Jordan canonical form

= A bit of theory

Let N be an nxn nilpotent matrix of order d.
For us this means that N9 £ 0 but that Nd+1 - 0

Theorem N is similar to a Jordan—canonical matrix having

m Jordan blocks of size jxj such that
m+2m+3mg+...+dnmy=n

The above theorem has a useful refinement.

Let K =ker (N\) and R =image (N )
andlet n; =dim K; and r; =dim R be the
corresponding nullities and ranks.

By the rank—nullity theorem, we have nj +rj =n

Proposition: Kj cK,;and R ,; c R where the inclusions are strict for j=0,1, v d
The hard part is proving that the inclusions are proper

By assumption, there exists a vector u such that Nduz0

Set u; = N u and observe that N ug; #Owhile N*lug; =

Proposi tion: the following relations hold:
lg-1= My

Fg2=2Ny+Ny

Frga=3My+ 2Myq+Myo

etc

The idea is that we pick vectors u‘®,;, i =1..mythatare independent modulo Ky
Wethenset u@®; ; =N u(@;

All these vectors span a d x my dimensional subspace that corresponds to ny Jordan
blocks of size dxd

We then pick vectors u@-1; i =1..m_, that belong to Kq but that are independent
modulo Ky_; and modulo

u(®, ;. These vectors then generate the my_1 Jordan blocks of size (j—1)x(j—1)

Continuing in like fashion we obtain a basis relative to which N has Jordan canonical
form

A 3+2+1 example

The idea here is to come up with a 6x6 nilpotent matrix
with a blocks of size 3,2,1.
We begin with a matrix in JCF
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inf26]:= N1 :

~
o o T e Wane Nann)
[eNoNe]

ococo
coo
coo
coo
copr
=
it

N1 // Matri xForm
N1. N1 // MatrixForm
N1.N1. N1 // Matri xForm

Out[27]//MatrixForm=

00O0O0OTO
001000
00O0O0OO
000O01O0
000O0O01
00O0O0OO
Out[28]//MatrixForm=
000O0O0OO
00O0O0OTO
000O0O0OO
00O0O0O0OT1
000O0O0OO
00O0O0OO
Out[29]//MatrixForm=
000O0OO
000O0O0OO
00O0O0OO
000O0O0OO
00O0O0OO
000O0O0OO

And now we scramble it relative to a randomly chosen basis
We just have to make sure that the determinant is
a singular matrix being chosen, but it's not impossible)

o= P = Array [Random[l nt eger, {0, 1}] & {6, 6}]
P // Matri xForm
Det [P]

oufio= {{0,0,0, 1,0, I
1,1

0 (1,0,1,1,0,1 (
{6,0,1,1,1,0 },» {0,1,1,1,1,0 oo

Out[11]//MatrixForm=

00

= oo o R
B Rk OoORrOo

OR RFLP R PRPLRO
N N
OrRr LR OOO
m OOR RO

ourz= -1

Now we scramble our initial matrix to obtain a nilpotent matrix
which is not in JCF
All the eigenvalues are zero, of course

#0 (very small odds of
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= Inverse[P]. NL. P

/ Hol dForm // # > (# // Rel easeHol d // Matri xForm) &
.N2 7/ Hol dForm // # - (& // Rel easeHold // Matri xForm) &
.N2. N2 // Hol dForm // # > (# // Rel easeHold // MatrixForm) &
aracteristicPol ynom al [N2, x] // Hol dForm // # - (# // Rel easeHol d) &

In[43]:=

1 1 0 O -1 2

1 0 -1 -1 -1 1
1 1 0 0O -1 2
outja4]= N2 - O 0 0 0 0 0
-1 0 1 1 2 -2
-2 -1 1 1 2 -3
-1 -1 000 -1
-1 -1 000 -2
1 -12000 -1
outas= N2N2=> g0 9 0 0 0
2 2 000 2
2 2 000 2
000O0O0OO
000O0O0OO
000O0O0OO
outa6l= N2.N2.N2 - 000000
000O0O0OO
000O0O0OO
ous7)= CharacteristicPolynomial [N2, x ] - x®

Lets find the Jordan canonical form of N2
What are the possibilities:

