 7, is the unique root

on0<r, <1of )
(2—17) 9B
7“<(1T2)2+1 =204 (4.40)

which can be found numerically. In particular, if Ag = 40 and B = 20 so that A(x) = 40 (1 + z/2), the unique equilibrium
point is (Z1e, Y1e, 21¢)T = (0,0,0.14387)T. Therefore, in this case we predict that the variable feed-rate leads to an
equilibrium spot solution on the positive z axis in the direction where the feed is largest. For ¢ = 0.03 and the initial
location x1(0) = (0.4,0.5,0.3)7, this is confirmed in Fig. 21(a) from a FlexPDE6 [6] full numerical computation of (1.2).
We remark that the full numerical results in Fig. 21(a) compare very favorably with results from the ODE (4.39).

X1

o] 500 1000 1500 2000 2500 3000 3500 4000
t

(a) example 2: x1 versus ¢ (b) example 3: |x1(¢) — | versus ¢

Figure 21: Left panel: Plot of the full numerical results (discrete points) computed from (1.2) using FlexPDE6 [6] for the three
components of the spot trajectory x1 versus t for example 2 where A(x) = 40 4+ 20z, D = 1, ¢ = 0.03, and with initial condition
x1(0) = (0.4,0.5,0.3)T. The three curves are the asymptotic result (4.39) with the labels = (dotted), y (dashed), and z (solid), where
x1 = (2,9,2)7. The results confirm that x; — (0,0,0.14387)T as t — co. Right panel: numerical solution of the ODE (4.42)
(solid curve) for example 3 where A(x) is given in (4.41) with D =1 and € = 0.03. The discrete points are full numerical results
computed from (1.2) using FletPDE6 [6]. The parameters are Ao = 20 and B = 20|QY|, with |Q)] = 47 /3. The localized feed is at
€ =(0,0,0.5), and we plot the distance |x1(t) — &| versus t for three initial conditions: x1(0) = (0,0.7,—0.2)T (heavy solid curve),
x1(0) = (=0.7,-0.2, —0.6)™ (solid curve), and x1 = (—0.5,0.0,0.0)T (dotted curve).

Example 3: (Pinning of a Spot by a Localized Source of Feed)
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Finally, we consider one-spot dynamics for the case where the variable feed-rate has a background state that is
augmented by a localized source where the feed is large. As a model for this situation we take

Ax) =Ap+ Bé(x— &), (4.41)

where Ag > 0, B > 0, and £ € 2. We calculate A = Ay + B/|Q)], and the solution to (4.24) is u1,(x) = BG(x;€). From
(4.31) and (4.15), we obtain that the one-spot dynamics is

dX1 38351 (2 — 7’2) 3B
= 1) = 22V, G(x: )l | 4.42
dt 1| [Xl ((1 et Ao +B/|Q|v G 8l (4.42)

with Sy = (Ao + B/|Q|) /(3VD), and where V,G(x;€)|x=x, can be calculated from (4.15a). Due to the 1/r singularity
in G, it follows from (4.42) that if the initial point x;(0) is sufficiently close to the source &€ of the feed, then we claim
that x1(T) = & at some t = T < oco. To see this, we observe from (4.42) and (4.15a) that for x; near £, we have
dxy/dt ~ —c(x; — €)/]x1 — &]? for some ¢ > 0, which implies that [x; — &| ~ (3¢)Y/3(T — t)'/? for t near T.

This finite-time pinning phenomena is shown in Fig. 21(b) where we plot the distance |x; (t) — | versus ¢ for a one-spot
solution in the unit sphere for the parameter set Ay = 20, B = 20|Q2|, D = 1, and € = 0.03. In this figure we show a very
favorable comparison between results computed from the asymptotic ODE (4.42) and the full numerical solution to (1.2)
using FlexPDES6 [6] for three different initial conditions x;(0). When using FlexPDE6 on (1.2) for A(x) given in (4.41),
we mollified the delta singularity by using the following 3-D Gaussian approximation with ¢ = 0.005:

A(x) = Ay + BF(]x — &), where  F(jx — &|) = (m0)™*?exp (—o 7' x — €]%) .

