A PRIMER FOR THE FIBONACCI NUMBERS: PART XIII

Marjorie Bicknell
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THE FIBONACCI CONVOLUTION TRIANGLE, PASCAL'S TRIANGLE,

AND SOME INTERESTING DETERMINANTS

The simplest and most well-known convolution triangle is Pascal's
triangle, which is formed by convolving the sequence {1. 1, 1, ...} with
itself repeatedly. The Fibonacci convolution triangle [1] is formed by
repeated convolutions of the sequence (1, 1, 2, 3, 5, 8, 13, ...} with
itself. We now show three different ways to obtain the Fibonacei convolution
triangle, as well as some interesting sequences of determinant values found

in Pascal's triangle, the Fibonaceci convolution triangle,'and the trinomial

coefficient triangle.
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l. CCNVOLUTION OF SEQUENCES
and {bn} are two sequences, then the convolution of the two

another sequence {cn} which is calculated as shown:
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If we convolve the Fibonacci sequence with itself, we obtain the First

Fibonacci Convolution Sequence {1, 2, 5, 10, 20, 38, 71, ...}, as follows:
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= FlFl = 11 =1
= FlFa + FZFl = 11l + 1-1 =2
= Fle + F2F2 + F3F1 = 1¢2 ¢ 1°1 + 21 =5
= FlFl+ + FZF3 + F3F2 + Fhrl = 13 + 12 + ?‘1 + 31 =10

el T Im

aau .



- ww </

105

Next we can obtain the Second Fibonaceci Convolution Seguence {1, 3, 9,

22, 51, 111, ...} as indicated below ,

{2 . rlril) = 101 =1
réa - FZF](.I) . Fll-“él) = 1.l + 162 =3
réa) = F3F§_1) N FaFél) + rlrgl) = 21 4 1e2 + 1.5 =9
F,(f) = F#Fl(_l) + F3F§1) . FZFél) . rlrf*l) = 3ol + 202 + 1+5 + 110 = 22

by writing the convolution of the first Fibonacci convolution sequence with
the Fibonacci sequence. To obtain the succeeding Fibonacci convolution
sequences, we continue writing the convolution of a Fibonacci convolution
sequence with the Fibonacci sequence, A second method follows.

The Fibonacci sequence is obtained from the generating function

1 2 n
= Fl + Fax + F3x + eece + Fn+1x + oo

l - x «x

which provides Fibonacci numbers as coefficients of successive powers of x
as far as one pleases to carry out a long division. The kth convolution of
of the Fibonacci numbers appears as the coefficients of successive powers of x

in the generating function

(k) 2 (k) _.n

1 (x) (k)
F + F X + F3 X 4+ eee + Fn+1 X 4+ eee

(1L = x -

x2)k+1 1 2

k=0,1, 2, oo o For k =0, we get just the Fibonacci numbers. In the
next section we shall see yet another way to find the convolved Fibonacci

sequences.

3. THE FIBONACCI CONVOLUTION TRIANGLE

Suppose someone writes a column of zeroes. To the right and one space
down place a one. To generate the elements below the one we add the one
element directly above and the one element diagonally left of the element
to be written. Such a rule generates a convolution triangle. This rule, of

course, generates Pascal's triangle in left-justified form:
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0
0 1
(o} 1 1
(o} 1 2 l
(o] 1 4 _fi_ L 1
0 1 5 10 10 5 1

The columns of Pascal's triangle give convolution sequences for the
sequence fl, 1, 1, ...} o« Notice that the row sums give powers of two, and
the sums of rising diagonals formed by beginning in the column of ones and
going up one and to the right one throughout the array give the Fibonacci
numbers 1, 1, 2, 3, 5, ees, Fn' esey Where Fpo=F 4+ Foo v 8 =3 L, 5, «.s

Next suppose we change the rule of formation. Begin as before, but to
generate elements below the one, add the two elements directly above and the
element diagonally left of the element to be generated. Now we have the