6=3+2+1

6=3+3

6=3+1+1+1

The calculations below give us
m3=r2=1

m2 =rl1-2xm2 = 3-2=1

ml =r0-3xm2-2xml = 6-3-2=1

in[73)= N2 - (Nul | Space [N2. N2] // Lengt h)
nl - (Null Space[N2] // Length)
r2 - 6 - (Null Space[N2. N2] // Lengt h)
rl- 6- (Null Space[N2] // Lengt h)

ou73j= N2 - 5
ou74)= 1l - 3
ou7sl= 12 -1

Of course, by construction, its 3+2+1

This means that we can find a basis w3,w2,w1, v2, v1, ul
such that

w2=N.w3

wl=N.w2

v1=N.v2

Relative to such a basis, our nilpotent matrix will assume JCF

We start by looking for a vector w3 st that N22. w3 0
Look at N272 and pick something not in its kernel
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in63:= Nul | Space [N2. N2] // Hol dForm 7/
# - (#// Rel easeHol d // RowReduce // Transpose // Matri xForm) &

w3 = {1, 0, 0, 0, 0, 0}

W2 = N2. w3

wl = N2. w2

N2. wi
1 0 00O
0 1 000

oute3l= NullSpace [N2.N2] - 8 8 328

0 0 001
-1 -1 000

oute4= {1,0,0,0,0,0 }
outesl= {1, 1, 1, 0, -1, -2}
oueel= {-1, -1, -1,0,2,2 }
oute71= {0,0,0,0,0,0 }

Since there is only one 3x3 block are next task
is to look for a u2 such that

N2 u2 == 0 but N*u2 #+ 0 and such that u2, w2 are independent
n141:= "W2" - ({W2} // Transpose // Matri xFor m)

Nul | Space [N2. N2] // Transpose // Matri xForm
v2 = Nul | Space[N2. N21[[1]1]

vl = N2. v2
N2. v1
1
1
1
ouf141]= W2 - 0
-1
-2
Out[142]//MatrixForm=
-1 000 -1
0 000 1
0 001 O
0 010 O
0 100 O
1 000 O
oufi43= {-1,0,0,0,0,1 }
ouu441= {1, 0,1, 0, -1, -1}

out145)= {0,0,0,0,0,0 1

So this just leaves a 1x1 block

choose a ul at random from Ker(N2)

but make sure it's independent from wi,v1

Ouir first choice doesn’t work out, so we pick another basis element of ker(N2)



neo)= "wL" - ({wl} // Transpose // Matri xFor m)
"v1" -» ({vl1l} // Transpose // Matri xForm)
Nul | Space[N2] // Transpose // Matri xForm
ul = Null Space[N21[[1]]
{wl, v1, ul} // RowReduce

ul = Null Space[N21[[2]]
{wl, v1, ul} // RowReduce

-1
-1
-1
out160]= W1 - 0
2
2
1
0
1
ouf161]= V1 - 0
-1
-1
Out[162]//MatrixForm=
0o 1 1
-1 -1 -1
0O 0 1
o 1 0
1 0 O
1 0 O
oufies= {0, -1,0,0,1,1 }
ouie4= {{1,0, 1,0, -1, -1}, {0,1,0,0, -1, -13, {0,0,0,0,0,0

oufies= {1, -1,0,1,0,0 }

ouies= {{1,0,0, 1, -1, -1}, {0,1,0,0, -1, -1}, {0,0,1, -1,0,0 }}

Now we have the desired basis
Use this basis to form a change of basis matrix and conjugate
Voila! we have a matrix in JCF

Note: the basis we constructed isn’t the randomly chosen basis we started from.

There are lots of ways to put a nilpotent matrix into JCF!
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ne7)= P1 = {ul, vi1, v2, wl, w2, w3} // Transpose;
P1 // MatrixForm
Inverse[P1]. N2. P1 // Matri xForm

Out[168]//MatrixForm=

1 1 -1 -1 11
-1 0 0 -1 1 O
0 1 0 -1 1 O
1 0 0 0 0 O
0 -1 0 2 -10
0 -1.1 2 -20

Out[169]//MatrixForm=
00O

OO OO oo
OO PFr OO0OOo
OpFr OO0 OO

O O O oo
O O O oo
O O O O



