ON ORESME NUMBERS AND THEIR CONNECTION WITH FIBONACCI
AND PELL NUMBERS
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ABSTRACT. In this paper, we consider determinants for some families of Toeplitz-Hessenberg
matrices whose entries are Oresme numbers. These determinant formulas may also be rewrit-
ten as identities involving sums of products of Oresme numbers and multinomial coefficients.
In particular, we establish a connection between the Oresme and the Fibonacci and Pell
sequences via Toeplitz-Hessenberg determinants.

1. INTRODUCTION AND PRELIMINARIES

In [3], Horadam presented a history of the number sequence
n
0 - {—} , 1.1
{ n}nzl o1 f 1 ( )
attributed to the famous French naturalist and philosopher Nicole Oresme (1323-1382).
The Oresme numbers O,, also can be defined by the recurrence

1
On = On—l - Zon—% n = 27 (12)

with initial values Oy = 0, O1 = %

Many properties of the Oresme numbers are given in [2, 3].

We study some families of Toeplitz-Hessenberg determinants whose entries are Oresme
numbers. Recall that a Toeplitz-Hessenberg matriz is an n X n matrix of the form

aq a 0 s 0 0
as al a e 0 0
as a9 al e 0 0
M, (ap;a1,a9,...,a,) = . , (1.3)
p—1 04p—2 Aap-3 -+ a1 Qg
| On an-1 Qp-2 -+ G2 41 |

where ag # 0 and ay # 0 for at least one k£ > 0.
Expanding the determinant det(M,,) according to the last row repeatedly, we obtain the

recurrence
n

det(My) = > (—ao)* ' ax det(M,_y), (1.4)
k=1
where, by definition, det(Mj) = 1.
The following result is known as Trudi’s formula [4]. Tt gives the multinomial extension of
det(M,,) as follows:
R |
det(Mn) = Z (_ao)n_(81+"'+5n)Mailcy;? e asn‘ (15)

n
815458020
814282+ +nspn=n

sl sp!
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We investigate particular cases of the Toeplitz-Hessenberg matrix (1.3) with ap = £1. For
brevity, we write D4 (a1, az,...,ay) in place of det(Mn(il; ai,as, ... ,an)).

2. CONNECTION FORMULAS BETWEEN THE ORESME NUMBERS
WITH FIBONACCI AND PELL NUMBERS

In the next two sections, we consider determinants of some Toeplitz-Hessenberg matrices
with Oresme number entries. Our first result provides a relation between the Oresme numbers
and the Fibonacci and Pell sequences.

Recall the Fibonacci sequence {F,}n>0 is defined by the initial values Fy = 0, F}; = 1, and
the recurrence F,, = F,,_1 + Fj,_9, where n > 2. The Pell sequence {P,},>0 is defined by the
recurrence P, = 2P, + P,_o for n > 2 with Py =0 and P; = 1 (see, for example, [1]).

Theorem 2.1. Forn > 1,

Fy,
D—(017027"'7On):2in7 (21)
o
D_(01,0s,...,09,_1) = 25’”_11,
P,
D_(0g,01,...,0p_1) = 2n_11

Proof. We will prove formula (2.1) using induction on n. The other proofs follow similarly, so
we omit them. Let

Dy, = D—(017027"' 7On)

Using the Oresme numbers in (1.3) shows that (2.1) holds for n = 1 and n = 2. Suppose it
is true for all positive integers k < n — 1, where n > 2.
Using recurrences (1.4) and (1.2), we have

n
i=1

- 1
=01Dy 1 + Z <Oi—1 - _Oi—2> D, _;

; 4
=2
1 n—1 1 n—2
= §Dn—2 + Z OiDp_i—1 — 1 Z OiDp_i o
=1 1=0
1 1
= §Dn—1 +Dp1— ZDn—2
3 1
= §Dn—1 - ZDn—2-

Using the induction hypothesis, we obtain
3 Fona 1 Iy

Dy, = 9 Ton—1 4 on—2
1 £
= on (3F2n—2 = Fan-a) = 2—,7
Consequently, formula (2.1) is true for n. Therefore, by induction, the formula holds for all
positive integers n. O
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3. SOME TOEPLITZ-HESSENBERG DETERMINANTS WITH ORESME NUMBER ENTRIES

In this section, we evaluate some Toeplitz-Hessenberg determinants with special Oresme
number entries.

Theorem 3.1. Forn > 1, the following identities hold.

