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ABSTRACT

We present three examples of delayed bifurcations for spike solutions of reaction-diffusion systems. The
delay effect results as the system passes slowly from a stable to an unstable regime, and was previously
analyzed in the context of ODE’s in Mandel and Erneux (1987). It was found that the instability would
not be fully realized until the system had entered well into the unstable regime. The bifurcation is said to
have been “delayed” relative to the threshold value computed directly from a linear stability analysis. In
contrast to the study of Mandel and Erneux, we analyze the delay effect in systems of partial differential
equations (PDE’s). In particular, for spike solutions of singularly perturbed generalized Gierer-Meinhardt
and Gray-Scott models, we analyze three examples of delay resulting from slow passage into regimes
of oscillatory and competition instability. In the first example, for the Gierer-Meinhardt model on the
infinite real line, we analyze the delay resulting from slowly tuning a control parameter through a Hopf
bifurcation. In the second example, we consider a Hopf bifurcation of the Gierer-Meinhardt model on a
finite one-dimensional domain. In this scenario, as opposed to the extrinsic tuning of a system parameter
through a bifurcation value, we analyze the delay of a bifurcation triggered by slow intrinsic dynamics
of the PDE system. In the third example, we consider competition instabilities triggered by the extrinsic
tuning of a feed rate parameter. In all three cases, we find that the system must pass well into the unstable
regime before the onset of instability is fully observed, indicating delay. We also find that delay has
an important effect on the eventual dynamics of the system in the unstable regime. We give analytic
predictions for the magnitude of the delays as obtained through the analysis of certain explicitly solvable
nonlocal eigenvalue problems (NLEP’s). The theory is confirmed by numerical solutions of the full PDE
systems.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

(e.g. the bifurcation parameter is actually a slowly-changing vari-
able). In these situations, the system can exhibit a significant

The stability and bifurcation analysis of differential equations is
one of the cornerstones of applied mathematics. In many applica-
tions, the bifurcation parameter is slowly changing, either extrin-
sically (e.g. parameter is experimentally controlled) or intrinsically
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delay in bifurcation: the instability is observed only as the param-
eter is increased well past the threshold predicted by the linear
bifurcation theory, if at all. Often referred to as the slow passage
through a bifurcation, and first analyzed in [ 1,2], there is a growing
literature on this subject (see [3] for a recent overview of the sub-
ject and references therein). Some applications of delayed bifur-
cations include problems in laser dynamics [2], delayed chemical
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(b) Amplitude oscillations in time.

Fig. 1. (a) The asymptotic equilibrium solution of v (solid) and u (dashed) for (2.1) with ¢ = 0.3. The width of the spike in v, is proportional to &, while u, is independent
of . Both v, and u, are independent of 7. (b) Typical example of amplitude oscillations in time when t > ty & 2.114. The quantity plotted on the vertical axis is the height

vy, of the spike in the left figure.

reactions [4], bursting oscillations in neurons [5], and noise-
induced delay of the pupil light reflex [6], and early-warning sig-
nals [7].

Delayed bifurcation phenomena is relatively well understood
in the context of ODE’s. However much less is known in the
context of PDE's. Motivated by the FitzZHugh Nagumo (FHN) ODE
example of [2], a particular case of the spatially extended FHN
model was considered in [8]. The theoretical work showed that
delayed Hopf bifurcations are possible also when the external
stimulus, restricted to the form I(x,t) = ¢(x)i(t), is spatially
non-homogeneous. In [9], delayed Hopf bifurcations in an FHN
PDE model were analyzed from a mainly numerical perspective
by approximating the PDE as a large system of ODE'’s. In [10],
predictions for delay in a general singularly perturbed scalar
reaction—-diffusion equation were obtained, where the stationary
state in consideration was the spatially homogeneous zero state.
In contrast, the main goal of this paper is to study in detail
three representative examples of delayed bifurcations of spatially
inhomogeneous states in PDE’s, where explicit asymptotic results
are obtainable which can be verified by numerical computations.

In order to present our examples both analytically and numer-
ically, we focus on slight variants of the Gierer-Meinhardt (GM)
and the Gray-Scott (GS) reaction-diffusion (RD) models. The GM
system serves as a model for hydra head formation [11], sea shell
pattern formation, and other biological processes [12,13], and falls
within the framework of Turing’s mathematical theory of mor-
phogenesis [14]. The relevance of the GS model to laboratory ex-
periments of the ferrocyanide-iodate-sulfite reaction are detailed
in [15,16].

While we focus on these two models, the phenomena that we
present in this paper are expected to be representative of a larger
class of RD systems. The specific systems that we consider are

P
GM model: v, = 2v — v + —,
ud
1o (1.1)
tuy =Duyy —u+ ——,
eus
and

GS model: v; = g%vy, — v + AulvP,
1., (1.2)
Tuy =Duyy+1—u+ —wv,
e
for certain choices of the exponents p, g, r, and s (see below). In
the singular limit & — 0, both of these models have equilibria that

consist of spike solutions, characterized by an @ (¢) width local-
ization of v as &2 becomes asymptotically small. The component u
varies over a comparatively long spatial scale and is independent
of ¢. In all three of our examples, we consider spike solutions that
are qualitatively similar to that shown in Fig. 1(a).

To illustrate the main complications when generalizing delayed
bifurcations to PDE’s, let us first review the following prototypical
ODE example [2]: % = (—1+4¢et)u, u(0) = up wheree > Oisa
small parameter. Here, the equilibrium state is u = 0 and can be
thought of having an “eigenvalue” A(et) = —1 + et which grows
slowly in time, and becomes positive as t is increased pastt = 1/e,
at which point the steady state becomes “unstable”. On the other
hand, the exact solution is given by

(st—])z—l}
2e ’

which starts to grow rapidly only when the term inside the curly
brackets becomes positive, that is at t = 2/e, well after the
bifurcation threshold of t = 1/¢. The difference between 2/¢
and 1/¢ is precisely the delay in bifurcation, and is inversely
proportional to the growth rate ¢.

We make two remarks on (1.3). First, note that u(t) remains
of order @(e~'/¢) when 0 < t < 2/¢, and returns to its original
amplitude ug only when t = 2/¢. We therefore say that the
bifurcation is fully realized, or has fully setin, whent = 2/¢,and in
turn define the delay as the difference between this time and the
time t = 1/¢ at which the system just enters the unstable state.
This definition is motivated by the following imagined scenario.
Suppose that an experimenter in a laboratory setting attempts to
find the bifurcation point of a physical system obeying the above
ODE by perturbing the measured quantity u and slowly increasing
a control parameter corresponding to A. In order to maintain the
system close to steady state, the initial perturbation is kept as
small as possible, only slightly exceeding the sensitivity threshold
of the measuring device used to monitor u. According to (1.3), the
quantity of interest u is then expected to dip below the sensitivity
threshold and remain below it until u returns to approximately
its original value ug. This occurs when t = 2/g, well after the
theoretical bifurcation that occurred at t = 1/¢. The difference
between these two times is then of great importance, as it is
directly related to the amount by which the experimenter will have
missed the bifurcation.

Second, the solution (1.3) takes the form u = ce¥¢9/¢_ The form
of the time dependence motivates a WKB-type ansatz for slow pas-
sage through bifurcation points in more general systems. Suppose

u(t) = ug exp { (1.3)
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Fig. 2. Delay in the Hopf bifurcation of (2.1). (a) Plot of vy, () as defined in (2.18). The parameters are ¢ = 0.005 and t = 1.5 + &t. The vertical dashed line indicates the
Hopf bifurcation value 7y & 2.114. The amplitude first reaches a value of one at 7y & 2.75 (thick solid line). The asymptotic prediction for t* is t* & 2.828 (thick dashed
line). (b) Magnification of (a) on a small interval of t surrounding 7. The oscillations, having decayed when t < 71y, begin growing as t passes ty. Note the scale of the

y-axis in the right figure as compared to that of the left.

that u, is an equilibrium state of a system of ODE’s that changes
slowly in time, so that the standard linearization u = u, + e*'n
yields an eigenvalue A = XA(et) whose real part is slowly growing
at a rate ¢ (¢e) and eventually crosses zero. One then replaces the

1
linearization by a WKB-type ansatz u = u, + ez ¥ 9y which yields
¥’ (et) = A(et) with /(0) = 0. The condition ¢ = 0 witht > 0
then yields an algebraic expression for the delay. This WKB-type
ansatz will also form the basis of our analysis below for delay in
PDE systems.

There are several novel features present in RD systems when
compared to ODE systems. First, the steady state we consider is not
constant, but rather a spike solution such as that shown in Fig. 1(a).
The stability theory for spike solutions is by now well-developed;
see for example [17-22] and a recent book [23]. One of the key
ingredients is the analysis of the so-called nonlocal eigenvalue
problem (NLEP), first studied in [17].

Second, although the instability thresholds A = 0 are analyti-
cally computable, the location of the unstable eigenvalue X itself is
usually not known explicitly. However, recently, a sub-family of RD
systems has been identified in [24] for which a simple asymptotic
determination of this eigenvalue is possible; this is the case when
p=2r—3,r > 2in(1.1) or (1.2). For this class of RD systems, we
show that an analytic prediction for the delay can be obtained in
ways similar to [1,2].

Third, the bifurcation (and its delay) can be triggered intrinsi-
cally by the motion of a spike in the system. That is, a bifurcation
may be triggered not by the extrinsic tuning of a control parameter,
but by dynamics intrinsic to the PDE system.

We now summarize our main results. In Section 2 we study
the slow passage through a Hopf bifurcation. It was previously
shown for both the GM [25,26] and GS models [20-22] that a
Hopf bifurcation occurs as the parameter t is increased past some
threshold 7y > 0.As 7 is slowly tuned starting from a stable regime
past the Hopf bifurcation threshold 7y into an unstable regime, the
amplitude of the spike in Fig. 1(a) begins to oscillate periodically in
time while maintaining its shape. The temporal oscillations of the
amplitude are shown in Fig. 1(b). However due to the slow change
of parameter, there is a significant delay until the oscillations are
fully realized. In Section 2 we compute the delay associated with
this bifurcation. This is illustrated in Fig. 2(a).

In Section 3, we consider a quasi-equilibrium one-spike solu-
tion of a GM model centered at x = X on the domain |x| < 1. For
a spike not centered at x = 0, the finite domain induces a slow
drift of the spike toward the origin. Because the drift occurs on an

asymptotically slow time scale while the characteristic time scale
of a Hopfbifurcation is @ (1), stability analysis may proceed assum-
ing that the spike remains “frozen” at x. As before, a Hopf bifurca-
tion threshold 7y may be derived, but one that is dependent on the
spike location xq. That is, ty = t4(xo; D), where D is the inhibitor
diffusivity. We show two typical curves in Fig. 3 for D = 4 (left) and
D = 1 (right). The solution is stable (unstable) below (above) the
Ty (xo) curve, while the arrows indicate the direction of spike drift.
As such, a Hopf bifurcation may be triggered by dynamics intrinsic
to the system and not by an extrinsic tuning of a control parameter.

For a given value of t, the scenario in Fig. 3(a) indicates only
one threshold crossing as the spike drifts toward equilibrium.
However, the scenario depicted in Fig. 3(b) shows the possibility
of two threshold crossings for sufficiently small 7. In particular,
we find that, by selecting initial conditions to introduce sufficient
delay into the system, the spike may pass “safely” through the
unstable zone without the Hopf bifurcation ever fully setting in. In
doing so, we show that delay has an important role in determining
the dynamics of a system.

In Section 4 we consider a competition instability of a two-
spike equilibrium of a singularly perturbed generalized GS model.
Instead of interior spikes as in the previous examples, two half-
spikes are centered at the boundaries x = =1. A typical solution
is shown in Fig. 4(a). The solid line depicts two half-spikes in the
activator centered at the two boundaries. Note that the inhibitor
component (dashed) has been scaled by a factor of six to facilitate
plotting. The spike locations remain fixed at the boundaries
for all time. In addition to time-oscillatory Hopf instabilities, a
solution containing two or more spikes may undergo a competition
instability, resulting from a zero-eigenvalue crossing, leading to
the collapse of one or more spikes. In this example we study
the delay in competition instability as a feed-rate parameter A is
decreased through the stability threshold A_. In Fig. 4(b), we show
a typical result of such an instability, as the amplitude of the left
spike (light solid) collapses to zero while that of the right (heavy
solid) grows.