5 Discussion

We have developed a hybrid asymptotic-numerical approach to analyze the existence, linear stability, and slow dynamics
of quasi-equilibrium N-spot patterns for the singularly perturbed 3-D Schnakenberg model (1.2) in the limit ¢ — 0. In
terms of the original model (1.1), such patterns occur in the large diffusivity regime D = O(e~*). Our hybrid asymptotic-
numerical framework characterizing the linear stability of quasi-equilibrium spot patterns and slow spot dynamics was
implemented numerically for some spot patterns in the unit sphere. Our linear stability results and asymptotic predictions
for the slow spot dynamics were shown to compare very favorably with results obtained from full numerical simulations
of the 3-D Schnakenberg model (1.2) using FlexPDEG6 [6].

We now briefly discuss a few open problems that warrant further study. Our implementation of slow spot dynamics
was done only for the case where €2 is the unit sphere, for which there is an explicit analytical formula for the Neumann
Green’s function and its regular part. To leading-order in €, the slow ODE dynamics in (4.18) for a spatially uniform feed
A, and in (4.32) for a variable feed A(x), depend on the gradient of this Neumann Green’s function. For more complicated
domains, it would be interesting to implement the explicit ODE dynamics numerically by using fast multipole methods
(cf. [8]) to compute the required Green’s function both accurately and rapidly. Such fast multipole methods would be
highly advantageous in this setting, since in simulating the ODE dynamics in (4.18) or (4.32) the gradients of the Green’s
function must be evaluated at each discrete point of the discretization of the ODE dynamics. With this approach it
should be tractable to numerically study spot-dynamics and, in particular, spot-pinning effects due to either changes in
the domain geometry or spatial variations in the variable feed-rate A(x).

For the case where A > 0 is constant, a second open problem is to identify stable equilibria of the leading-order
ODE dynamics (4.18) that have large basins of attraction for initial conditions. As N increases, the energy landscape
of the discrete energy H in (4.17) will have an increasingly large number of local minima with nearly the same energy
(cf. [3] and the references therein). These local minima are all linearly stable equilibrium points of (4.18). A natural
question is to study, as N increases, whether most initial conditions for (4.18) tend to the global minimum point of H.
Our computations of (4.18) for random configurations of spots have suggested that this property holds N = 2,...,20.
For the unit sphere, the global minimum of H for N = 2,...,20 was computed using numerical optimization software in
[3], but it becomes computationally much more challenging to compute it for larger N. Therefore, in what sense can the
ODE system (4.18) be used as a regularization for computing the global minimum point of #? From a numerical analysis
viewpoint, a related ODE regularization was used in [16] to compute a minimum energy configuration for 2-D Coulomb
particles on the surface of a sphere. We remark that the identification of the global minimum point of H also arises in
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other contexts. In particular, it corresponds to the spatial configuration of the centers of small traps that minimize the
average mean first passage time for a Brownian walker in a 3-D domain [3] that has a uniformly distributed starting point
in the domain.

A related open question is to identify steady-state spatial configurations of (4.18) for which e = (1,...,1)7 is an
eigenvector of the Neumann Green’s matrix G. When this condition holds, we determined an improved approximation
for the competition stability threshold in Main Result 3.1 that involves the minimum eigenvalue of G in the subspace
orthogonal to e. In this case, asymmetric spot equilibrium solution branches all bifurcate from the symmetric solution
branch at a common point. In contrast, if e is not an eigenvector of G at the steady-state of (4.18), we can expect an
intricate imperfection-sensitive bifurcation structure near the competition instability threshold. Although we studied this
delicate behavior analytically near the competition instability threshold for the case N = 2 in (2.44) of §2.1, it is an open
issue to locally examine this imperfection sensitivity analytically for larger V.

Finally, we remark that it should be possible to develop a similar hybrid asymptotic-numerical approach to study
localized quasi-equilibrium spot patterns in a 3-D setting for other well-known singularly perturbed RD systems, such as
the Gierer-Meinhardt, Gray-Scott, and Brusselator models.
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