Assignment 2, Solutions

(1) Consider the planar vector field:

0 0
A=r— —y—
Yor y@y’
and the function f(z,y) = zy.
(a) Using directional derivatives show that f(x,y) is a first integral.

SOoLUTION: Calculating, we obtain
Alzy] = 20,(zy) — yO,(zy) = zy — yz = 0.

(b) Use this fist integral to rectify A.
SOLUTION: First, let us take £ = x, 7 = xy as coordinates. Since

Alf] =2 =¢,
we have
A =0
Taking coordinates
€ ds
U= S log(¢) = log(x), v=n=uay,

we obtain A = 0,,.
(¢) Determine the flow ® generated by A. Using an explicit calculation, verify that

(fo®@)(t,x,y) = f(x,y).
SOLUTION: The flow generated by A is obtained by integrating the ODE
T=z, Y=y
Hence, the flow is
We have
(fo®@)(t,z,y) = c'ze 'y = xy = f(z,y).

(2) Let (r,0) = F(x,y) be the transformation from Cartesian to polar coordinates. Let A be
as in question 1, and let ® be the flow generated by A. Let B = F,A and ¥ = F,® be
the indicated pushforwards.

(a) Verify the principle of covariance: by direct calculation show that B generates W.

SOLUTION:First, we must express A and ® using polar coordinates. Direct calculation

shows that

A = Y cos20), AS] = Aftan—(y/2)] = — 22 — _ sin(20).
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Hence,
A = rc0s(20)0, — 2sin(0)0y.
To express the flow, we write

U(t,r,0) = (F o ®)(t,rcos(d),rsin(d) = F(e'rcos(h), e 'rsin(d))

= (/e cos(0) 4 e (0) tan (e tane) )

Taking the partial derivative with respect to t and setting ¢ = 0 gives

2 tan(6)
"1+ tan®(0)

v(0,r,0) = (r(0052 0 — sin® 0) ) = (rcos(20), —sin(26)) .

(b) Use the principle of covariance to rectify the vector field
0 0
B==z COS(Qy)ﬁ_a: - sin(2y)a—y.

SOLUTION: We recognize above the pushforward of the radial vector field via the polar
coordinate transformation. We therefore introduce

E=wzcosy, n=uwxsiny
so that B = £0¢ + 1n0,. We can therefore rectify B by taking coordinates

u = 2né = 2%sin(2y), v =log(&) = log(x) + log(cos(y)).

In these coordinates, B = 0,.
(3) Let g(z,y) = z*—y?, and let (x,y) = G(r,0) be the transformation from polar to Cartesian
coordinates. Let A, B, ®, ¥ be as above.
(a) Let h = G¥g. By direct calculation, verify the principle of covariance for directional
derivatives by showing that

B(h](r,0) = Alg](z,y).
SoLuTION: We have
h(r,0) = g(z,y) = 2* — y* = r* cos(20);
Alg(z,y) = 20, (2* — y*) — yd,(a® — y*) = 2(z” + v*);
B[h|(r,0) = rcos(20)0,(r* cos(20)) — sin(260)y(r?* cos(26))
= 21% cos®(20) + 2r” sin®(26)
= 2r? = 2(2* +17).
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(b) Let u(t,z,y) = (®;g)(x,y) and v(t,r,8) = (V;h)(r,0). Verify by explicit calculation
that
u(t,z,y) =v(t,r,0).
SOLUTION: We have

2t,.2 —2t, 2

u(t, z,y) = (9o @) (z,y) = g(e'w,e™'y) = ea® — e 2y,
v(t,r,0) = (hoW,)(r,60)

r?(e* cos?(#) + e~ sin*(6)) cos(2¢),

where

tan(¢) = e~ * tan(6),

cos?(¢) = 1/(1 + e *tan*(0)),

cos(2¢) = (1 — e *tan?(0))/(1 + e * tan®(9)).
Hence,

v(t,r,0) = r?(e* cos®(0) — ™ sin®(0)) = u(t, z,y)
(c) Finally, verify the geometric definition of the directional derivative by showing that

Algl(z,y) = w0, 2,y)
BJh|(r,0) = v(0,r,0).
SOLUTION:
(0, 2,y) = 22" + 2%
0(0,7,0) = 2r* cos®(20) + 2r* sin?(26) = 2r?.
(4) Let (r,0) be the usual polar coordinates. We showed in lecture that
x 0 N Yy g 0
Vi 20 \fa2p 20y Or
(a) Use the above rectification to determine the flow for the vector field 9/0r.
(b) Verify that this flow gives the general solution for the ODE

- r =Y
Nz / Vat+y?

SOLUTION: In polar coordinates, the flow is given by

x

7“:7“0—|—t, 9:00
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Converting to Cartesian coordinates, we have

O (t, x0,y0) = (z,y) = (rcosf,rsinf)
= ((ro +t) cos(6y), (1o + t) sin(by)

i tl’o i tyg
=0T —FV—— Y% T+ —F—7—
Vo + Y5 V5 + v
We then have
Vat+y? =t +/ad + v
x _ .T()(t + \/.T% + y%) 1 _ X
Va2 +y? Vagtys  tHVag s Vagtys

It now follows that

. Zo _ X

CTVRrw VR
Similarly,

g Yo Y

VR Ve
(5) Prove Proposition 5.4 of the class notes (coherence of pullback and push-forward).

SOLUTION:The coherence of the pullback follows directly from the definitions. Let F', G, h
be as in the Proposition. Set g = G*h and f = F*g = F*(G"h). In other words,

9(y) =h(G(y)), yevV,
f(x) =g(F(z)) = h(G(F(z))) = (hoGo F)(z), zeU,
= ((G o F)*h)(x).

The coherence of the push-forward follows from the chain rule. For convenience, set B =
F.A and C = G.B = G.(F,A). By definition of push-forward,

BoF=JF- A,
CoG=]JG:B.
It follows that

CoGoF=(JGoF) - (BoF)
=(JGoF)-JF-A.
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The chain rule tells us that
JGoF)=(JGoF)-JF.
Hence,
CoGoF=§J(GoF)-A.
Therefore,

C=(GoF),A,

as was to be shown.
(6) In lecture we showed that the vector field

0 0
A—%—F(l’—Fy)a—y

generates the flow
O(t,x,y)=(x+t,(x+y+1e —ax—t—1).

(a) Use the flow to determine a first integral of A.
SoLuTION: We solve the equation ®!(7,z,y) = 0 and substitute the solution 7 =
f(x,y) into ®? to obtain the first integral I = ®*(7,z,y). We have

O (r,2,y) =0 +7=0,
whence 7 = —z. Hence, a first integral is given by
n=(x+y+1le -1
Let us verify our answer:
A =0, ((z+y+ e =1+ (x+y)0y((x+y+1)e " —1)
=e’—e(z+y+1)+(x+y)e*=0.
(b) Rectify A.
SOLUTION: Let use coordinates
E=z, n=(r+y+1e*—1
Since A[{] =1 and A[n] =0, we have A = 0.