A feature of spike solutions in the Gray-Scott model is that
there exists a saddle node in the feed-rate parameter A, which
we denote by Ap,. That is, for A < A, < A_, the solution being
considered ceases to exist. We give a typical bifurcation diagram
in Fig. 5 displaying such a saddle node. The horizontal axis is the
bifurcation parameter A, while the vertical axis is the amplitude of
the activator boundary spikes. We consider in this example only
the upper solution branch, since the lower branch is known to
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Fig. 3. In both figures, the curve represents the Hopf bifurcation threshold t = 7 plotted against the spike location x, for the GM model. The region below (above) the
curve is stable (unstable). For a given value of 7, the arrows indicate the direction of drift of the spike. Here, (p, q, r, s) = (3, 3, 3, 0). In the left figure, with D = 4, 7 (xo) is
monotonic, and once the spike enters the unstable zone x, < xy, it remains in the unstable zone for all time. In the right figure, with D = 1, t4(x) is non-monotonic. For
sufficiently small z, the spike may pass one threshold xys, from a stable to unstable zone, then pass through another threshold xg,s from an unstable to stable zone. It then

remains in a stable zone for all later times.
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(b) Spike amplitudes versus time.

Fig. 4. In the left figure, we show a two boundary spike equilibrium solution for v(x) (solid) and u(x) (dashed) in (4.1). The two spikes are of equal height. The u component
has been scaled by a factor of 6 to facilitate plotting. Here, ¢ = 0.05, D = 3 and A = 4.1611. In the right figure, we show the amplitudes of the left (light solid) and right
(heavy solid) spikes as A is slowly decreased past the competition threshold. The inset shows that the initial perturbation decreases the amplitude of the left spike relative to
equilibrium, and increases that of the right. With A starting in the stable regime, the amplitudes initially grow closer together. As A passes the stability threshold, the spikes
grow farther apart until the left spike amplitude collapses to 0. The results in the right figure are for ¢ = 0.004 and D = 3.

be unstable for all A. The arrow shows the direction of decrease
in A from a stable regime (heavy solid) to the regime unstable
to the competition mode (light solid). Note that the competition
threshold occurs before the saddle as A decreases. However, as
Fig. 5 suggests, with sufficient delay, the system may reach the
saddle point without the competition instability fully setting in.
We find in this scenario that, while the effect of the saddle is
much weaker in comparison to that of the competition instability,
sufficient delay in the onset of the instability may allow the saddle
effect to dominate. As in the previous example, we thus find that
delay may be critical in determining the eventual fate the system.

In each of the following examples, we focus on three main
objectives. We first seek to demonstrate analytically why a delay
in the onset of an instability occurs when a system is slowly
tuned past a stability threshold. We then show that an explicitly
solvable nonlocal eigenvalue problem (NLEP) allows for an analytic
prediction of the magnitude of delay. Finally, we compare analytic
predictions of delay to numerical results obtained from solving
the full PDE systems. The construction of the spike equilibrium
and quasi-equilibrium solutions, as well as the subsequent stability
analysis leading to an explicitly solvable NLEP, follow from similar

1.6
1.5¢
147
1371
1.2

spike amplitude

Fig. 5. Bifurcation diagram for the two boundary spike solution of the GS model
when D = 0.4. On the upper branch, the solid segment indicates stable solutions,
while the light solid segment indicates solutions unstable to the competition mode.
The stability transition occurs at A = A_ ~ 4.6351, while the saddle node occurs
atA = A, = 4.6206. The arrow indicates the evolution of the spike amplitude as A
is decreased. The lower branch is unstable for all values of A.
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past problems. Since our emphasis is on illustrating the delay
effect, we include only enough of the analysis to meet our stated
objectives, and relegate the remaining to Appendices.

2. Example 1: Hopf bifurcation of a one-spike solution on the
infinite line

In the first example, we consider a Hopf bifurcation of a one-
spike equilibrium solution to a particular exponent set of the GM
system (1.1) on the infinite real line

3
5 v
Ve =¢& vxx—v—i——z,
u
—0<Xx<o00,t>0,v—0as|x| > o0, (2.1a)
v3
rut:uxx—u—}-?,

—0c0<Xx<o00,t>0, u— 0as|x] > oco. (2.1b)

The primary motivation for this choice of exponents is that they
satisfy the key relationship p = 2r — 3 from [24]. This relation-
ship allows for an explicit computation of the large eigenvalues
of the NLEP problem associated with the linearization around the
spike equilibrium. Here, £ « 1 is the diffusivity of the activator
component v, while the diffusivity of the inhibitor component u
is set to unity without loss of generality. We consider an equilib-
rium solution of (2.1) for which the activator takes the form of a
single spike of width @ (¢) centered at x = 0 while the inhibitor
varies over an (1) spatial scale. The parameter 7 is taken to be
the bifurcation parameter. When t is large, the inhibitor responds
sluggishly to small activator deviations from equilibrium, leading
to oscillations in the height of the activator spike. When t is be-
low a certain threshold value ty, the response is fast enough such
that oscillations decay in time. When 7 exceeds t, a Hopf bifurca-
tion occurs and oscillations grow in time. In this section, we ana-
lyze the scenario where 7 is slowly increased past ty starting from
T=71 < Tq.

2.1. Analytic calculation of delay

From [24], the one-spike equilibrium solution of (2.1) takes the
form

Uo
G(0,0)
where w(y), G(x, xg), and Uy are defined by

o0
w(y) = v/2sechy; / widy =b =72,
- 2.3

G(x; xo) = le—lx—xo\ Uy = 1 @3

’ 2 ' /b G(0; 0)
We plot the solutions for v (solid) and u (dashed) in Fig. 1(a) on a
domain of length 20 for ¢ = 0.3. Note that the equilibrium solution
(2.2) is independent of 7, which only affects stability.

In Appendix A, we perform a linear stability analysis of the equi-
librium solution (2.2) by perturbing the equilibrium solution as

V= Ve + elt¢7 ¢7 n < 17 (24)

where A and (¢, n) are the associated eigenvalue and eigenfunc-
tions, respectively. From the resulting linearized equation, we de-
rive a nonlocal eigenvalue problem (NLEP) governing its @ (1) time
scale stability to amplitude perturbations. Solving the NLEP explic-
itly, we obtain an exact expression for the eigenvalue A in terms of
Tas

ve ~ Upw (67'x) Ue G(x; 0), (2.2)

u=u, +e"n;

9

Ar)=3— ——
(v) AT

(2.5)

15

10+

Fig. 6. The function §(1) in (2.7) is indicated by the solid curve on the interval
[0, 3]. The dashed curve depicts the function +/1+ 7 for 7 sufficiently small so
that it does not intersect § (). The dash-dotted curve depicts /1 + tA for large 7.
In this case, there are two intersections, representing two positive real roots of (2.8).

where we take the principal branch of the square root. The function
A(7) in (2.5) may be inverted for 7, yielding

=~ LG (26)
TN)=—rms—— = . .
AB=1)2 A

To eliminate the spurious root for A admitted by (2.6), we impose

the restriction 9t(A) < 3.
To analyze (2.5), we define the function

9

A)= ——. 2.7
500 = 53— (2.7)
Then A is a root of the equation
V14 1tAh=G6(). (2.8)

The function (1) is positive (negative) for A < 3 (A > 3), and
approaches +ooas A — 3T.With 4(0) = 3,4’ > 0and §” > 0
on0 < A < 3,we find that (2.8) has no positive real roots if t < 1,
and two positive real rootson 0 < A < 3if t > 1.These two cases
are illustrated schematically in Fig. 6.

The argument principle can be applied to show that the two
positive real roots when t >> 1 are the only two roots for A in
the right-half plane [24]. Further, it can be shown that there are no
roots in the right-half plane for t sufficiently small. Since A = 0
is never a solution of (2.8) for finite t, by continuity of the roots of
(2.8) in 7, there exists a critical value t = t for which A = iA, for
some positive real A;. From (2.8) the unique Hopf bifurcation point
is

13 1 2
= —4+-JV17; ay=3]1- 2. 2.9
=11y ! 31y (2.9)

We thus conclude that %t(A) < O when 7 < 7y, and (X)) > 0
whent > 1.

To understand the phenomenon of delayed Hopf bifurcation as
T = 1(ot),0 K 1,is slowly increased fromt = 1t < 1ty
into the unstable regime t > 7y, we must track the decay of the
perturbation in (2.4) during the time interval that t is below ty.
The longer the system remains in the stable regime, the more the
perturbation decays, and therefore the more time it requires for
the perturbation to grow to its original amplitude when t > .
To analyze this effect, we follow [2] and rewrite the perturbations
in (2.4) by applying the WKB ansatz

1 1
v +er?Op u=u,+erVEnp,

E=ot,0K1; p,n <K 1. (2.10)
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Differentiating (2.10) with respect to t, we calculate that

w= OOy u= lyeTdron @
o dt o dt

Noting that d¢ /dt = o in (2.11), and upon replacing t in (2.1) by

T = t(&) and linearizing, we find that v’ (&) satisfies the same

eigenvalue problem as does the stationary eigenvalue A in (2.5).

That is, we obtain the ordinary differential equation (ODE) for v (§)

9
, = il =3 - —,
¥ (€) = Yi(&) + iy (€) 1tV ©)
yO =0 (2.12)

The initial condition for ¢ in (2.12) is set without loss of
generality by noting that any prefactors in the perturbation may
be absorbed into ¢ and 7. In the following, we assume that 7 (§) is
a monotonically increasing function of £ with 7(0) = 79 < 7.

The correspondence between " with A implies that yg(ot)
is a decreasing function of time as long as t remains below the
threshold r = ty. This is illustrated in Fig. 7, as ¥, is negative for
all T < ty & 2.114, where 1y is computed from (2.9). During this
period, the perturbation decays to an amplitude of order @ (e~1/7),
with o < 1. The amplitude only begins to grow once 7 is ramped
up past ty. The time t* > 0 at which the perturbation grows
back to its original amplitude occurs when iy = 0. The longer
the system remains in the stable regime, the more 7 (ot) must be
ramped up past 7y before the perturbation amplitude is restored
and the instability is fully realized. Motivated by the physical
example given in the introduction, we define the delay to be the
amount by which t(ot*) = t* exceeds 7y, and refer to this as the
delay effect.

To calculate the value of 7* analytically at which ¥z = 0, we
begin by using for (&) a linear ramping function

t)=1n+E&, E/t=0<K1, 19<1y4. (2.13)

Integrating the relation ¥/ (§) = A with respect to slow time &, we
obtain

3 sl
1,0(1'1):/ Adé:/ rdr,
0 T0

where 7; = 7(&7), and where we have used (2.13) to change the
variable of integration to 7. Using (2.6) to again change the variable
of integration of the third integral in (2.14) from 7 to A, we calculate

(2.14)

Y (1) = [Mf (A1) — F)] = [Aof (Ro) — F(Ro)], (2.15)
where Ag = A(19), f (1) is defined in (2.6), T; = f(X1), and

s
F(A):/f(s)ds=810gk—910g(3—k)—%. (2.16)

Setting the real part of the right-hand side of (2.15) to 0 with F(})
defined in (2.16) yields an algebraic equation for A; = A*. We
then calculate 7* = f(A*) using (2.6), where, in this procedure, we
restrict A* to be such that f (1*) is real. Note that 7* is independent
of 0. That is, the delay in terms of 7 is independent of the rate at
which it is increased. However, the duration in time of the delay
increases monotonically with 1/¢, as observed in [2].

Our analysis, confirmed by numerical computations, shows that
the farther t starts below threshold in the stable regime, the farther
it must be increased above threshold for the instability to fully set
in. In Fig. 8(a), we illustrate the delay phenomenon for a range of
values of tp. Denoting t* as the value of t at which ¢ changes sign
from negative to positive, we find that the farther into the stable
regime Ty is, the farther into the unstable regime t* must be for
oscillations resulting from the Hopf bifurcation to grow to the size
of the original perturbation. The increasing relationship between
the “initial buffer” ty — 79 and the distance above threshold before
onset T* — ty is typical in all of our findings, regardless of the
triggering parameter or mechanism.

10

1/}/

-5t

-10

-15

Fig. 7. A plot of the real (heavy solid) and imaginary (dashed) parts of the solution
to the algebraic equation for ¥ in (2.12). At t = 1y ~ 2.114 (solid vertical line),
NR(Y') =0, while R(Y') <0 NRY') > 0)whent < 7y (T > T3).

2.2. Numerical validation

In this section, we compare the asymptotic results for delay
obtained above with numerical results computed from the GM
model (2.1). We replace t in (2.1b) with a slowly varying func-
tion T = t(et) according to (2.13), where we have let ¢ = &.
To solve (2.1) numerically, we used a semi-implicit second order
predictor-corrector method in time and pseudo-spectral Fourier
method in space. The following results did not differ significantly
when the number of grid points was doubled while the time-step
was decreased by a factor of four. To approximate the infinite line,
we used a computational domain length of L = 20. Doubling L did
not alter the results significantly.