Fibonacci convolution triangle in left-justified form,

0
o 1

o 1 1

o 2 [z] 2

o |3 5| 3 1

o 5 _:_:o_ 9 & 1

o 8 20 =22 1 5 1

The columns give the convolution sequences for the Fibonacci ‘sequence., The

row sums are the Pell numbers 1, 2, 5, 12, 29, 70, ee., Ppy eces where

P, = an-l + Py_oe The rising diagonél sums are 1, 1, 3, 5, 11, 21, <.,

Tpv eoen where Tn = Thy * Zrn_a. The diagonal sums found by beginning in

the column of Fibonacci numbers and going up two and right one throughout the

array are 1, 1, 2, 4, 7, 13, 24, ..., Too oo T =T J + T 5+ Tn-3 .

the Tribonaceci numbers.

' If one changes the rule of formation yet again, so that elements below
the initial one are found by adding the one element directly above and the two

elements diagonally left of the element to be generated, the array obtained is

' X X X Y= IEERinY X
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the trinomial coefficient triangle. The coefficients in successive rows are
. . . . 2.\n

the same as those found in expansions of the trinomial (1 + x + x ), n = C,

[aad

1y, 2y oo o The columns do not form convolution sequences as defcse, tu
the row sums are now the powers of three, and the sums of elements arrezring
on:the rising diagonals are 1, 1, 2, 4, 7, 13, ..., the Tribcnacci numters

just defined. To illustrate, the trinomial triangle is formed as ifollows:

0
0 1
0 1 1 1
0 1 2 3 2| 1
[ X
0 1 3 6 7 6 3 1
0 1 4 10 16 19 16 10 & 1

3. SCME SPECIAL MATRICES

If one looks again at how colvoluted sequences are formed, the arithrmetic
is much like matrix multiplication. Suppose that we define three matrices.
Let P be the n x n matrix formed by using as elements the first n rows of
Fascal's triangle in rectangular form. Let F be the n x n matrix formediby
writing the first n rows of Fascal's triangle in vertical position on and
below the main diagonal, which makes the row sums of F be Fiboraccli numbters,
let C be the n x n matrix whose elements are the first n rows of the Fibonacci
convolution triangle written in rectangular form. Then it can be proved

that FP = C (See [1], [2].) To illustrate, for n = 6,

1 o0 o o o o] 1 1 1 1 1
© 1 o 0 o0 © 1 2 3 4 5 6
p. |0 1 1 0 0o of 1 3 6 1015 2
o 0o 2 1 0 o 1 4% 10 20 35 56
o 0o 1 3 1 o 1 5 15 35 70 126
o 0o 0 3 & 1] |1 6 2 56 126 252
1 1 1 1 1 1]
1 2 3 4 5 6
2 s 9 14 20 27
(3.1) = |3 10 22 4 65 98| =€
5 20 51 105 190 315
i 8§ 38 111 256 511 92L+_
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Suppose that, instead of multiplying matrix F by the rectangular Fascal
array P, we use an n x n matrix A whose elements are given by the first n
rows of Pascal's triangle in left-justified form on and below its main

diagonal, and zero elsewhere. Let Ft be the transpose of F. Then the

matrix product AFt = T, where T is the n x n matrix whose elements are found
in the left-justified trinomial coefficient triangle given in Section 2.

We illustrate for n = 6:

1 o o o o o 1 0 0 0 0 O
1 1 0 0 o0 o o 1 1 0o 0 ©
abe 22 10 0 of Jo o 1 2 1 o
1 3 3 1 o0 o0 o 0 0 1 3 3 .
1 4 6 4 1 o0 o o o o0 1 &
1 5 10 10 5 1 o o 0 0 0 1
. T _ -
1 o o o o0 o
i1 1 1 o o o
(3.2) = 1 2 3 2 1 © =
1 3 6 7 6 3
1 4 10 16 19 16
1 5 15 30 45 51|

L, SPECIAL DETERMINANTS IN PASCAL'S TRIANGLE

A multitude of unit determinants can be found in Pascal's triangle.

