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Theorem 1. Suppose that a d—regular graph has girth g and diameter D and let AC be its algebraic connectivity. Then

AC < d-2(d-1)"cosb

where 6 is two of the following four values, depending on the parity of D and g.

If D is even with D = 2K, then 0 is the smallest positive root of

[~~~ - 7N
q}%\f (o tan(0K) =—df2

If D is odd with D = 2K — 1, then @ is the smallest positive root of

[X

A /Mf/"‘) (2\/d—lcos9+d) sin
/ Vd—1(d-2cos?0) +(d—-2)cos§

If g is even with g = 2K, then 6 = /K.
If g is odd with g = 2K + 1, then @ is the smallest root of

tan 6.

tan(AK) = —

sin 6

tan (AK) = — X
©K) (d—1)" +cos b
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Upper bound for AC in terms of girth
2 3 4 5 6 7 8 9 10 11
3 4.0000 5.0000 6.0000 7.0000 8.0000 9.0000 10.000 11.000 12.000
4 3.0000 4.0000 5.0000 6.0000 7.0000 8.0000 9.0000 10.000 11.000
5 2.0000 2.6972 34384 4.2087  5.0000 5.8074  6.6277 74586  8.2984
6 1.5858 2.2679 3.0000 3.7639 4.5505 53542 6.1716 7.0000 7.8377
7 1.1864  1.7466  2.3738  3.0443  3.7458 4.4709 5.2147 59739  6.7460
8 1.0000 1.5505 2.1716  2.8377 3.5359 42583 5.0000 5.7574  6.5279
9 0.8088 1.3004 1.8706 24913  3.1481 3.8322 4.5380 5.2616  6.0000
10 07118 1.1975 1.7639 23820 3.0366 3.7191 4.4235 5.1459 5.8833
11 0.6069 1.0600 1.5983  2.1912 2.8229 34840 4.1685 4.8721 5.5916
12 0.5505 1.0000 15359 2.1270 2.7574 34174 4.1010 4.8038  5.5228
13 04872 09168 1.4356 2.0114 2.6277 3.2748 3.9462 4.6376  5.3456
Upper bound for AC in terms of diameter
D 3 -+ S 6 7 8 9 10 11
3 2.0000 3.0000 4.0000 5.0000 6.0000 7.0000 8.0000 9.0000 10.000
4 1.2679 2.0000 2.7639 3.5505 4.3542 51716 6.0000 6.8377 7.6834
5 1.0000 1.6972 2.4384 3.2087 4.0000 4.8074 5.6277 6.4586 7.2984
6 0.7639 13542 2.0000 2.6834 3.3944 41270 4.8769 5.6411 6.4174
7 0.6571 1.2266  1.8587 25321 3.2356 39621 4.7070 54671 6.2398
8 0.5505 1.0665 1.6508 22810 29446 3.6340 4.3440 5.0709 5.8123
9 0.4965 1.0000 1.5762 22006 2.8597 3.5456 4.2527 49772 57164
10 04384 09111 1.4601 2.0598 2.6964 33613 4.0487 4.7546 5.4762
11 0.4069 08717 14156 2.0118 2.6456 3.3083 3.9939 4.6984 5.4187
12 0.3714 0.8167 1.3436 19245 2.5444 3.1941 3.8677 4.5607 5.2701
13 0.3512  0.7912  1.3148 1.8934 25115 3.1599 3.8323 45243 5.2329

TABLE 1 Upper bounds for AC in terms of girth and diameter. Known attainable bounds are in bold
are in italics. The rest are unknown.

. Known unattainab
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D | AC n #egraphs | Comments
3 2 8 1 The 3-cube, see §|6.2
14 1 Graph 3H (see Figure(l[a))
4 1.2679 16 1 Mabius Kantor Graph
18 1 Pappus graph
5 | 20 5 All have girth 6; includes the Desargues graph
32 2 Both have girth 7
34 2 Both have girth 7, cospectral
36 2 Both have girth 8.
6 | 07639 38 1 Girth 8
40 2 Both have girth 8
42 2 Both have girth 8, cospectral
7 0.6571 | 44 45 All have girth 8.
68 12 Two of girth 8 and ten of girth 9
8 0.5505 80 1 Girth 10
90 3 Girth 10
9 | 04965 | 92 481 All have girth 10
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ST 7o [ ] _comis
3 (ac=7) 10 1 " | See§6.1
16 6 Girth 4; group sizes: 6,8,12,32,48 (Hoffman), 384 (4
17 0 Girth 4: 193900 graphs, none maximal
19-21 0 Girth 5
22 3 Girth 5, group sizes 2, 4, 8
‘_{ 23 2 Girth 5; group sizes 1, 4
24 2 Girth 5; co-spectral, group sizes 16, 16
CA C 9;) 28 1 Unique graph of girth 6 on 28 vertices
30 1 Girth 6, see @ and FigureEl
L0, 1 Gyiirth 6
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Here, we will construct a d-regular graph G which is an incidence graph of a subset of PG(2, d) (with d a prime power). Its order
is 2d* — 2. This graph is likely to be the same as the girth-6 graph of the same order from

SBB6 although we use a different
construction here to compute its spectrum and girth.

Consider the subset of lines and points of PG(2, d) of the form (1, b, ¢), where one of b, ¢ are non-zero. For example when
d = 3, there are 8 such lines and points, namely:

(1,0,1), (1,0,2); (1,1,0), (1,2,0); (1,1,1), (1,2,2); (1,1,2), (1,2,1). (29)

It is easy to see that such a graph is regular of degree d, has order n = 2d* — 2, has girth g = 6 and diameter D = 4. We

start by giving a sketch of the argument that D = 4. Consider two distinct lines L; = (1,ay,b;) and L, = (1, a5, by) . They are
b -1

ap by ) <x = 1) If this system has a solution, then the distance

a by y =
between these two lines is 2. In the opposite case, we have that (a», b)) = ¢ (ay, by) for some ¢ € F. In this case, pick a point P

perpendicular to L;. This point has d — 1 other lines that are perpendicular to it. Pick one such line, call it L3 = (1, a3, b3) . Note
that (as, b3) # ¢ (aa, by). for any ¢ € F. But then dist(L,, L3) = 2 = dist(L3, L) so that dist(L,, L,) = 4. Similar argument shows
that dist(L, P) < 3 for any line L and point P.

adjacent to the same point P = (1, x, y) if and only if (
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e A diameter-maximal graph of odd diameter D must have girth g = D + 1.
e A diameter-maximal graph of even diameter D must have a girth of either g = D,D+ 1 or D + 2.
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