The initial conditions were taken as a perturbation of the true
equilibrium

X

v(x,0) = v; (%) [1 + & cos (?) e’(g)z] ,

u(x, 0) = 1 (x),
* gk

with 6 small. The true equilibrium (v, u) = (v}, u;) was computed
starting from (ve, Ue) in (2.2) and integrating in time with fixed
T = 7o until a steady state was reached. In this way, initial
transient oscillations resulting from the error of the leading order
equilibrium solution in (2.2) were removed. To compare results of
numerical computations to the asymptotic results of Fig. 8(a), we
define the oscillation amplitude
v(0,t) — v.(0)
v(0,0) — ve(0)’
where the denominator in (2.18) acts to normalize results over
different values of § so that v,(19) = 1. We found that v, ()
behaved rather consistently over a range of values for §. According
to (2.10), we define 7, to be the value of T > 7 at which the value
of |vy, (7)] first exceeds unity. In Fig. 2(a), we plot a typical case of
vn(t) with g = 1.5 < 7y and ¢ = 0.005. The vertical dashed
line indicates the critical Hopf bifurcation value ty;. We found in
this instance that 7, &~ 2.75, while the asymptotic result gives
T* ~ 2.828. These two values are indicated by the thick solid and
thick dashed lines in Fig. 2(a), respectively. Defining the percentage
error as

(2.17)

vn(t(et)) = (2.18)

(@ =) - (5 — ™)
error = ,

(2.19)
™" — 1y

we calculate an error of approximately 5.26%. Repeating the same
run with double the value of ¢ yielded an error of approximately
10.86%. In most cases, we found the error to approximately double
as € was doubled.
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Fig. 8. (a) The delay phenomenon obtained by computing the value t* at which % (yr) changes from negative to positive, for different values of 7y. The figure shows that
the smaller 7y is, the larger * must be for the Hopf bifurcation to be fully realized. Here, 7; &~ 2.114 is the Hopf bifurcation threshold so that ty — 7 is the initial buffer
while 7* — ty is the distance above threshold. (b) Numerical results of delay for ¢ = 0.01 (circles) and ¢ = 0.005 (squares) compared against the asymptotic results (solid
curve) as in (a). The errors for ¢ = 0.005, as defined in (2.19), for most values of 7y are approximately half those for ¢ = 0.01.

It can be seen in Fig. 2(a) that the oscillations only become
observable well after t has increased past the Hopf bifurcation
value ty. However, with sufficient enlargement as shown in
Fig. 2(b), we find that oscillations decay up until  has increased to
Ty, and then begin to grow thereafter. Since t remains in the stable
regime for an extended time, the oscillation amplitude decays to
order 1 x 107% at its smallest value when 7 = 1y, thereby delaying
the time it takes for it to grow back to its original value.

Repeating the above procedure for various 7y, we obtain the
results presented in Fig. 8(b). We observe excellent agreement
between the asymptotic and numerical results over the range of
7o for which we were able to obtain data. Numerical results for
larger values of ty — 7y were generally difficult to obtain, especially
for small values of ¢. The reason is that the smaller 7y and ¢ are,
the more time the system spends in the stable regime and so the
more time over which the perturbation decays. Once the oscillation
amplitude decays to below machine precision, we observe no
ensuing instabilities even when 7 was increased far past t*. In
effect, the system loses the memory of its history accounted for
in the asymptotic analysis, which then would no longer apply.

In this section, we considered a bifurcation triggered by an ex-
trinsic tuning of the control parameter t. In contrast, the next sec-
tion will consider the triggering of a Hopf bifurcation by dynamics
intrinsic to the system. On a finite domain, we find the possibility
of a non-monotonicity in the Hopf bifurcation threshold, a feature
not present in the example just considered. By carefully setting ini-
tial conditions to induce sufficient delay, we find that this feature
allows a spike to pass safely through a Hopf-unstable zone into a
stable zone with no subsequent instabilities.

3. Example 2: Hopf bifurcation of a one-spike solution on a
finite domain

In this section, we consider the general GM system on a finite
one-dimensional domain

WP
v = &%v — v + - —1 <x<1,u(£1,t) =0, t > 0,(3.1a)
u
10"
TU =Duyy —u+ ——, —1<x<l,
eus

Uy(£1,t) =0, t > 0, (3.1b)

where the exponents, p, q, r, s > 0, satisfy the relationgr/(p—1)—
s —1 > 0.To obtain an explicitly solvable NLEP as in Section 2, we
require the additional relation

p=2r—3, r>2. (3.2)

In the previous section, a Hopf bifurcation was triggered by
an extrinsic tuning of the parameter 7. In contrast, the Hopf
bifurcation that we consider in this section is intrinsically triggered
by slow spike dynamics. That is, an initially stable quasi-
equilibrium profile centered at x = xo > 0 undergoes a slow 9 (¢2)
drift toward its equilibrium location of x, = 0 and triggers a Hopf
bifurcation before reaching equilibrium. At the Hopf bifurcation,
the associated eigenvalue is of @ (1) and imaginary. We emphasize
that all parameters in (3.1) remain constant, with only the intrinsic
motion of the spike able to trigger a bifurcation.

Two scenarios are possible. The first is illustrated schematically
in Fig. 3(a) for (p, q,1,s) = (3, 3, 3, 0) and D = 4. The curve rep-
resents the Hopf bifurcation threshold t = 1 plotted against the
spike location xp. The quasi-equilibrium solution is stable (unsta-
ble) when t is below (above) the threshold vale 7. Alternatively,
for a given value of 7, the quasi-equilibrium solution is stable (un-
stable) when xg > xy(7) (X9 < xy(t)). Starting at xo(0) > xy,
Fig. 3(a) illustrates schematically the intrinsic triggering of a Hopf
bifurcation due to the direction of drift, indicated by the arrow. As
in the case of Section 2, oscillations are expected to decay while
Xo > Xy, beginning to grow only when the spike enters the unsta-
ble zone. The amplitude of oscillations when x, = xy must then
be smaller than that of the original perturbation at xo = x(0). The
delay refers to how far the spike must travel into the unstable zone
before the oscillation amplitude is restored to that of the original
perturbation and the Hopf bifurcation is considered to be fully re-
alized.

For the same exponent set, Fig. 3(b) shows an example of the
second scenario where the function 7y (xg) is non-monotonic when
D = 1. For a given 7 sufficiently small, there exists two Hopf-
stability thresholds. The first, xys,, occurs as the spike drifts from a
stable to unstable zone. The second, x5, occurs as the spike re-
enters a stable region from an unstable region. If the predicted
delay is sufficiently large, the spike may pass “safely” through
the unstable zone without the Hopf bifurcation ever being fully
realized. Both of these scenarios are demonstrated numerically in
the following section.

In Appendix B, we construct a quasi-equilibrium one-spike
solution to (3.1) and derive an ODE describing the slow drift
of the spike profile. Assuming that the spike location remains
frozen with respect to an @ (1) time scale, we perform a linear
stability analysis to calculate the Hopf bifurcation threshold ty (xg),
examples of which are shown in Fig. 3. By similar arguments to
Section 2.1, we obtain a coupled system for the spike location and
the time-dependent eigenvalue 1 (¢2t), from which we compute
the asymptotic prediction of delay. As before, we present only the
results of this analysis, and refer the reader to Appendix B for more
details.
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3.1. Asymptotic prediction of delay

The one-spike quasi-equilibrium solution to (3.1), with spike
centered at x = Xg, is given by

_ _ U
v = Uy P V(e = x0) e = Gl o). (33)
00

Here, w(y) is the solution of the equation

w —w+uw =0 —00<y< oo,

w(0) >0, w'(0) =0, w— 0as|y| - oo, (3.4)
given by [20]
’ 1\ VoD
w(y) = {I% sech? (pTy)} :
(35)

b, = / w' dy.

In (3.3), G(x; Xo) is given by
cosh (6p(1 + x))

—7 < XO?
. _ cosh (6p(1 + xg))
G(x; x0) = Goo cosh (6 (1 — %)) (3.6)
———, X > X,
cosh (6y(1 — Xxp))
while Ggg and Uy are given by
1
Goo = ;
/D [tanh (6o(1 + xo)) + tanh (6o (1 — xo))]
1
O = —, (3.7)
o N5
and
Upm—t — m=_1 1 (3.8)
= ; = —Ss— 1, .
* 7 (brGoo)'M™ p—1

respectively, where b, is defined in (3.5).
When xo # 0, the spike profile drifts on a slow time scale
according to the equation

do __a
do  (p-1vD
= F(x); o =é’t, (3.9)

where 6 is defined in (3.7). Note that F(xg) < 0 (F(xg) > 0) when
X0 > 0 (xg < 0) with F(0) = 0 so that the dynamics of the spike
are always monotonic toward the equilibrium point x = 0. The
corresponding evolution of the spike amplitude can be obtained
from (3.3), (3.7) and (3.8). In Fig. 9, we show the spike at three
different times during its evolution, beginning at xo(0) = 0.7055.
As time increases, the spike drifts toward the origin while keeping
a constant profile, changing only in height. The parameters are
(p,q,r,s) = (3,3,3,0),D = 4,and t = 0.01. By Fig. 3(a), this
value of t is well below threshold for all 0 < x3 < 1, and so no
oscillations in spike amplitude are present.

To find the Hopf bifurcation threshold, we perturb the quasi-
equilibrium solution (3.3) by

[tanh (6o (1 + X)) — tanh (6p(1 — Xo))]

V= Vg + ekt¢7 U= Ug + 8“77; ¢, n K1

Analysis of the resulting linearized equation with p satisfying (3.2)
leads to an explicitly solvable NLEP, from which we obtain the
equation for the eigenvalue A:

(3.10)

.
=B = Sx(x0), B=r>-2r>0, (3.11)
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Fig.9. Plots of vge at various times during its evolution according to (3.9). The spike
increases in height as it drifts toward X = 0. The parameters are (p,q,r,s) =
(3,3,3,0),e = 0.05,D = 4,and r = 0.01. By Fig. 3(a), this value of t is well
below threshold for all xg, and so no oscillations in spike amplitude are present. The
times depicted are t = 0 (dotted), t = 400 (dashed), and ¢t = 2800 (solid).

where x (A, Xg) is given by

X =1q G.00 1 )
Goo 1+ 5Gyoolr”
*© q
I, = Ugr_s_lf w'dy, R= ——.
oo p—1
Here, Gqp is given by (3.7), while G, is defined as
1
Go00

= /DAt o) [tanh (6,(1 + x0)) + tanh (&1 — xo))]
Q)L = 90\/] + ‘L')»,

with 6y defined in (3.7). By setting A = iX;, we may solve the real
and imaginary parts of (3.11) for A; € R and the Hopf bifurcation
threshold ty as functions of xq. The relation ty (xo) for two different
values of D is shown in Fig. 3.

To account for the slow dynamics and the dependence of A on
X, we proceed as in Section 2.1 and replace (3.10) with the WKB
ansatz

L)

1
2V g u=ugter

V= vg +e° n, o=¢’t. (3.12)

Substituting (3.12) into (3.1) and linearizing to identify the
equivalence ¥’ = A, we obtain for v (o)

o x0(0) 1
Y(o) /0 o /X‘ o (%0) Fxo) Xo

In (3.13), we have taken ¥ (0) = 0 without loss of generality,
and used (3.9) to change the variable of integration from o to xo.
The delay phenomenon may be understood in the same manner as
in Section 2. By setting xy(0) > xy in the Hopf-stable regime so
that R(L) < 0, ¥ (o) will be negative and decreasing until xq(o’)
reaches xy. During this time, the oscillations decay to an @ (e~!/ 52)
amplitude. The spike will then enter the unstable regime, at which
time v (o) will begin to increase toward 0. Assuming the scenario
depicted in Fig. 3(a), ¥ (o)) will then reach 0 for some o = o* for
which xo(c*) = x§ < xy. We define this as the time when the
Hopf bifurcation is fully realized. That is,

x0(0™) 1
)»(Xo)i dX() =0.
/xO(O) F(xo)

Along with (3.11), (3.14) constitutes a set of algebraic equations
for xj as a function of xy(0). As in Section 2.1, the delay in terms
of xg is independent of . For (p, q, r, s) = (3, 3, 3, 0), we show in

(3.13)

(3.14)
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Fig. 10. A plot of delay, x4 — x;;, versus the “initial buffer”, xo (0) — xy, where xy(0)
is the initial location of the spike, xy is the Hopf bifurcation value, and xj is the
spike location at which the oscillation amplitude recovers to the size of the original
perturbation. The exponents ((p,q,7,s) = (3,3, 3,0)) and value of D(D = 4)
correspond to the monotonic ty (xo) depicted in Fig. 3(a), while 7 is set at 0.891.

