CENTRAL LIMIT THEOREMS FOR GAPS OF GENERALIZED
ZECKENDORF DECOMPOSITIONS
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ABSTRACT. Zeckendorf proved that every integer can be written uniquely as a sum of nonad-
jacent Fibonacci numbers {1, 2, 3, 5, ...}. This has been extended to many other recurrence
relations {G, } (with their own notion of a legal decomposition). It has also been proved that
the distribution of the number of summands of an M € [G,, Gnt1) converges to a Gaussian
as n — 0o. We prove that for any nonnegative integer g, the average number of gaps of size
¢ in many generalized Zeckendorf decompositions is Cyn + d, + o(1) for constants C,, > 0
and d, depending on g and the recurrence, the variance of the number of gaps of size g is
similarly Con+ dos 4 0(1) for constants C, > 0 and d., and the number of gaps of size g of an
M € [Gn, Grn1) converges to a Gaussian as n — co. We show this by proving a general result
on when an associated two-dimensional recurrence converges to a Gaussian, and additionally
re-derive other results in the literature.

1. INTRODUCTION

1.1. Previous Results. Zeckendorf [27] proved that if the Fibonacci numbers are defined
by Fi = 1,Fy = 2, and F,+1 = F, + F,,_1, then every integer can be written as a sum of
nonadjacent terms. The standard proof is by the greedy algorithm, although combinatorial
approaches exist (see [16]). More generally, one can consider other sequences of numbers and
rules for a legal decomposition, and ask when a unique decomposition exists, and if it does
how the summands are distributed.

There has been much work on these decomposition problems. In this paper, we concentrate
on decompositions of positive linear recurrences, defined below (see [II, [I0] for signed decompo-
sitions, [9] for f-decompositions, [5l 6] [7] for decompositions of recurrences where the leading
term vanishes, and [§] for a lattice based example).

Definition 1.1. A positive linear recurrence sequence (PLRS) is a nonconstant sequence {G,,}
satisfying

G, = aGp_1+ -+ Guop (1.1)
with nonnegative integer coefficients c¢;, with c1,cp, L > 1 and initial conditions G1 = 1 and
Gn = a1Gp1+Gho+ -+ c¢,-1G1+1 for 1 <n < L.

Definition 1.2 (Legal decomposition). For a positive linear recurrence sequence {Gy}, a legal
decomposition of an integer M > 0 is a decomposition

N
M = ZaiGN—i-l—i (1.2)
=1
with ay > 0 and the other a; > 0, and one of the following two conditions holds.
The second author was partially supported by NSE grants DMS1265673 and DMS1561945. The authors
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(1) N<L and a; =¢; for1 <i<N.
(2) There exists an s € {1,..., L} such that
(i) a1 =c1, ag =ca, ..., as—1 = Cs—1, and a5 < Cs,
(ii) as41,-..,as40 =0 for some £ >0, and
(iii) {b; }N7578 (with by = agyeyi) is either legal or empty.
Informally, a legal decomposition is one where we cannot use the recurrence relation to

replace a linear combination of summands with another summand, and the coefficient of each
summand is appropriately bounded. We conclude this section by describing previous results

on these sequences (see [12], 13|, [14], 151 19 17, 221 23] 24], 25 26], especially [22] for proofs),

and then state our new theorems in Section

Theorem 1.3 (Generalized Zeckendorf Theorem, [22]). Let {G),} be a positive linear recurrence
sequence. FEach integer M > 0 admits a unique legal decomposition.

Given a legal decomposition, we have the following definitions.

Definition 1.4 (Gaps of a decomposition). Suppose we are given a PLRS {G,} and a legal
decomposition

N
M = Zaz‘GN-i-l—i = Gi, +Gi, + -+ Gy, (1.3)

i=1
for some positive integer k = a1 + ao + -+ +an and i1 > io > .-+ > ix. The gaps in
the decomposition of M are the numbers iy — ia, ia — i3, ..., ix_1 — i (for example, 101 =

Fio + F5 + F3 + Fy, and thus, has gaps 5, 2, and 2).

Definition 1.5 (Gap random variables). Given a PLRS {G,} and a positive integer M, we
let kx;(M) denote the number of summands in the decomposition of M and ky(M) the number
of gaps of size g in M’s decomposition. Let Ky, be the random variable equal to ks;(M) for
an M chosen uniformly from |Gy, Gn41), and let Kg, be a random variable equal to kq(M)
for an M chosen uniformly from |Gy, Gni1). Thus, kg(M) is a decomposition of ks (M), as

ks(M) = 1+ ke(M). (1.4)
g=0

The next result concerns the average number of summands in decompositions, generalizing
Lekkerkerker’s [18] work on this problem for the Fibonacci numbers.

