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APPENDIX

ADDITIONAL REFERENCES AND A BRIEF SURVEY OF RECENT RESULTS

This appendix, added in translation, gives an additional one hundred and twenty-six
references relevant to the continuing development of the properties and applications of the
Pascal triangle and its generalizations. The first eighty items (Additional References I) have
appeared in the literature in the last five years; preceding the list, there is also (below) a brief
review of some of these and other results. The remaining items (Additional References IT)
were published prior to 1987 but were not originally included in the main body of references.
All this material is taken from part of the author's recent paper (in Russian): "On the Pascal
triangle and its generalizations. The distribution of the binomial and trinomial coefficients
modulo 4 in the Pascal triangle and Pascal pyramid," Voprosy Vychisl. i Prikl. Mat., Vyp.
93. Tashkent, 1992, pp. 5-24.

The publications [1-80] from 1987-1991 discuss a variety of complicated problems
connected with the further study of the Pascal triangle and its generalizations. Foremost
among these are problems related to the divisibility and the distribution with respect to prime
or composite moduli of the binomials énd other combinatorial numbers appearing in their
corresponding arithmetic triangles [2-9, 13, 14, 17, 23, 31-33, 39-51, 56-59, 62, 69-71, 73-
76, 78-80]. Other main themes include the construction of fractal arithmetic structures [3,
23, 40, 42, 52-55, 60-63, 66, 67], various generalized Pascal triangles and their properties
11, 1’2, 15, 18, 20, 26-30, 35-38], and the construction and study of graph models,

determinants, and criteria for primality [10, 16, 19, 21, 22, 34, 64, 65, 68, 72, 77]. Many
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of the less recent publications [81-126] also deal with these problems, as the article titles
indicate.

One of the difficult problems connected with the Pascal triangle and its generalizations
is that of determining the distribution of the binomial coefficients, and other combinatorial
numbers occurring in arithmetic structures, with respect to a prime modulus, and especially
with respect to a composite modulus. Analytic solutions of this problem are discussed in [1-
8, 23, 45, 73-76, 78, 94, 95, 110].

The problem of the distribution of the binomial coefficients with respect to a prime
modulus p was first discussed in 1957 by J.B. Roberts [110]. He gave, for p=3,5, exact
formulas for the number of binomial coefficients congruent modulo p in the Pascal triangle
whose base is the row numbered N=p"—1.

In 1978 E. Hexel and H. Sachs [95] generalized the results in [110] by devising a
method for determining the number of congruent binomial coefficients not just in the triangle
as a whole, but in an arbitrary one of its rows. Again for p=3,5, they established exact
formulas for any row of the Pascal triangle with base N=p°—1,

In [1-5], the present author employed normalized p-Latin squares and their associated
matrices to derive exact formulas for the distributions of binomial and trinomial coefficients,
Stirling numbers of the first and second kinds, Gaussian binomial coefficients, and Euler
numbers, in their corresponding arithmetic structures, with respect to the moduli p=3,5,7.

M. Sved [73-76], using a computer, implemented the construction of the triangular
distributions of the binomial and Gaussian binomial coefficients, Stirling numbers of the first
and second kinds, and Euler and other numbers, with respect to prime and composite moduli

for a considerable number of rows of the corresponding triangles.
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The references mentioned above are essentially all concerned with the distributions of
coefficients and combinatorial numbers with respect to a prime modulus. Only in 1991 have
the first results begun to appear for a composite modulus d: X. Davis and W. Webb [23]
established an exact formula for the distribution of the binomial coefficients mod 4 in an
arbitrary row of the Pascal triangle. F. Howard [45] then generalized the results of [23] and
[95] to the case of Gaussian binomial and multinomial coefficients. And even more recently
the present author, in the paper mentioned in the introductory paragraph, has obtained exact

formulas for the distributions of the binomial and trinomial coefficients modulo 4.
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