Fig. 10 the relation between the delay xy — X and xo(0) — Xy, the
“initial buffer”, or how far into the stable zone the spike is located
at t = 0. The increasing function indicates that the larger the
initial buffer, the larger the delay. Qualitatively, the more time the
spike remains in the stable zone, the more its oscillation amplitude
decays, and so the more time it must spend in the unstable zone for
the oscillations to recover to their original amplitude.

For the scenario depicted in Fig. 3(b), initial conditions may
be chosen to induce sufficient delay so that ¥ will not increase
past 0 before it passes through the unstable zone. In this case, the
spike can pass safely through the unstable zone without the Hopf
bifurcation ever being fully realized. In the following section, we
present numerical examples of both scenarios. Due to the sensitive
nature of the numerical computations, we compare the numerical
results to asymptotic results only for the case where t;(xo) is
monotonic. Numerical results for the non-monotonic case serve
only to illustrate the qualitative aspect of the theory.

3.2. Numerical validation

We illustrate the theory by numerically solving (3.1) for two ex-
ponent sets (p, q,7,s) = (3,2,3,0) and (p, g, 7,s) = (3,3, 3,0).

1400 ¢ ° !
o ! — — —Hopf threshold
1200 - : numerical
I = = =asymptotic
|
1000 r :
|
800 - !
= |
600 ‘
400 |
200+
0 . h )
0.69 0.695 0.705 0.71

(a) xo versus t.

The time integration was performed using the MATLAB pdepe ()
routine. The initial conditions were taken as a perturbation of a
“true quasi-equilibrium” state (v(x, 0), u(x, 0)) = (v;‘q %), ujq %)),
similar to that of (2.17). To obtain (vjq %), ujq (x)), we started from
initial conditions (veq, Ueq), the asymptotic result givenin(3.3), and
integrated in time to allow for transient effects to decay. The spike
location in (veq, Ueq) Was set so that, after the initial integration,
(vjq(x), u:‘q(x)) had the desired spike location. All values for the
initial spike locations stated below are reflected in (v;‘q x), ujq x)).
We first present results for the scenario in Fig. 3(a), where 75 (xo)
is monotonic.

The results below for ¢ = 0.007 were obtained with 2000
grid points, while those for ¢ = 0.005 were obtained with 3000
grid points. Unlike the static problem of Section 2, we found that
this problem displayed sensitivity to the number of grid points
used. In particular, we found that decreasing mesh size tended to
trigger the Hopf bifurcation earlier than expected. We conjecture
this may be due to rounding errors associated with a large number
of grid points. Further, while the asymptotic results become more
accurate as ¢ is decreased, we found that small ¢ caused spike
oscillations to decay so much that the grid was unable to resolve
the oscillations as the spike moved from one grid location to the
next. To compensate for small ¢, we set initial spike locations close
to threshold so that oscillations remained of sufficient amplitude
when the spike reached threshold.

A typical numerical result is shown in Fig. 11. In Fig. 11(a) we
compare the asymptotic result for spike location (3.9) (curve) to
that found by numerically solving the PDE system (3.1) (circles)
with (p,q,r,s) = (3,3,3,0),e = 0.005,D = 4,and t = 0.891.
Beginning at xo(0) = 0.7055, the spike drifts toward x, = 0 on
an O (&?) time scale. We observe excellent agreement until x, A
0.6932, at which point the oscillations grow beyond the asymptotic
regime. Note that the asymptotic prediction for the spike location
remains valid well after the Hopf bifurcation takes place (light
vertical dashed line).

For the parameters of the simulation, a Hopf bifurcation occurs
at approximately xy = 0.7. Fig. 11(b) shows that the amplitude of
oscillations decays from the original size of the perturbation when
Xo > Xy, reaching a minimum at xo & xy. Once X crosses into the
unstable regime xy < xy, the amplitude begins to grow. However,
the Hopf bifurcation is not fully realized until X, =~ 0.6944 < xy
(heavy vertical solid line), when the oscillations return to their
original amplitude. By solving (3.14) along with (3.11), we find that

|
1.2¢ : — — —Hopf threshold
| numerical
1.1+ : = = =asymptotic
o I
< |
= I
E Lt |
=4 I
]
% 097
&
0.87
0.77
0.695 0.7 0.705
o

(b) Amplitude of oscillation versus t.

Fig. 11. In the left figure, the curve represents the asymptotic prediction for the spike location given by (3.9), while the circles were obtained by numerically solving
the PDE system (3.1). The deviation beginning near t = 1200 is due to oscillations growing beyond the asymptotic regime. Note that the deviation occurs well after the
Hopf bifurcation (light vertical dashed line). In the right figure, we show the corresponding oscillations in spike amplitude. The initial decay in the amplitude reflects
the initial stability of the solution. Near x, = 0.7 (light vertical dashed line), a Hopf bifurcation occurs, at which point the spike oscillations begin to grow. When
Xo ~ 0.6944 (heavy vertical solid line), the oscillations grow to their original size. The asymptotic prediction is x; =~ 0.6946 (heavy vertical dashed line). Here,

(,q,7,5) =(3,3,3,0), ¢ = 0.005,D = 4,and t = 0.891.
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Fig. 12. The same parameters as in Fig. 11 except with ¢ = 0.05. Due to larger
¢, the Hopf bifurcation is triggered at X, ~ 0.72 before the spike reaches the
theoretical threshold of x; =~ 0.7. The Hopf bifurcation is then fully realized at
Xo ~ 0.6923 < 0.72 (heavy vertical line) when the oscillations return to their
original amplitude. The asymptotic result of xj = 0.6492 is not shown.

x§ ~ 0.6946 (heavy vertical dashed line), indicating good agree-
ment between asymptotic and numerical results. The oscillations
occur on an asymptotically shorter time scale compared to that
over which they drift, and are thus not visible in Fig. 11(b).

In Fig. 12, we show a case with the same parameters except with
& = 0.05. The time scale of the drift is much faster in this case so
that individual oscillations are visible. Further, the starting point
may be set farther in the stable regime (xo(0) = 0.75) without
danger of the oscillation amplitude becoming too small at a later
time. However, the Hopf-bifurcation threshold is not as sharp due
to larger &, causing oscillations to begin growing at xo &~ 0.72 in-
stead of at xo ~ 0.7 as in Fig. 11(b) for smaller ¢. As such, the pre-
dicted value of xj; ~ 0.6492 is rather far from the numerical value
of 0.6923 (heavy solid). The delay in bifurcation is still evident, as
the spike must move well past the (numerical) bifurcation point
before the bifurcation is fully realized. This illustration shows the
difficulty in balancing the small ¢ required for asymptotic accuracy
and the larger ¢ required for numerical workability.

In Fig. 13(a), we compile results for ¢ = 0.007 (circles) and
& = 0.005 (squares) for various starting locations xq(0). The curve
represents the asymptotic result shown in Fig. 10. We observe
good agreement between asymptotic and numerical results, with
the results for ¢ = 0.005 appearing to yield closer agreement. In
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(@) (p,q,1,5) =(3,3,3,0).

Fig. 13(b), we show similar results for (p, g, r,s) = (3, 2, 3, 0) and
& = 0.005. Because the character of oscillations at the beginning
appeared slightly different from that of Fig. 11(b), we defined the
numerical result for xj in a slightly different manner. However, the
delay effect, illustrated by the increasing relation between x;; — x*
and x¢(0) — xpy, is still evident and agreeable with asymptotic
results.

Finally, we give an example of a scenario where ty; (xg) is non-
monotonic, as in Fig. 3(b). Qualitatively, the theory suggests that
the larger xq(0) — xy is, the farther into the unstable zone the
spike can penetrate before the Hopf bifurcation is fully realized.
Fig. 3(b) shows that, for appropriate t and x,(0) sufficiently large,
it is possible for ¥ never to reach 0 in the unstable zone. In such
a case, no solution for xj of (3.14) would exist. That is, if the spike
starts far enough into the stable zone to the right of xyg,, it may
pass safely through the unstable zone xy € (Xpys, Xnsy) Without the
Hopf bifurcation ever being fully realized.

The theory is illustrated in Fig. 14 for (p, q,r,s) = (3, 3, 3, 0),
e = 0.005,D = 1,and t = 1.245. The three colors differ
only in the starting location xo(0). In the red plot, starting closest
to the bifurcation threshold, oscillations initially decay while the
spike is in the stable regime. Upon crossing xys, into the unstable
regime, the oscillations grow to beyond their original value. In this
case, the Hopf bifurcation has been fully realized before the spike
has passed through the unstable zone. Upon crossing Xy, into the
stable regime, the oscillations then decay. The purple plot shows
that starting farther into the stable zone reduces the maximum
oscillation amplitude attained in the unstable zone. However, the
amplitude still exceeds its original value while in the unstable
zone. The blue plot shows that starting sufficiently far in the stable
regime allows the spike to pass safely through the unstable zone
without the Hopf bifurcation being fully realized. This behavior
may be explained by noting in Fig. 14 that the farther into the stable
regime the spike is initially set, the more the oscillation amplitude
has decayed by the time the Hopf bifurcation is triggered, thus
requiring more time in the unstable zone to recover to its original
value. We have shown in this scenario that the phenomenon of
delay makes it possible to pass safely through an unstable regime
into a stable zone.

In the next section, we consider the delay of a monotonic
competition instability of a two boundary spike equilibrium
solution in a generalized Gray-Scott model. Unlike the GM model,
the Gray-Scott model exhibits a saddle node structure associated
with weak dynamics just beyond the saddle. Analogous to the
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Fig. 13. In the left figure, we compare the asymptotic prediction (solid line) for the delay with the numerical results. The circles (squares) indicate results for ¢ =
0.007 (¢ = 0.005). The Hopf bifurcation occurs when X, = xy =~ 0.7. The spike is stable (unstable) when X, > xy (X < xy). Oscillations return to their initial
amplitude when xo = xj < xy. While results for both values of & follow the trend of the asymptotic result, the results for &¢ = 0.005 show better agreement. Here,
(,q,7,5) = (3,3,3,0), D = 4,and t = 0.891. In the right figure, we show similar results for (p, g, r,s) = (3, 2, 3,0), & = 0.005,D = 4,and t = 0.5.
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Fig. 14. Plots of spike amplitude versus xo with (p,q,r,s) = (3,3,3,0),e =
0.005,D = 1,and T = 1.245. The three colors differ only in the starting location
X0(0). In the red plot, starting closest to the bifurcation threshold, oscillations
grow in the unstable regime to beyond their original value. In this case, the Hopf
bifurcation is fully realized before the spike passes through the unstable zone. The
purple plot shows that starting farther into the stable zone reduces the maximum
oscillation amplitude attained in the unstable zone. Starting even farther back, the
blue plot shows that the spike may pass safely through the unstable zone without
the oscillation amplitude ever reaching its original value. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)

second scenario just considered, by introducing sufficient delay
into the system through careful choice of initial conditions, we find
that the weak saddle node dynamics may dominate the dynamics
of the more dominant competition instability.

4. Example 3: Competition instability of a two boundary spike
solution

For this example, we consider a two boundary spike solution of
the generalized Gray-Scott (GS) model:

v = szvxx — v+ Auv?,

—1<x<1, v(£1,t) =0, t >0, (4.1a)
1
TUp = Dy + (1 — u) + —uv>,
e
—1<x<1, uy(£1,t) =0, t > 0. (4.1b)

As in the previous examples, the diffusivity €2 of the activator
component (v) is asymptotically small compared to the diffusivity
D of the inhibitor component (u). The uv® nonlinearity replaces
the usual uv? term, and leads to an explicitly solvable NLEP. In this
rescaled form of the GS model, the parameter A is referred to as the
feed-rate parameter, as it is a measure of how strongly the inhibitor
is fed into the system from an external reservoir. In the context
of solutions characterized by spikes in the activator component,
if the feed-rate A is too small, the process that fuels the activator
spikes becomes insufficient, and one or more spikes collapse
monotonically in time. In Fig. 4(a), we show a two boundary spike
equilibrium solution of (4.1) for v(x) (solid) and u(x) (dashed, and
scaled by a factor of 6 to facilitate plotting). The two spikes are of
equal amplitude, are stable to slow drift instabilities, and remain
centered at x = =+1 for all time. Fig. 4(b) plots their amplitudes
as A is decreased past a stability threshold at which the feed-rate
becomes insufficient to support two spikes. Note that the collapse
of the left spike (light solid) is monotonic in time.

