Math/Stat 2300 Piecewise Polynomial Approximation
from text A First Course in Mathematical Modeling, Giordano, Fox, Horton, Weir, 2009.

Linear Splines

Linear splines are straight lines between successive data points. Although it can be helpful,
it is essentially just “connects the dots”.
Consider three data points (x1, 1), (2,y2) and (x3,y3). When x is in the interval
x1 < x < x9, we construct a linear spline Sy (x) passing through the data points (z1,y;) and
(72, y2):

Si(z) =a1x+ by, 21 << a9

Similarly, when o < x < x5, we construct a linear spline Sy(x) passing through the data
points (z9,y9) and (x3,ys):
So(x) = asx + by, wy <z < 13

Each spline is uniquely defined (two points define a line) and the splines meet at (s, ys).
The difficulty with linear splines is that the model then lacks smoothness. Although the
splines meet at (xs,y9), the derivatives do not agree there.

Cubic Splines(4.4)

Cubic spline interpolation is a technique that fits different cubic polynomials between
successive pairs of data points. This technique incorporates smoothness into the model by
requiring that the first and second derivatives of adjacent splines agree at each data point.
Similar to linear splines, we define the splines as follows: Consider three data points
(x1,11), (z2,y2) and (z3,y3). When z is in the interval z; < x < x5, we define the spline

Sl(l') = CL1.§(33 + bl.l’z +cixr + d1
When z is in the interval zo < x < 3, we define the spline
SQ(LU) = CLQ.sz + bg.ﬁ(]z + Ccox + d2

First, we want the spline to satisfy the data points and to agree at the point x = xs.
Therefore

Yy = Clﬂ(]? + bl.l’% + C1T1 + d1
Yo = all’g + bl.ilf% + C1T2 + d1
Yo = GQZL’; + bgl’% + CoT9 + d2
Ys = Clg.ﬁ(fg + bg.ﬁ(]% + CoT3 + d2

Next, we note that there are eight unknowns and four equations. We need other equations
to determine the remaining unknown constants. To do this, we first match the first
derivative and the second derivative at s:

Si(w2) = 3a125 + 2b119 + ¢ = 3agxs + 2bawy + o = Sh(x2)



and
SY(w2) = 6a123 + 2b; = Basaa + 2by = Sy (1)

Now, for the final conditions, we say something about the endpoints. There are multiple
ways to do this.
One way is to require that there be no change in the first derivative at the exterior
endpoints:

Si/(l’l) = 6a1x1 + 2b1 =0

5 (x3) = 6asxs + 2by = 0

We call a spline determined in this way a natural spline.

Alternatively, if the values of the derivative at the exterior endpoints are known, then we
require that the derivatives match these known values. For example, if the derivatives at
the endpoints are given as f’(z;) and f’(z3), then

S1 (1) = 3a12% + 2by2y + 1 = f(z1)
Sé(l’g) = 3&21’§ + 2byxz + o = f/($3)
We call a spline determined in this way a clamped spline.

Example For the following data, we construct natural cubic splines that pass through the
data points.

Let Si(z) be the spline
Si(z) =a® + b +ar+d, 0<zr<1
and let Sy(x) be the spline

So(z) = aga® + by + cor +dy, 1< <2

0 = a1 (0)*+b(0)*+c1(0) +d; (1)

5 = a (1P +b0(1)*+e(1)+dy (2)

5 = as(1)® 4+ ba(1)* + eo(1) + dy (3)

8 = a(2)® 4+ b2(2) + 2(2) + dy (4)

Si(xq) = Sy(z2) = 3a1 4 2by + ¢1 = 3az + 2by + ¢ (5)

ST (x9) = Sy(x2) = 6ay + 2b; = 6ay + 2by (6)

S{(x1) =0 = G6ayz; +2b =0 (7)

Sy(x3) =0 = 6agrs+2by =0 (8)

Solving the resulting system of equations, we obtain the constants:
ay = %,ag = —%,bl =0,by = %,cl = %’62 = %,dl =0,dy = %