B L" %J ; n—1 n—1
D100, 01,...,0n1) = M ((;—F\fz) - <%—?z> ) ,

n—1 n—1
23 1 2, 1 2,
D+(007027"'7O2n—2) = % _Z—i_gZ) - <_Z _g,L) )
\/5 1 \/5 n—1 1 \/5 n—1
D_(Oo,OQ,...,Ogn_Q) = T 14—7) — <Z—7> ) ,
_ 3| ntl
D+(01,02,...,0n):”2#,
~ylslsle
Di(01,03,...,090-1) = 22— (3.1)
sy | 2L — [nEl
D+(027O37"'7On+1):(_1)|‘4J%7
1—(—1)"
D4 (05,04,...,00) = (—1)W2J%,
Va3 ((1 v3\" (1 vB)"
D_(02,04,...,02n)—? §—|—T — 5—7 , (32)
3n+1 3n+1
R S SENACH | A R e B
+\V3, Y4,y Un42) — 7 4 4Z 4 4Z )
512\/7‘ 1 \/7 n+3 1 \/? n+3
7 . .
D+(O37057---7O2n+1) = 7 <_E - EZ> - <_E+EZ> )
5n/d Ln_JrlJ — [n_+11
D4(01,00,.., Omaz) = (~)IAN ]

where |-| and [-] are the floor function and the ceiling function, respectively; i = /—1.
Proof. We will prove only (3.1) and (3.2), the other ones can be proved in the same way.

Proof of (3.1). Let D,, = D;1(01,0s3,...,02,-1). Using the Oresme numbers in (1.3), it
follows that

1 232_1
()%, if n is even;

D,=¢ 25 (3.3)
(=3) 2
W, otherwise,

which can be established using induction.
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When n = 1 and n = 2, the formula holds. Assuming (3.3) holds for n — 1, we now prove it
for n > 2. Let n be even. The proof for the case when n is odd is similar. Using (1.1), (1.4),
and (3.3), we have

n

D, = Z(_l)i_lO%—an—i

i=1
n—2 n—1
= Y (-D)7'0uaDnit+ > (1) 02 1Dpi+ (—1)" ' Ogn 1Dy
(i is_ovon) (z zs édd)
1
\ 4k — 4k — 3 2n — 1
_ 1)1 1)2h-2
- Z odk—1 Dr—ar; + Z 94k—3 2= Dn—2k+1 — 92n—1
k=1
k1) k-3 (3 1
- ; 24k—1 "92(n—2k)—1 +kZ::1 94k—3 92(n—2k+1)-1  92n—1
(=3)2 (i~ 4k—1 4k—-3) 2n-—1
= —— —_— + —
922n—2 kZ:l (_3)k+1 kZ:l (_3)k 922n—1
n [3-1 1
(-3)2 < k Z 1 2n —5
~ 3. 925 > —3)F > (—3)F T ST (34)
k=1 k=1

Using the geometric series, it can be seen that the following two sums hold.

SNV D 1
25 CA(-3p A

J=1

Z” “Uj__p 3 3
= = + - T
3 4(=3)» " 16(=3)? 16

j=

[y

From (3.4), using the formulas above, we obtain

n

—3)2 5—1 3 3 1 1 2n—95
D, = . - - -+
n — 3.92n=5 4( 3)% 1 16(_3)%—1 16 4. (_3)%—1 4 922n—1
n 5 (—3)2 on 5
= 922 T 92n1 T 3.99n=1 T pea=1  52a—1
(-3)%
- 3.922n—1"

Since formula (3.1) holds for n, it follows by induction that it is true for all positive integers
n.

Proof of (3.2). Let D,, = D_(02,0y,...,02,). Formula (3.2) clearly holds when n = 1 and
n = 2. Suppose it is true for all £ <n — 1, where n > 3. Using (1.4) and recurrence

1 1
= —0p_9 — —0p_ k>4
Oy, 2Ok2 160k 4, Z 4,
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we have
Dn - Z OZiDn—z
=1

n—1
= 02Dy + z; ( O2i—2 6022‘—4) D,,_; + O2,Dy
(3

:_Dn 1+ 3 2022 n—i—1 — 162021 n22+22_n

=1

n—1
1 1
= 2Dn 1+ 3 <ZO22 n—i— 1_02(n 1) )

i=1

n—2
1 2n
T <Z O2iDp—i—2 — O2(n—2)DO> + 5o

1 1 1 2n

2Dn 1—1—2( 02(n 1)) 16( n—2 — O2(n 2))+22n
1

=Dp_1— 16Dn—2-

Using the induction hypothesis, we obtain

\/g 1 \/g n—1 1 \/g n—1 \/g 1 \/g n—2 1
Dn="3 (5*7) ‘(5‘7) T (5*7) ‘(5‘—

V(1 v\ (7 B\ vB(1 B\ (1 V3
RER AR T4 ) 3 \27 7 6 4

2069

Consequently, formula (3.2) is true in the n case and thus, by induction, it holds for all

positive integers.