This type of instability, referred to as a competition instabil-
ity due the local conservation of spike amplitudes at onset, oc-
curs when a single eigenvalue crosses into the right-half plane
through the origin. This is in contrast to the Hopf-bifurcations
studied in the previous sections, where two complex conjugate

eigenvalues crossed through the imaginary axis, leading to an
oscillatory instability. As A is decreased sufficiently past the com-
petition threshold A_, the solution encounters a saddle node bi-
furcation at A = A, < A_, past which point the two boundary
spike solution ceases to exist. An example of the saddle node struc-
ture is shown in Fig. 5. On the upper branch, the heavy solid seg-
ment indicates stable solutions. The light solid segment indicates
solutions unstable to the competition mode. The stability transi-
tion occurs at A = A_ ~ 4.6351, while the saddle node occurs at
A = A ~ 4.6206. The arrow indicates the evolution of the spike
amplitude as A is decreased. The lower branch is always unstable,
and will not be considered.

As in the previous two sections, because A starts in the stable
regime A > A_, a delay is expected to occur such that the compe-
tition instability is fully realized only when A has been decreased
sufficiently past A_ to A = A* < A_. This gives rise to the two sce-
narios, A* > A, and A* < Ap,. In the first scenario, the instability
fully sets in before the system reaches the saddle node so that the
solution has been driven relatively far from equilibrium by the in-
stability. In the second scenario, the instability does not fully set in,
leaving the solution still very close to equilibrium when it reaches
the saddle node. These two scenarios differ markedly in their re-
sponse to amplitude perturbations slightly past the saddle node.
We illustrate both of these scenarios numerically in later sections.
We note that, since no two-spike solution of the form shown in
Fig. 4(a) exists below A = A,,, the statement A* < A, only serves
to state that the instability is not expected to set in before the sys-
tem reaches the saddle node. No quantitative predictions of delay
can be made in this case.

In what follows, we take A to be the bifurcation parameter, and
study the delay that occurs as it is slowly decreased through the
competition threshold. The parameters D and T remain constant.
In the analysis, 7 is set to 0 while in the numerical computations
of Section 4.2, t is taken to be a value much smaller than one.
We begin by first stating the two boundary spike solution and
deriving values for Ap,, A_, and the expected delay A_ — A,. As in
the previous sections, we present only key steps of the analysis.
Full derivations may be found in Appendix C.

4.1. Two boundary spike equilibrium and prediction of delay

For constant A, the two boundary spike equilibrium solution of
(4.1)is

Ve ~ Lw (e7'x+ 1)+ Lw (e7'x—1),

JAUZ JAUZ
(4.2)
Ue ™~ 1— WG(X),

where w(y) and G(x) are given by

o8}
w(y) = /2 sechy; / wldy =b =12,

_ (60/2) cosh(6px)
- sinh 6, ’

In(4.2),0 < U_ < 1/3is the smaller solution of the equation

G(x)

b
HU)=+U(1-U) = 57000
The upper branch in Fig. 5 is a plot of the spike amplitude
V2/(AU_) as a function of A, while the bottom is a plot of
+/2/(AU,), where 1/3 < U, < 1is the larger solution of (4.3). To
compute the value of A at the saddle point, we note that H(U) in
(4.3)has aglobal maximumatU = 1/3whereH(1/3) = 2/(3\/5).

(4.3)
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For a solution to (4.3) to exist, A must satisfy A > A, where Ay, is
the value at the saddle given by

2/3
3v3bG(0)
m = |::| . (4.4)
2
Here, G(x) is defined in (4.2).
To determine the stability of (4.2) for constant A, we perturb the
equilibrium by

v =1+ e, u=u+e'n; ¢,n<K1. (4.5)

With t = 0, two modes of instability are possible corresponding to
odd and even eigenfunctions ¢ and 7. The odd competition mode
satisfies ¢ (x) = —¢(—x) and n(x) = —n(—x). As described above,
the competition instability leads to the growth of one spike at the
expense of the collapse of the other. The even mode, referred to as
the synchronous mode, satisfies ¢’(0) = n’(0) = 0 with ¢(x) =
¢(—x) and n(x) = n(—x). The synchronous mode leads to the
simultaneous collapse of both spikes. In Appendix C, we show that
the lower branch is always unstable to both modes of instability,
while the upper branch is always stable to the synchronous mode.
We now obtain the condition for which the upper branch is stable
to the competition mode.
For T = 0, we obtain from the explicitly solvable NLEP

9

2 [1 + % coth? 90]

A=3— (4.6)

The condition A = 0 yields that, at the competition instability
threshold,

1 1
- T~ UE—; CE*z;
1+C 2 coth” 6

withA < 0 (A > 0)whenU_ < U, (U. > U._). We note
that, with C < 1/2 for all 6y > 0, we have that 0 < U,_ < 1/3,
corresponding to a solution on the upper branch of Fig. 5. The lower
branch is thus always unstable to the competition mode. As D —
0,60 = ]/\5 — oosothatU,_ — 1/3.Thus,onaninfinitely long
domain, the entire upper branch is always stable to both modes
of instability. The stability to the competition mode on an infinite
domain may be interpreted as the lack of a “crowding out” effect
between the spikes. That is, the larger the domain size (or similarly,
the smaller the value of D), the weaker is the interaction between
the spikes, and the greater the number of spikes that may co-exist.
For this reason, the competition instability is sometimes referred
to as an “overcrowding” instability. With A, defined in (4.4), we
have from (4.3) that the value of A at the competition threshold is
given by

—2/3
A—n [Ww)} ,

U_=1 (4.7)

: (4.8)

with U,_ given in (4.7). As the bifurcation diagram in Fig. 5
suggests,. < 0 (L > 0) whenA > A_ (A <A.).

We note that, had we considered the case of two interior spikes
for v, and u,, the spectrum of the linearized equation for ¢ and
n would also contain small eigenvalues of ©(g?). The largest of
these eigenvalues is associated with a slow drift instability, with
corresponding eigenfunctions ¢ and n being locally odd about
the center of the spikes. It can be shown that the drift instability
threshold occurs at a larger value of A than does the competition
threshold. As A decreases past A_, it must then first trigger the drift
instability. By considering spikes located at the two boundaries
where we impose pure Neumann conditions, drift instabilities are
eliminated. Doing so made the numerical validations significantly
less difficult.

To calculate the delay that results from slowly decreasing A past

A_ according to,
A=Ay—&;, Ay>A_, & =c¢t, (4.9)

we replace (4.5) by the WKB ansatz

U=t +eVOn g1

As in the previous two examples, we draw the equivalence y' = A,
from which we obtain

1
V= v+ etV ©g,

£ A
v (A) =/ AdE =—/ A(A) dA, (4.10)

0 Ag

where we set ¢ (0) = 0 and have used (4.9) to change the variable
of integration from £ to A. In (4.10), A(A) may be obtained by
explicitly solving (4.3) for U(A), and using U(A) in (4.6). Since
A < Owhen A > A_, ¢ will be negative and decreasing until A
is decreased to A_. At A = A_, { will begin to increase, reaching 0
only when A = A* < A_. We define A* as the value of A at which
the competition instability has fully set in.

Setting v (A*) = 0in (4.10) and solving the resulting algebraic
equation for A* < A_, we obtain a relation between the delay
A_ — A* and the “initial buffer” A — A_. An example of a typical
relationship is shown in Fig. 15(a) for D = 3. Note that, as in
Sections 2.1 and 3.1, the delay in terms of A is independent of
the rate at which it is decreased. The increasing function shows
that, the larger the initial buffer, the larger the expected delay.
The values of Ap in Fig. 15(a) are such that A* > A, so that the
instability sets in before the system reaches the saddle node. In
Fig. 15(b) we plot, for various D, A, (solid), A_ (dashed), and the
starting value of Ay = Af' (dash-dotted) such that A* = Ay, For
Ap < A, the system starts sufficiently close to threshold such that
the delay is expected to be small and the instability sets in before
A reaches its saddle value Ap,. This is illustrated schematically
as scenario 1 in Fig. 15(b), where the arrow ending above the
Ap curve indicates that the instability sets in before A,;,. When
Ag > Af, the delay increases to the point where the instability
does not fully set in by the time A = A,. This is illustrated as
scenario 2 in Fig. 15(b). Here, the arrow extends below A,;, with
the dotted segment indicating the delay that may have occurred
in the absence of a saddle. In the next section, we show that the
asymptotic prediction in Fig. 15(a) agrees with results obtained
by numerically solving (4.1). We also highlight the differences
between scenarios 1 and 2.

4.2. Numerical validation

In this section, we illustrate the theory of Section 4.1 by numer-
ically solving the PDE system (4.1) with A taken to be the slowly
decreasing function of time given in (4.9). The parameter t was
taken to be a small positive number much less than one. The time
integration was performed using the MATLAB pdepe () routine.
The initial conditions were taken as a perturbation of a true equi-
librium state (v(x, 0), u(x, 0)) = (v} (x), u}(x)),

v(x,0) = vi(x) (1 —8sech(e™'(x+ 1))

+ 8sech(s™'(x— 1)),
u(x,0) = ui(x); 0<8<K1.

(4.11)

The equilibrium state (v} (x), u} (x)) was computed by integrating
(4.1) to equilibrium starting from (4.2). The perturbation in (4.11)
decreases the amplitude of the spike centered at x = —1, and in-
creases by an equal amount that of the spike centered atx = 1. We
begin with an example of scenario 1 with Ay < Af'.

In Fig. 16(a), we show the same typical result with ¢ = 0.004
and D = 3 asin Fig. 4(b) except with A(t) plotted on the horizontal



36 J.C. Tzou et al. / Physica D 290 (2015) 24-43

0.7 w w w

O0 0.2 0.4 0.6 0.8

Ao —A_

(a)A_ — A* versus Ag —A_.

7 ; \ :

scenario 2 P

(b) AJ' versus D.

Fig. 15. In the left figure, we show the expected delay A_ — A* as a function of the initial buffer A — A_ for D = 3 and r = 0. The increasing function indicates that the
larger the initial buffer, the larger the expected delay. In the right figure we plot, as functions of D, A, (solid), A_ (dashed), and Af' (dash-dotted), where A7 is the starting
value of A for which A* = Ay, If Ay < Af' (scenario 1), the delay sets in before A,. If Ay > AJ' (scenario 2), the delay does not set in by the time A has decreased to Ap,.
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(a) Amplitude difference versus A.

Fig. 16. In the left figure, we plot the amplitude of the left (light solid) and right (heavy solid) spikes as a function of A, with A being decreased according to (4.9). Increasing
time is to the left. The stability threshold A_ is indicated by the vertical dotted line, the asymptotic prediction of A* by the vertical dashed line, and the numerical value of
A* by the vertical solid line. The amplitude difference is plotted in the right figure, with the vertical lines corresponding to those in the left figure. Starting at A > A_, the
amplitudes grow closer together until the stability threshold A = A_ =~ 4.03 is reached. Here, A_ is computed using (4.8). For A < A_, the solution enters the unstable
regime, causing the amplitudes to diverge. The difference in amplitudes does not reach their original value until well after A = A_, indicating delay.

axis. Note that, since A is a decreasing function of time, the direc-
tion of time increase is to the left. As A decreases, both amplitudes
decrease as indicated by Fig. 5. The stability threshold A~ is indi-
cated by the vertical dotted line, the asymptotic prediction of A* by
the vertical dashed line, and the numerical value of A* by the verti-
cal solid line. We observe good agreement between the asymptotic
prediction and numerical value of A*. As predicted, the amplitudes
do not appear to diverge until A ~ A*, well after the instability
has been triggered. This illustrates the delay in competition insta-
bility. The instability then leads to the eventual collapse of the left
spike along with the growth in amplitude of the right spike. The
amplitude of the remaining spike continues to decrease with the
continued decrease of A.

In Fig. 16(b), we illustrate the phenomenon more clearly by
plotting the difference in amplitudes as a function of A. The ver-
tical lines correspond to those in Fig. 16(a). When A > A_, the
system is stable, causing the initial perturbation to decay and the
amplitudes to grow closer together. When A = A_, the instability is
triggered and the amplitudes begin to diverge. However, since the
amplitudes grew closer together on the interval Ag > A > A_,A
must be decreased well beyond A_ for the amplitude difference
to grow back to its initial size at t = 0. For D = 3, we find
from Fig. 15(b) that A_ ~ 4.03, which matches almost exactly the

location of the minimum in Fig. 16(b), indicating again excellent
agreement between asymptotic and numerical results.

We repeat the computations with D = 3 and find the delay
for various values of the initial buffer. The results are compiled
in Fig. 17, where we compare the results to asymptotic result of
Fig. 15(a) for ¢ = 0.008 (circles) and ¢ = 0.004 (squares). We
observe excellent agreement, with the numerical results for ¢ =
0.004 matching the asymptotic result (solid curve) more closely
for small Ap. The deviation of the squares from the curve for larger
Ag is likely due to the small @ (e~'/¢) amplitude difference being
obscured by numerical errors.