The following theorems are proved in [2].

Theorem 4.1: The determinant of any k x k array taken with its first
column along the column of ones and its first row the ith row of Pascal's

triangle written in left-justified form, has value one.

Theorem 4.2: The determinant of any k x k array taken with its first
row along the row of ones or with its first column along the column of ones

in Pascal's triangle written in rectangular form, is one.

For example,

1 2 1 O 1 3 6 10
A E T U I Sl A Il N SR CR I I

1 04 6 4 12 3 b5 6 1 5 15 35

1 5 10 10 1 3 6 10 15 2 1 6 21 56
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Pascal's triangle also has sequences of determinants which have binomial
coefficients for their values. Here we have to number the rows and columns
of Pascal's triangle; the row of ones is the zeroeth row; the column of ones,
the zeroceth column. To illustrate some of the sequences of determinants
considered here, we look back at the matrix P of (3.1) which contains the
first n rows and columns of Pascal's triangle written in rectangular form.
When 2 x 2 determinants are taken across the first and second rows of

Pascal's rectangular array,

1 2 2 3 3 4
1 3= s 6]=3 s 10
giving values found in the second column of Pascal's triangle. Of course,

the 1 x 1 determinants along the first row give the values found in the first
column of Pascal's triangle. Taking 3 x 3 determinants yields

b 5

10 15 =10, ecoy

1 2 3 2 3 4 3 4 5
1 3 6 = 1’ 3 6 10 = l'"’ 6 10 15 = lo, seey
1 4 10 L 10 20 10 20 35

successive entries in the third column of Pascal's triangle. In fact, taking
successive k x k determinants along the first, second, ..., and kth rows
Yields the successive entries of the kth column of Pascal's triangle.

The following theorems are proved in [3].

Theorem 4.3; If Pascal's triangle is written in left-justified form,
any k x k matrix selected within the array with its first column the first

column of Pascal's triangle and its first row the ith row has determinant

value giveé by the binomial coefficient (i'+ k - 1').
k

Theorem 4.4: The determinant of the k x k matrix taken with its first
column the jth column of Pascal's triangle written in rectangular form, and

its first row the first row of the rectangular Pascal array, has values

given by the binomial coefficient (ﬁ + k- 1’) .
k

S5« SPECIAL DETERMINANTS IN THE FIBONACCI CONVOLUTION TRIANGLE
AND IN THE TRINOMIAL TRIANGLE ARRAYS

Now we are ready to prove that the unit determinants and binomial
coefficient determinants of Section 4 are also found in the Fibonacei

convolution triangle and in the trinomial coefficient triangle. Returning
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to (3.1), the first n entries of the first n rows of the Fibonacci convolution
triangle are given by the matrix product FP = C . But, notice that k x k
submatrices of C taken along either the first or second matrix row are the
product of a k x k submatrix of F with a unit determinant and a similarly
placed k x k submatrix of P which has been evaluated in Theorem L,2 or
Theorem 4.4. Let us also number the Fibonacci convolution triangle as Pascal's

triangle, with the top row the zeroeth row. Thus, we have

Theorem 5.1: Let a k x k matrix M be selected from the Fibonacci
convolution triangle in rectangular form. If M includes the row of ones,

then det M = 1. If M has its first column the jth column and its first row
j+ k- l)

along the first row of the Fibonacci array, then det M =
k

Reasoning in a similar fashion from (3.2), the matrix product AFt and
Theorems 4.1 and 4.3 yield the following, where the trinomial coefficient

triangle is numbered as Pascal's triangle, with the left-most column the

zeroeth column.

Theorem 5.2: Let a k X k matrix N be selected from the trinomial
triangle written in left-justified form. If N includes the column of cnes,

then det N = 1, If N has its first row the ith row and its first column
hkd)

along the first column of the trinomial triangle, then det N =
k

These results are generalized in [2] and [3]. Other classes of

determinants are also developed there. The reader should verify the results

given here numerically.
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