Theorem 1.6 (Generalized Lekkerkerker’s Theorem for PLRS, [22]). Let {G,,} be a PLRS, let
Ky, ,, be the random variable defined above, and let p, = E[Ky. ;). Then, there exist constants
C, >0, d,, and~, € (0,1), depending only on L and the ¢;’s of the recurrence relation such
that

pn = Cyun+dy +O(]). (L5)
Theorem 1.7 (Variance Is Linear for PLRS, [22]). Let {G),} be a PLRS, let Ky, be the
random variable defined above, and let 02 = Var[Kx ,]. Then, there exist constants Cy > 0,
dy, and v, € (0,1) depending only on L and the ¢;’s of the recurrence relation such that

02 = Con+dy +0(RD). (1.6)

Theorem 1.8 (Gaussian Behavior for Number of Summands in PLRS, [22]). Let {G,} be a
PLRS and let Ky, be the random variable defined above. The mean ,, and variance U% of
Ky, grow linearly in n, and (Kx, ,, — pn) /oy converges weakly to the standard normal N (0, 1)
as n — oo.
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Much less has been written on kg4(M) and K, ,. We show that similar Central Limit results
hold for gaps. The techniques we introduce to prove these results allow us to easily prove some
results already in the literature such as the three previous theorems.

Beckwith, et al. [2], Bower, et al. [4], and Dorward, et al. [I1] explored the distribution of gaps
in Generalized Zeckendorf Decompositions arising from PLRS, proving (in the limit as n — o00)
exponential decay in the probability that a gap in the decomposition of M € [G,,,Gp+1) has
length g as g grows and determining that the distribution of the longest gap between summands
behaves similarly to what is seen in the distribution of the longest run of heads in tossing a
biased coin. We improve on the first result and establish lower order terms (the previous work
had O(1) instead of d + o(1) below), then prove the variance has a similar linear behavior,
and finally show Gaussian behavior for fixed g. See [20] for a similar analysis concentrating on
the Fibonacci case, where the simplicity of the defining recurrence allows simplifications in the
analysis.

1.2. New Results. We now state our new results.

Theorem 1.9 (Generalized Lekkerkerker’s Theorem for Gaps of Decompositions). Let g > 0
be a fized positive integer. Let {G,} be a PLRS with the additional constraint that all ¢;’s
are positive. Suppose there exists ng € N such that K, ., the random variable defined above,
is nontrivial (i.e., is not the constant 0) for n > ng. Let pg, = E[K,,]. Then, there exist
constants Cy g > 0, d,, 4, and 7y, 4 € (0,1) depending only on g, L, and the ¢;’s of the recurrence
relation such that

Hgn = O,u,gn + d%g + 0(7379) (17)

Theorem 1.10 (Variance Is Linear for Gaps of Decompositions). Let g > 0 be a fized positive
integer. Let {G,} be a PLRS with the additional constraint that all ¢;’s are positive. Suppose
there exists ng € N such that K, the random variable defined above, is nontrivial for n > ny.
Let o, = Var[Ky,]. Then, there exists constants Cyg > 0, dog, and vo4 € (0,1) depending
only on g, L, and the ¢;’s of the recurrence relation such that

2

Ogn = Cogn +dgg + O(yg’g). (1.8)
These two theorems are intermediate results in the proof of the next theorem, which is the

main result of this paper. The next theorem proves we also obtain Gaussian behavior if we

fix the gap size and if that gap size occurs. Note there are never gaps of length 1 between

summands in Zeckendorf decompositions arising from Fibonacci numbers, and we must exclude

such cases.

Theorem 1.11 (Gaussian Behavior for Gaps of Decompositions). Let g > 0 be a fized positive
integer. Let {G,} be a PLRS with the additional constraint that all ¢;’s are positive. Suppose
there exists ng € N such that K, ,,, the random variable defined above, is nontrivial for n > ny.
Then, the mean fig, and variance ng of Ky grow linearly in n, and (Kgpn — ftgn)/0gn
converges weakly to the standard normal N(0,1) as n — oo.

The key to the proof is Theorem [3.3] which states that certain two-dimensional recursions
exhibit Gaussian behavior. Theorem B3] generalizes the well-known result that the recurrence
Qp k= Qp—1,% + Gp—1 k-1, Which produces the binomials (Z), produces probability distribution
given by a0, ..., a0, that, when normalized, converge to a normal distribution. Our proof
shows that pg, 1, the number of M € [G,,G,41) with exactly k gaps of size g, satisfies a
homogenous two-dimensional recursion that fits the framework of Theorem (see Section Hl).
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Similar to the work of Miller and Wang [22, 23], we use the method of moments to prove
that our random variables converge to Gaussians. More precisely, we prove that the moments
of the nth random variable K ,, (or Ky ), fin(m), satisfy

i (2m + 1
~ @m-1)! and lim DD g (1.9)

1m = T
n—oo Mn(2)m+2

n—00 Ian(2)m

Whereas Miller and Wang use generating functions to directly compute the moments fi,,(m),
we instead compute them recursively (see, for example, Theorem [B7)).

For the rest of the paper, we omit standard algebra. The reader interested in the details of
the omitted algebra should see |21) for the details.