To illustrate the second scenario where A* < A, we first
confirm numerically the location of the saddle. To do so, we solve
(4.1) on the domain 0 < x < 1 with pure Neumann boundary
conditions for one boundary spike centered at x = 1. In this way,
we eliminate the possibility of the odd competition instability and
isolate the effects of the saddle node. In Fig. 18(a), we show the
evolution of the spike amplitude as A is decreased starting from a
true one boundary spike equilibrium, analogous to (v} (x), u}(x)),
with D = 0.4 and no initial perturbations. The heavy solid curve
shows the case where the decrease of A is stopped atA = A, +
0.004, slightly before it reaches its value at the saddle. The value
for A, & 4.6206 may be computed from (4.4) and is indicated by
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Fig. 17. Comparison of numerical and asymptotic (solid) results for D = 3 and
& = 0.008 (circles) and ¢ = 0.004 (squares). The results for ¢ = 0.004 match
the asymptotic result (solid curve) more closely for small Ag. The deviation of the
squares from the curve for larger Ay is likely due to the small ©(e~'/¢) amplitude
difference being obscured by numerical errors.

the vertical dashed line. As shown in Fig. 18(b), the spike amplitude
settles to a constant non-zero value after the time that the decrease
of A has ceased (heavy dashed line). The light solid curves in
Fig. 18(a) and (b) show the case where A is decreased slightly past
the saddle to A = A,; — 0.004. Contrary to the first case, the spike
collapses after the decrease of A has ceased (light dashed line in
Fig. 18(b)). We thus conclude that the true location of the saddle is
close to that predicted by the asymptotic result (4.4), and that in
a two-spike equilibrium, the dynamics beyond the saddle induce
the simultaneous collapse of both spikes. We emphasize that the
simultaneous collapse is due to the effect of the saddle, not the
synchronous instability described in Section 4.1.

We now contrast the two scenarios Ay < AJ and Ay > Af.
Recall that if Ap < A7, the instability is expected to set in before
A reaches the saddle, while if Ay > Af, the delay is sufficiently
large so that the instability does not fully set in when A reaches
An. When two spikes are present, two competing effects take place
slightly beyond the saddle node. The less dominant effect is that
just described, which leads to the simultaneous collapse of both
spikes. The more dominant is the residual effect of the competition
instability, which leads to the collapse of one spike and the growth
of the other.

The relative dominance may be attributed to the zero eigen-
value of the synchronous mode exactly at the saddle node. Recall
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(a) Spike amplitude versus A.

that the lower solution branch is always unstable to the even syn-
chronous mode while the upper branch is always stable to the even
synchronous mode. Where they meet, the eigenvalue of the even
mode must be zero. While no spike solutions exist beyond the sad-
dle, the dynamics associated with an even perturbation will be
slow due to the nearby presence of the zero eigenvalue. Similarly,
the dynamics associated with an odd perturbation will be relatively
fast due to the nearby presence of the positive eigenvalue of the
competition mode.

We therefore expect for a two spike solution that when A is
decreased to below A, perturbing the solution with both an odd
and even perturbation would result in dynamics mirroring that of
the dominant competition instability. One spike would collapse
while the other would survive. This is depicted as scenario 1 in
Fig. 19(a), where Ay < Aj'. On the left vertical axis, we plot the
amplitude of the left (light solid) and right (heavy solid) spikes as A
is decreased, stopping at A = A,;, —0.004, slightly off the saddle. On
the right vertical axis, we plot the amplitude difference (dashed).
The horizontal axis is time. The simultaneous decrease in both
amplitudes at t &~ 25.4 is a result of an even perturbation added
when A reaches its terminal value of A = A,;; — 0.004. As expected,
because the competition instability sets in before A reaches A;;, the
dynamics of the competition mode dominate beyond the saddle
and only one spike collapses.

If the size of the odd perturbation were to be sufficiently small
relative to that of the even, the slower growth of the even mode
would be compensated for by its larger initial size. We would
then expect the resulting dynamics to reflect that of the one spike
solution, with both spikes collapsing almost simultaneously. This
is depicted as scenario 2 in Fig. 19(b), where Ay > Af'. As shown by
the dashed curve, the instability has not fully set in by the time
the A reaches A, — 0.004 and the even perturbation is added.
As a result, the even mode added at t ~ 53.4 dominates, and
both spikes collapse. The presence of the competition mode causes
the right spike to collapse slightly more slowly than the left. This
scenario illustrates that the dynamics of a comparatively weak
mode may prevail over that of a dominant mode due solely to the
phenomenon of delay.

5. Discussion

We have presented three examples of delayed bifurcations for
spike solutions of reaction-diffusion systems. In the first example
with a single stationary spike, we considered the case where a
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Fig. 18. Evolution of the amplitude of a one boundary spike quasi-equilibrium solution as A is slowly decreased. In the left figure, we plot the amplitude of the spike as a
function of A. The saddle value A,, ~ 4.6206 is indicated by the vertical dashed line. In the case that A stops decreasing at A = Ap,, + 0.004 (heavy solid curve), the spike
settles to a constant non-zero value. If A is decreased past A,, to A = A, — 0.004, the spike collapses. The corresponding evolution as a function of time is shown in the right
figure. The heavy (light) dashed line indicates the time that A reaches its terminal value of A,; + 0.004 (A, — 0.004). The starting value of A in both instances is Ay = 4.6701.

Here, ¢ = 0.001,and D = 0.4.
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Fig. 19. Plots of the amplitude of the left (light solid) and right (heavy solid) spikes versus time as A is decreased from Ag to A,, — 0.004. For D = 0.4, we find from Fig. 15(b)
that A_ = 4.6351, A, = 4.6206, and Aj' = 4.6534. The near-vertical kinks at t ~ 25.4 in the left figure and t ~ 53.4 in the right are the result of the addition of an even
perturbation when A reaches A, — 0.004. The dashed curve, plotted against the right vertical axis, is a plot of the difference in spike amplitudes. In the left figure where
Ao < Af, the competition mode sets in early and dominates the dynamics near the saddle. As a result, only one spike collapses. In the right figure, the competition mode
has not set in by the time the even perturbation is added. The resulting dynamics are near that of a simultaneous collapse of both spikes. The presence of the competition

mode causes the right spike to collapse slightly more slowly than the left.

model parameter t was extrinsically tuned slowly past a Hopf
bifurcation threshold. In the second example with a slowly drifting
single spike, we studied the case where all model parameters
were held constant and a Hopf bifurcation with @ (1) time scale
oscillations was triggered by intrinsic ©(g?) drift dynamics. A
feature of this example not present in the first was that of a non-
monotonic Hopf bifurcation threshold curve. Introducing sufficient
delay into the system by careful selection of initial conditions,
we found that the non-monotonicity allowed the spike to drift
safely through a Hopf-unstable zone without the Hopf bifurcation
fully setting in. In the third example with two stationary boundary
spikes, we considered the delay of a competition instability as a
feed rate parameter A was tuned slowly past a stability threshold
A_.Inaddition to the competition threshold, there existed a saddle
node bifurcation at A = A,, past which no two-spike solutions
exist. The presence of two critical values of A led to two competing
effects near the saddle node. We found that the delay played a
critical role in determining which effect prevailed. In particular,
we showed that sufficient delay in the onset of the competition
instability allowed the effect of the saddle node to dominate
despite being comparatively weak.

In all three examples, linear stability analysis of the equilibrium
or quasi-equilibrium solutions led to an explicitly solvable NLEP.
By obtaining an explicit expression for the eigenvalue, we were
able to formulate an algebraic problem for how far above a stability
threshold the system must be in order for the instability to be fully
realized. This delay in terms of the parameter was independent
of the rate at which the system crossed the stability threshold.
For all three examples, we solved the full PDE system numerically
and observed excellent agreement with asymptotic predictions
for the magnitude of delay. A key numerical challenge involved
obtaining results not obscured by numerical errors when the
system started far below threshold. For such computations, more
digits of precision may be beneficial.

The explicitly solvable NLEP’s arose from the particular choice
of exponents for the reaction termsin (2.1) and (4.1), and it remains
an open question as to whether the combinations of exponents
have physical or biological significance. The combination of
exponents, however, allowed us to illustrate the phenomenon of
delay in PDE’s not only numerically, but analytically. The latter
is imperative in revealing key properties of delay in PDE'’s, such
as establishing the reason for delay as the initial decay of the
perturbation to exponentially small amplitudes. We may then
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Fig. 20. Nonlinear oscillations well after the intrinsically triggered Hopf bifurca-
tions of Example 2 have set in. The parameters are the same as those of Fig. 11(b).
The oscillations exhibit a pattern of series of five successively growing peaks, with
peaks in each subsequent series slightly larger than the corresponding peaks in the
previous series. The oscillations also appear to be relaxational.

reasonably expect the phenomenon of delayed bifurcations to be a
generic consequence of slow passage through stability thresholds
in PDE’s. As such, while our particular models were chosen for
their mathematical characteristics, we emphasize that the results
they yield apply in many scenarios where slow tuning is used to
search for bifurcation points in PDE’s, whether they be numerically
in scientific computation settings (e.g., finding stability thresholds
of a numerically computed spatial pattern), or experimentally
in laboratory settings (e.g., finding stability thresholds of a spot
pattern in a chemical reaction). Our analysis yields intuition for
those cases where analytic results may not be available.

An interesting open problem in regards to Example 2 would
be to understand the oscillations that occur well after the Hopf
bifurcation has set in. For example, a weakly nonlinear theory may
be developed to determine whether the bifurcation is subcritical
or supercritical. In the case shown in Fig. 11(b), we find that, well
after the onset of the Hopf bifurcation, the oscillations exhibit
a repeating pattern of series of five successively growing peaks,
with peaks in each subsequent series slightly larger than the
corresponding peaks in the previous series. This is shown in Fig. 20.

Another interesting problem would be to quantify the effect ofa
periodic forcing function on the delay of a Hopf bifurcation. For the
ODE system considered in [2], it was found that a small amplitude



J.C. Tzou et al. / Physica D 290 (2015) 24-43 39

sinusoidal forcing function with frequency equal to that of the Hopf
frequency reduced the magnitude of the delay. For the example
shown in Fig. 11(b), we added to the right-hand side of (3.1a) a
small forcing function f (x, t) of the form

f(x, t) = 0.001 sin(wyt) w(e ™ (x — xo(t))),

with w(y) given in (3.5). Here, wy is the resonant Hopf frequency,
and xq(t) is the center of the spike at time t. We observed in this
case a beat phenomenon in the amplitude oscillations, with the low
frequency envelope decaying in the Hopf stable region. Unlike that
observed in [2], the forcing resulted in only a very slight decrease
in the magnitude of delay. However, as part of a more detailed
study of how delay varies with changes in forcing amplitude and
frequency, the above result may help identify methods for more
accurately determining bifurcation thresholds in experimental
systems.

A related issue is the effect of noise on dynamics and bifurca-
tions. In the context of ODE’s, a number of works elucidate the
role that stochastic noise can play in pushing the system through
tipping points; see for example [27,28,3,29] and the references
therein. Some recent papers also explore how the noise changes
the dynamics in the context of stochastic PDE’s [30-32]. However
much work remains to be done in this direction. In particular, the
effect of noise on the stability of spikes in RD systems remains
largely unexplored.
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Appendix A. Construction and stability of a one-spike equilib-
rium of the GM model on the infinite line

Here, we construct a one-spike solution of (2.1) and derive an
explicitly solvable nonlocal eigenvalue problem (NLEP) governing
its stability to @ (1) eigenvalues. Solving the NLEP, we derive (2.5)
of Section 2. In the inner region of the spike centered at x = 0, we
transform to a stretched variable y = x/¢ and let

u~Uu(y), v~ V). (A.1)

The equilibrium problemon —oc0 < y < 00 is

v’ V+V3—O lU” U—|—V3—0 (A2)
vz g2 e ’

with V — 0and U bounded as |y| — oo. From (A.2) for U, we find
to leading order that U = Uy is a constant and

V = Upw(y), (A3)
where w(y) is the homoclinic solution of
w—w4+uwl=0, —oco<y<oo,

w(0) >0, w'(0) =0, w— 0as |y| = oo. (A4)

Eq. (A.4) may be solved explicitly, with the solution given in (2.3).

In the outer region where |x| = 9(1), the term ¢~ 'v? in (2.1b)
is exponentially small. As ¢ — 0, its mass becomes concentrated
in an O (¢) width region around x = 0 with height @ (s~ !) at
x = 0. In the sense of distributions, using (A.1) and (A.3), we
calculate e 7'v?® — (L& (%0 Ugw?dy) 8(x) = bU3S(x), where b
is defined in (2.3), and §(x) is the Dirac-delta function centered at

x = 0. Substituting this expression into (2.1b), we find that the
outer solution for u satisfies

Ugw — Up = bU38(x), —00 <x < 00,

up — 0as x| — oo, (A5)
with the matching condition ug(0) = Uy. The solution to (A.5) is
written in terms of a Green’s function G(x; Xg) as ug(x) = bUS
G(x; 0), where G(x; 0) satisfies
G —G=—-8(x), —oo<x<oo, G— 0as|x| — oo. (A.6)

The solution to (A.6) is G(x; 0) = e~*/2. Applying the matching
condition 1o (0) = Up, we calculate Uy = 1/ (+/b G(0; 0)). In this
way, we obtain the results (2.2) and (2.3) of Section 2.