4. MULTINOMIAL EXTENSION OF TOEPLITZ-HESSENBERG DETERMINANTS

O

In this section, we focus on the multinomial extension of Theorems 2.1 and 3.1, using Trudi’s

formula (1.5).

Corollary 4.1. For n > 1, the following formulas hold.

Ss1 + + s
F2n =2". E %081082 Oan7
$1500ey80 >0 e
$1+2s2+-+nsp=n
2n—1 (814 +sa)! s
P =207 ) S OROR 0y,
51p00ey80 >0 e

s1+2s2++nsp=n
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- s14 -+ 8 1)
Poa-rt. Y Etmtealenoponr g
S1: Sp—1-
S1,--,5n—120

2s1+3s2+-+nsp_1=n

_ (s1+-+sn)!

s T 1 denote the multi-

Corollary 4.2. Letn > 1, 0, = $1+ -+ Sn, and let my,(s)
nomaal coefficient. Then,

Z (—1)Jn71mn—1(3)0f1 052 . Oin:ll

Sl,m,sn—lZO
n—1 n—1
—ylli {1 V2. 1, V2
= —-———— —_— —Z J— _ —_—
22 2 2 7 T ’

2814+ nsp—1=n

n—23 LH_HJ
My, (8)OS1 052 - - . O3 = 737
517.§L>0 (IOrO: (=2)
$1+282++nsp=n
ntl| _ [ntl
Z (_1)anmn(3)0510§2 . ,_Osﬁ_l — (_1)Ln/4j L 4 J [ 4 —|
n 213n/2] ’

S140-y8n >0
81+2s2++-+nsp=n

> (=1)7"mn(s)03'OF - -- Op'
S140-y8n >0
81+2s2+++nsp=n

> ma(9)070F O3y =

81,004,800
S1+2s2+-+nsp=n

> (=1)7"mn(s)05' 05" -+ O3y 14

S15-00y8n >0
n+3 n+3
BEIEN A (U AR SR A
B 16 16 ' ’

51+2s2+--+nsp=n
7

S ()T tm(5)05'05 - O3

S815ee0ySn—12>0
—1 -1
Va2 (1 \/5)" (1 ﬂ)"
=— |-+ —|=-— =i :

281+ +Nnsp—1=n
-1 n—1
V(1 vRY! 1 V2
2. maWopor - opn=rlgtg ) (i) )

S1yeesSn—120
281++nsp—1=n

(2 S S Sn n _1 n __ 1
Z (=1)7"mn(s)05' Oy - - O3 = (—1)L /2J%7
815.-,5n.20
s1+2s2+ - +nsp=n
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z eeser-os =3 (1) - (1))

81,..,8n,>0
s1+2s2++nsn=n

(o S S S n L
> Dm0 0 Oy = (1)

S1;--58n 20
814282+ +nsp=n

where F,, and P, are the nth Fibonacci and Pell numbers, respectively.

Example 4.3. Formula (4.1) yields

!
R=2. Y BEetslongugs

s1!s9ls3!
81,582,530 122223
S1+2s2+43s3=3

= 8(03% + 20,04 + 03).
Similarly, it follows from (4.3) and (4.4), respectively, that
32(0} + 20103 + O3 + O5) = Ps,
03 — 30304 4 20506 + 02 — 0g = 0.

After simple manipulations using (4.1), (4.2), and (4.3), respectively, we obtain the follow-
ing.
Corollary 4.4. For n > 1, the following formulas hold.

F, = Z my(s) 191252 ... nsn,

S140-y8n >0
814282+ +nsp=n

_ 1\ /3\* 2n — 1\ *"
e S ()0 (25"

S1;--58n 20
s1+2s2+-+nsp=n

1 S1 2 52 n—1 Sn—1
__ on—1
S ) ()

815--38n—12>0
2814382+ +nsp—1=n
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