To derive the transcendental equation for the eigenvalue in
(2.5), we linearize (2.1) by perturbing the equilibrium solution as
in (2.4). The linearized equation is then

5 302 203
Ap=¢e"Px — P+ 2¢_ 3 1
u u
e e
—00 <X <00, ¢ — 0as |x| - oo, (A.7a)
2
A =N — N+ —2¢@, —00 <X < 00,
&
n — 0as |x| - oo. (A.7b)

Here, v, and u, are given in (2.2). Since the coefficients vg/ug and
v2 /ud are localized near x = 0, we seek solutions to (A.7a) where
¢ is localized near x = 0 and 7 varies over the same scale as does
Ue(x). With ¢ = @ (y) and n(x) ~ n(0) as x — 0, we obtain the
following equation for @ (y),

Lo® — 2w3n(0) =AP, —00 <Yy <00,

@ — 0as|y| = oo, (A.8)
where the linear operator Ly is defined as
Loy =¥ — ¥ + 3w?y. (A9)

To determine 7(0) in (A.8), we solve (A.7b) for n(x). Since
the term vZ¢ is localized near x = 0, we have in the sense of
distributions that e 'vZ¢ ~ [/ Ugw?®(y) dy] 8(x), where we
have used (2.2) for v, in (A.7b). The resulting equation for n(x) is
then

o0

N — (1+ )y = =308 [/ wre dy] 8(x),
—00

—00 <X <00, n— 0as x| > o0. (A.10)

We write the solution to (A.10) in terms of the Green’s function
Gy (x; 0) as

n(x) ~ 302 UOO w?d dy] G (x; 0), (A11)

o0
where G, (x; 0) satisfies

G — (1 + TA)G = —8(%),
—00 < X < 00, G, — 0as |x| - oo.
The solution of (A.12) is

(A12)

1
(%, 0) = ——=——=e""M,

0, =14+ At.
2/1+ th g

Using (A.11) to compute 7(0), and using Uy = 1/ (v/b G(0; 0)), we
obtain the nonlocal eigenvalue problem (NLEP)

o 2

w P dy G:.(0,0

Li®— yw'—X——— =AP, x=6 a ),

= widy G(0: 0)
where Ly is defined in (A.9). From G(0; 0) = 1/2 and (A.13), we
calculate x in (A.14) as

6

= A.15
X V1+7TA ( )

(A.13)

(A.14)
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From [24], the specific choice of powers of the GM model in
(2.1) allows the NLEP (A.14) to be solved explicitly. We begin by
noting that, in addition to the zero eigenvalue with associated
eigenfunction w’(y) that changes sign once on —c0 < y <
00, Loy = v has a unique positive eigenvalue vg = 3 with
eigenfunction ¥, = w? of constant sign. To show this, we first
multiply (A.4) by w’ and integrate to compute that (w')? = w? —
w*/2. We then calculate

Low? = 2w")? + 2ww” — w? + 3w (A.16)

Then, by using (A.4) for w” and the expression above for w’, we find
from (A.16) that indeed

L0w2 = 3'(1}2. (A]7)

Next, we multiply (A.14) by w? and integrate over the real line
to obtain

e < widy [% wledy
/ wllyddy = Xffoo = f,;o
oo o widy
o0
+x/ wlody. (A.18)
—00

With @(y), @' (¥), w(y), and w’(y) all decaying exponentially
to zero at infinity, Green’s second identity yields ffooo dLyw?dy

= [%_ w’Ly@dy. With this identity, together with (A.17), we
obtain for the left-hand side of (A.18) that 7 w?Lo®dy = 3
ffooo ®w?dy. With this expression, the NLEP (A.18) then becomes

00 © wd
/ dwdy |3 — XW — x| =0. (A.19)
oo [Co, widy

Calculating [ w®dy/ [* w?dy = 3/2, we conclude that
any eigenvalue of (A.14) for which the eigenfunction satisfies
[, ®wdy # 0 must satisfy the expression given in (2.5) of
Section 2, where we use (A.15) for x in (A.19).

Appendix B. One-spike quasi-equilibrium and slow dynamics
of the GM model on a finite domain

Here, we construct the one-spike quasi-equilibrium solution of
(3.1) and derive the ODE (3.9) describing its slow dynamics. For the
inner solution of a one-spike quasi-equilibrium solution centered
at x = xp, we let

u~Uyy) +eUi+---. v~V +eVi(p) +---,

X— X
= ﬁ; o = &*t, (B.1)
&
to obtain
VP
V/’—V—i—W:O, V= 0as|y| — oo, (B.2a)
Lour—u+ 1Y o (B.2b)
g2 eUs ’

The limiting conditions for (B.2b) come from matching conditions
with the outer solution. From (B.2b), we have that U ~ Up is a
constant to leading order so that Vj satisfies

p

V
V(;/—V0+U—(;:0, V — 0as|y| — oo. (B.3)
0
The solution of (B.3) can be written as
_q_
Vo~ Ul w(y), (B.4)

where w(y) is the solution of the equation in (3.4) with solution
given in (3.5) of Section 3.

To compute the outer solution for u = ug(x) in (3.1b), we
proceed as in Appendix A and represent the v"/u’ term as a
weighted Dirac-delta function centered at x = xo. We then have

qr

Dugw — g = —UJ~" by 8(x — xo), (B.5)

where b, is defined in (3.5). The solution of (B.5) may be written in
terms of a Green'’s function G(x; Xp) as

qr

uo(®) = UJ" brGx: x0), (B.6)
where G(x; xo) satisfies
DGy — G = —68(x —Xg), Gy(£1,x9) =0. (B.7)

The solution of (B.7) is given by (3.6) of Section 3. The constant Gy
in (3.7) is found by imposing the jump condition DGx(x:;; Xo) —
DGy(xy ; Xo) = —1. Finally, by imposing the matching condition
u(xg) = Up in (B.6), we arrive at (3.8) of Section 3. With (B.4), (3.5),
(B.6) and (3.6), the one-spike quasi-equilibrium is then given by
(3.3).

To derive (3.9) for the drift of the spike center, we consider the
next order in ¢ of (B.2) with (B.1). We calculate that dVp/dt =
—&*~1V;x;, while dUp/dt = 9 (&?). To match orders, we must take
o = 2 so that 0 = &?t. We then have at the next order
v ;

V=V —Vi+p Vi=—Vxy+q——
1 ug 0%o U

(B.8a)

DU// _ 1 VT

1= Ug 0-
By differentiating (B.3) with respect to y, we find that LV; = 0,
or equivalently, Lw’ = 0. The right-hand side of (B.8a) must then
satisfy the solvability condition

(B.8b)

o0
/ w’ [—x()u{}w/ + qUOprU1] dy = 0;

oo

q pq
R=—,Q=———q—1.
o1 T o1
WithR — Q = 1and w'w? = (p + 1)~ 'dw”*!/dy, we have from
(B.9)

X Uoy /oo (w/)z dy = L ” (wp“)/U] dy

s p+1)
Integrating by parts once on the right-hand side of (B.10) and using
that w — 0 as |y| — oo, we obtain

o] 2 q (o] ;

X, Uy w) dy=——"— wPtU! dy.
om0 f_oo (W) dy p+1J) .« [
Integrating by parts again on the right-hand side of (B.11) and
letting v(y) = foy wP*1ds, we calculate

oo 5 q 0 00
X Uof w) dy=——"— [U/v‘ —/ vU”dy] (B.12)
0 —00 ( ) p + 1 ! —00 —00 !

Since wP*! is an even function and v(0) = 0, we find that v(y)
is an odd function. Also, since V{ is an even function, we have by
(B.8b) that U” is an even function. The integral term on the right-
hand side of (B.12) therefore evaluates to 0. Now with v(c0) =
—v(—00), we have from (B.12)

(B.9)

(B.10)

(B.11)

9 U090 +Uj(=00).
0 20+ 1) Uy ’
{o¢]
wPtld
K= o i (B.13)

[ wh* dy
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The quantities Uj(+00) may be calculated from the matching
condition

Uj(£00) = Uox(x),
yielding from (B.13)

/ q

1 _
Xg = —————K— [Gu(x3; X0) + Gx(Xy; %0) ] ,

2(p + 1) Goo
where we have used (B.6) and (3.8) for uy and Uy, respectively.
Using (3.6) and (3.7) in (B.14), we have

Xy = -9 Kltanh @(1 + x0))

2(p+ 1)/D
— tanh (6o(1 — xp))] . (B.15)
The quantity K in (B.15) is calculated in [24]. We include

the calculation here for completeness. We first multiply (3.4) in
Section 3 by w’ and integrate to obtain

(B.14)

_ nNe_ 1.2 - pHl
2(w) 2w —|—p+1w =C,

where C = 0 since w, w" — 0as |y| — oc. Integrating (B.16) over
the entire real line yields

(B.16)

1-5LH+

2 © wid
2 K=0; L= {;"’7;’ (B.17)
p+1 [To (W)? dy

To obtain a second equation involving I; and K, we multiply (3.4)
by w, integrate by parts once on the ww” term and apply the decay
condition of w to find

-1-L+K=0. (B.18)
Solving (B.17) and (B.18) simultaneously, we find
2 1
K=2PtD (B.19)
p—1

Substituting (B.19) into (B.15), we obtain result (3.9) of Section 3.
Because of the slow O (&?) drift of the spike, analysis of @(1) time
scale instabilities may be performed assuming a “frozen” spike
centered at x = Xxp. The analysis leading to an explicitly solvable
NLEP then proceeds as in Appendix A and will not be included here.
The reader may refer to [24] for details.

Appendix C. Boundary spikes in the GS model and analysis of
competition instability

Here, we construct the two boundary spike equilibrium (4.2)
of (4.1) on the domain x € (—1, 1). We then derive an NLEP and
solve it to obtain thresholds of competition (given in (4.7)) and syn-
chronous instabilities. To do so, we first construct a one-spike equi-
librium centered at x = 1onx € (0, 2), taking only the interval
(0, 1). We then apply a reflection to obtain the two boundary-spike
solution on the entire interval.

Weletx = & + 1sothat —1 < & < 1. The spike is then
centered at & = 0. The construction of the one-spike equilibrium
then follows closely to that given in Appendix A. In the inner region
with stretched variable ¢ = & /¢ and u(§) ~ Up(¢), v(€) ~ Vo (8),
we find that Uy is a constant while Vo (¢) = w(¢)/+/AUp, withw (&)
given in (2.3). In the outer region, u = uy(§) satisfies
DUOSS + (1 —u )

—5——=0(8), ug(£1) =0, (C.1)

b
A3/2, /U,
where the weight of the delta function is calculated in the usual
way. Here, b is defined in (2.3). The conditions uz(£1) = 0
correspond to even symmetry about x = 0 in the original

coordinates. Note that the boundary conditions uy(+1) = 0 are
satisfied by the constant inner solution for u. The solution of (C.1)

may be written as ug(§) = 1+ u(~$)0, where i satisfies

o(§) = GE:0), (C2)

A3/2t:ﬁ
where G(&; 0) satisfies
DGge — G = —5(8),

The solution of (C.3) is
cosh (6p (€ + 1))

G:(£1;0) =0. (C.3)

o , —1<&<0,
L) — cos .
G(§:0) = Goo § cosh (O (& 0 1) ;
—— 0<é&<1,
cosh 6y
1
Gyp= —-—"—, (C4)
% 2+/Dtanh 6,

where 6, is defined in (3.7). The matching condition uo(0) = Uy
determines Uy, yielding Uy = 1 — bG(0; 0)/(A*?y/U), which
is equivalent to (4.3) of Section 4. The one spike equilibrium on
& € (—1, 1) is thus given by

1
" )

with 1l given in (C.2).

Onx € (0, 1), the two boundary-spike solution is given by the
solution (C.5) on the interval £ € (—1, 0). Thatis,onx € (0, 1), u
and v are given by

ver(§) = Uer(§) = 1+ Uo(§), (C5)

1

—1
v= wlie ' x—1)),
VAU ) (C6)
; b cosh (6px) ’
u=1- .
A3/2/Uy 2+/Dsinh 6,

The solution on x € (—1,0) is an even reflection of (C.6) about
x = 0 so that x — —x. Noting that w(¢) and coshx are both
even functions, we obtain (4.2) with U_ replaced by Uy. Here, Uy is
determined by the matching condition (4.3) and takes on the value
U_ or U, depending on whether the top or bottom solution branch
is being considered.

To determine the stability of (4.2), we perturb the one-spike
equilibriumon & € (—1, 1) as

v=va)+eMy,  u=ua)+en g1 (C7)
Here, v.1(£) and u, (&) are the one-spike equilibrium solutions for
vanduon & € (—1, 1) given by (C.5). Substituting (C.7) in (4.1a)
and (4.1b), we obtain the linearized system of equations

AP = 2Pes — ¢ + 3Auev ¢ + Avl, (C.8a)

_ o1 2 3
TAN =Dngg — 1 - [Buﬂ vy + vem] . (C.8Db)
The boundary conditions in & for (C.8) depend on the mode of
instability considered and are discussed below. In the inner region
with the stretched variable ¢ = &/e, we find from (C.8b) that
n = no is a constant to leading order. Note that this satisfies the
no-flux conditions at x = =1 in the original coordinates. Writing
¢ = @(¢), we find that @ satisfies

Lo® 4+ —10 3 = ro,

3/2
VAU,

where the operator Ly is defined in (A.9). In (C.9), we have used
(C.5) for ve1 and the leading order behavior u,1 ~ Uy for u,q in the

(C.9)
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inner region. The quantity o must be obtained by solving the outer
equation for n(§).

In the outer region for (C.8b), we proceed as in Appendix A and
represent the localized terms involving ¢ and v, as appropriately
weighted delta functions. In this way, we obtain the outer equation
for n:

bo__ 4 3/00 2p d ]5( ). (C.10)
@y Fa ) e (€
The competition mode of instability, which leads to the growth
of one spike and the collapse of the other, is associated with an
odd eigenfunction. We thus impose that n(£1) = 0 for the
competition mode, which corresponds to 7(0) = 0 in the original x
coordinate. The synchronous mode, which leads to the collapse of
both spikes, is associated with an even eigenfunction. This leads
to the symmetry condition ns(+1) = 0, which corresponds to
nx(0) = 0 in the original x coordinate. In imposing the boundary
conditions at £ = £1, we implicitly assume the presence of image
spikes centered at £ = +2.

For each mode, we define an associated Green’s function with
appropriate boundary conditions

DGiee — (14 tA)Gx = —58(8),
Gie(£1;0) =0, G_(+1;0) =0,

where G, (G_) corresponds to the synchronous (competition)
mode. The solution of (C.10) may then be written in terms of G..

as
bno 3 [,

n(E) = — [W o[ v ¢d;} Ga(£: 0).

Finally, to find n9, we apply the matching condition n(0) = ng in

(C.12) and calculate

Dnge — (14+1tA)n = [

(C.11)

(C.12)

f w?® d¢
o= —Alme (C.13)
Gioo + (AUg)3/?
where G199 = G+ (0; 0).
Now we may substitute (C.13) for 5, into (C.9) to obtain
S o Wi dg
L@ — 3w PN =)0. (C.14)
G+00

Using (4.3) in Section 4, we may write A*? = bGgy/H(Up) so that
we obtain from (C.14) the NLEP

o0
Lo® — XiuP/ wd d; = A, (C.15)
—00
where y. is defined as
3
(C.16)

X+ = RN
Goo_ Yo
b (1 + G+o00 H(Uo)>
Here, Gq is defined in (C.4). It was shown in Appendix A that the
NLEP in (C.15) is explicitly solvable, yielding

3
A=3-xe (C.17)

To complete the derivation of A, we require Gqo in (C.16). The
solutions for G (&; 0) and G_(&; 0) in (C.11) are given by

cosh (6,(1+ §))

cosh (6,) o ThEEs0
CE0=Crooy cosn@(T=g)
I

1

2/Dy/1+ tAtanh 6

Gioo = (C.18)

and
sinh (6, (1 +§))’ 1<£ <o,
G_(5;0) =G_00 | sinh (6,) ;
sinh (6, (1 — §)) 0<é<1
sinh (8,) ’
1
0 = S DTS Thcoths,’ (C19)

where 6, is defined in (A.13). Note that the parameter t appears
in the expressions only as TA. Since we consider only monotonic
instabilities, which occur as a single eigenvalue crosses into the
right half-plane through the origin, any increase or decrease in
T cannot trigger such an instability. We may thus take 7 = 0
for simplicity while also ensuring that no Hopf instabilities are
present. With t = 0, we have from (C.18) and (C.19)
Goo_ =1, Goo = coth? 6,.

Go0 G_oo

Finally, using (C.20) in (C.16) and (C.17), we have the explicit
expressions for the eigenvalues corresponding to the synchronous
(X+) and competition modes (1_)

9
B2’
2 [1 + H(OUO):|
9

3/2 ) :
[1 + H(U ; coth 6’0]

(C.20)

)\.+:3—

(c21)
A_=3-—

Note that the expression for A_ in (C.21) is the same as that given
in (4.6) of Section 4. Setting A_ = 0 yields the thresholds given in
(4.7). Setting A, = 0in (C.21), we find that the stability threshold
for the synchronous mode is Uy = 1/3. Recalling that the upper
branch corresponds to 0 < Uy < 1/3 while the lower branch
corresponds to 1/3 < Up < 1, we find that the threshold for the
synchronous mode occurs at the saddle point, which was stated
in Section 4. A simple calculation shows that the upper branch is
always stable to the synchronous mode while the lower branch is
always unstable.

References

[1] P.Mandel, T. Erneux, The slow passage through a steady bifurcation: delay and
memory effects, J. Stat. Phys. 48 (5-6) (1987) 1059-1070.

[2] S.M. Baer, T. Erneux, ]. Rinzel, The slow passage through a Hopf bifurcation:
delay, memory effects, and resonance, SIAM J. Appl. Math. 49 (1) (1989)55-71.

[3] C. Kuehn, A mathematical framework for critical transitions: bifurcations,
fast-slow systems and stochastic dynamics, Physica D 240 (12) (2011)

020-1035.

[4] P. Strizhak, M. Menzinger, Slow passage through a supercritical Hopf
bifurcation: time-delayed response in the Belousov-Zhabotinsky reaction in
a batch reactor, J. Chem. Phys. 105 (1996) 10905.

[5] R. Bertram, M.J. Butte, T. Kiemel, A. Sherman, Topological and phenomeno-
logical classification of bursting oscillations, Bull. Math. Biol. 57 (3) (1995)
413-439

[6] A. Longtm J.G. Milton, J.E. Bos, M.C. Mackey, Noise and critical behavior of the
pupil light reflex at oscillation onset, Phys. Rev. A 41 (12) (1990) 6992.

[7] M. Scheffer, ]. Bascompte, W.A. Brock, V. Brovkin, S.R. Carpenter, V. Dakos, H.
Held, E.H. Van Nes, M. Rietkerk, G. Sugihara, Early-warning signals for critical
transitions, Nature 461 (7260) (2009) 53-59.

[8] J. Su, On delayed oscillation in nonspatially uniform Fitzhugh Nagumo
equation, J. Differential Equations 110 (1) (1994) 38-52.

[9] LM. Bilinsky, Dynamic Hopf bifurcation in spatially extended excitable
systems from neuroscience, (Ph.D. thesis), Arizona State University, 2012.

[10] Peter De Maesschalck, Nikola Popovi¢, Tasso ]. Kaper, et al., Canards and
bifurcation delays of spatially homogeneous and inhomogeneous types in
reaction-diffusion equations, Adv. Differential Equations 14 (2009) 943-962.

[11] A. Gierer, H. Meinhardt, A theory of biological pattern formation, Kybernetik
12 (1) (1972) 30-39.

[12] H. Meinhardt, Models of Biological Pattern Formation, Academic Press,
London, 1982.

[13] H. Meinhardt, The Algorithmic Beauty of Sea Shells, Springer, 2003.

[14] A.M. Turing, The chemical basis of morphogenesis, Phil. Trans. R. Soc. B 237
(641) (1952) 37-72.


http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref1
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref2
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref3
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref4
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref5
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref6
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref7
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref8
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref9
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref10
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref11
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref12
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref13
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref14

J.C. Tzou et al. / Physica D 290 (2015) 24-43 43

[15] K.-J. Lee, W.D. McCormick, J.E. Pearson, H.L. Swinney, Experimental observa-
tion of self-replicating spots in a reaction-diffusion system, Nature 369 (6477)
(1994) 215-218.

[16] KJ. Lee, W. McCormick, Q. Ouyang, H.L. Swinney, Pattern formation by
interacting chemical fronts, Science 261 (5118) (1993) 192-194.

[17] J. Wei, On single interior spike solutions of the Gierer-Meinhardt system:
uniqueness and spectrum estimates, European J. Appl. Math. 10 (4) (1999)
353-378.

[18] D. Iron, MJ. Ward, J. Wei, The stability of spike solutions to the one-
dimensional Gierer-Meinhardt model, Physica D 150 (1) (2001) 25-62.

[19] D. Iron, M.J. Ward, The dynamics of multispike solutions to the one-
dimensional Gierer-Meinhardt model, SIAM ]. Appl. Math. 62 (6) (2002)
1924-1951.

[20] A. Doelman, R. Gardner, T. Kaper, Large stable pulse solutions in reac-
tion-diffusion equations, Indiana Univ. Math. J. 50 (1) (2001) 443-507.

[21] C.B. Muratov, V. Osipov, Stability of the static spike autosolitons in the
Gray-Scott model, SIAM ]. Appl. Math. 62 (5) (2002) 1463-1487.

[22] T. Kolokolnikov, MJ. Ward, ]. Wei, The existence and stability of spike
equilibria in the one-dimensional Gray-Scott model: the low feed-rate regime,
Stud. Appl. Math. 115 (1) (2005) 21-71.

[23] J. Wei, M. Winter, Mathematical Aspects of Pattern Formation in Biological
Systems, Springer, 2013.

[24] Y. Nec, M.J. Ward, An explicitly solvable nonlocal eigenvalue problem and the
stability of a spike for a sub-diffusive reaction-diffusion system, Math. Model.
Nat. Phenom. 8 (02) (2013) 55-87.

[25] M. Ward, ]. Wei, Hopf bifurcation of spike solutions for the shadow
Gierer-Meinhardt model, European J. Appl. Math. 14 (06) (2003) 677-711.

[26] MJ. Ward, J. Wei, Hopf bifurcations and oscillatory instabilities of spike
solutions for the one-dimensional Gierer-Meinhardt model, J. Nonlinear Sci.
13(2) (2003) 209-264.

[27] C.Van den Broeck, ]J. Parrondo, R. Toral, Noise-induced nonequilibrium phase
transition, Phys. Rev. Lett. 73 (25) (1994) 3395.

[28] C.B. Muratov, E. Vanden-Eijnden, Noise-induced mixed-mode oscillations in a
relaxation oscillator near the onset of a limit cycle, Chaos 18 (1)(2008)015111.

[29] N. Berglund, B. Gentz, Noise-induced phenomena in slow-fast dynamical
systems: a sample-paths approach, in: Probability and its Applications,
Springer, London, 2006.

[30] C.B. Muratov, E. Vanden-Eijnden, E. Weinan, Noise can play an organizing role
for the recurrent dynamics in excitable media, Proc. Natl. Acad. Sci. 104 (3)
(2007) 702-707.

[31] C. Kuehn, Warning signs for wave speed transitions of noisy Fisher-KPP
invasion fronts, Theoret. Ecol. (2012) 1-14.

[32] M. Hairer, M.D. Ryser, H. Weber, Triviality of the 2d stochastic Allen-Cahn
equation, Electron. J. Probab. 17 (39) (2012) 1-14.


http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref15
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref16
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref17
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref18
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref19
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref20
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref21
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref22
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref23
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref24
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref25
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref26
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref27
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref28
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref29
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref30
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref31
http://refhub.elsevier.com/S0167-2789(14)00190-0/sbref32

	Slowly varying control parameters, delayed bifurcations, and the stability of spikes in reaction--diffusion systems
	Introduction
	Example 1: Hopf bifurcation of a one-spike solution on the infinite line
	Analytic calculation of delay
	Numerical validation

	Example 2: Hopf bifurcation of a one-spike solution on a finite domain
	Asymptotic prediction of delay
	Numerical validation

	Example 3: Competition instability of a two boundary spike solution
	Two boundary spike equilibrium and prediction of delay
	Numerical validation

	Discussion
	Acknowledgments
	Construction and stability of a one-spike equilibrium of the GM model on the infinite line
	One-spike quasi-equilibrium and slow dynamics of the GM model on a finite domain
	Boundary spikes in the GS model and analysis of competition instability
	References