1.3. Organization of Paper. In Section 2 we collect some notation and prior results to be
used throughout the paper. In Section B we prove Theorem B3] the key technical lemma of
the paper. In Section @] Theorem B3lis used to prove Theorems [[L9] [LT0, and [LTT} In Section
Bl we apply Theorem B3] to give alternate proofs of Theorems [l [[7, and [, and conclude
in Section [6] with a discussion of future work and open questions.

2. PRELIMINARIES

We first collect some notation used throughout the paper, then isolate two technical lemmas
on convergence, and then apply these to prove Gaussian behavior for certain two-dimensional
recurrences. This final result is the basis for the proof of our main result on Gaussian behavior
of gaps for a fixed g, Theorem [LI11

2.1. Notation. For this paper, all big-Os are taken as n — 0o, unless otherwise specified.

For a polynomial A(z) = Zgzo apz®, let [2¥] (A(z)) = aj, be the notation for extracting
the kth coefficient of A.

For a real number A; > 0, a polynomial A(z) has the mazimum root property with maximum
root Ay if A1 is a root of A with multiplicity 1 and all other roots have magnitude strictly less
than Ap.

A sequence of real numbers {a, } converges exponentially quickly to a if lim,,_, a,, = a and
there exists v € (0,1) and a constant C' such that |a —a,| < C~" for all n (alternatively,
an =a+0(x")).

Let d be a fixed positive integer, and let {A4,(x)} be a sequence of degree d polynomi-
als, where A, (z) = Z;lzo ajnr’. We say {A,(z)} converges exponentially quickly to A(z) =
E?:o ajx? if {ajn}nen converges exponentially quickly to a; for j =0,1,...,d.

From the above definitions, we immediately obtain the following useful result.

Lemma 2.1. Let {a,} and {b,} be sequences that converge exponentially quickly to a and b,
respectively. Then,

(1) {an + bp} converges exponentially quickly to a + b,
(2) {an — bp} converges exponentially quickly to a — b,

(3) {an - by} converges exponentially quickly to a - b,

(4) if by #0 for all n and b # 0, then {a,/b,} converges exponentially quickly to a/b.
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2.2. Characteristic Polynomials. Appendix A of [2] provides the following useful results.

Theorem 2.2 (Generalized Binet’s Formula). Consider any linear recurrence of real numbers
(not necessarily a positive linear recurrence)

G, = cGpo1+ - +crGhor (21)

with arbitrary initial conditions. Suppose the characteristic polynomial x* — (cla:L_1 +eoxt 24
-+« =+ cr) has the maximum root property with some mazimum root A\; > 0. Then, there exists
a constant ay such that G, = a1 A7 + O(nL_2)\5‘), where |A2| < Ay is the second largest root
in absolute value. Additionally, if ay is positive (that is, G, = O(A})), then for every fized
positive integer i, Gp_;/Gp converges to 1/\} exponentially quickly as n — oo.

Theorem 2.3. Consider a PLRS {G,,} given by
G, = c1Gp_q1 + - +cGr_r. (2.2)

Then, the characteristic polynomial % — (cyz™ ' + cox™ 2 4 --- + ¢1) has the mazimum root
property with mazimum root Ay > 1 and G,, = O(A}). In other words, the coefficient a1 given
by Theorem [23 is positive.

Note in Theorem 2.2 aq is positive except for particular choices of initial conditions. For
example, if G,, = 5Gp,—1 —6G,,—2, we have G,, = 13"+ O(2"), unless we have initial conditions
G1 = a and G5 = 2« in which case the 3™ term vanishes.

3. GAUSSIAN BEHAVIOR OF 2D RECURSIONS

The purpose of this section is to prove Theorem B3] the key ingredient to our main results.
We start with a few technical lemmas.

3.1. Convergence on Nonhomogenous Linear Recurrences with Noise. The following
two lemmas follow immediately from the previous definitions and book-keeping, and play a key
role in the convergence analysis later. In particular, these two lemmas allow us to determine
the exact behavior of the moments of our random variables K, as we prove convergence to
the standard normal (see Lemmas [3.8 and B.9)).

Lemma 3.1. Let iy be a positive integer. Let {r,}nen be a sequence of real numbers and for
each 1 <1 <y, let {S;n}tnen be a sequence of nonnegative real numbers such that 220:1 Sin =1
for all n.  With a slight abuse of notation, also suppose there exist constants T and §; for
1 <i <ip, with v,7vs € (0,1) such that

rn, = T+0()) and s, = 5+ O(vy). (3.1)

Furthermore, suppose the polynomial
10
S(z) = o = s (3.2)
i=1

has the mazimum root property with mazimum root 1. Let {an }n>n, be a sequence with arbitrary
wnatial conditions ap,, . . ., Gpgtig—1 and, for n > ng + o,

0
anp = <Z Si,nan—i> + 7. (33)
=1
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Then, there exists a positive integer d and a real number v € (0,1) such that

In = o n+d+ OH"). (3.4)

Roughly speaking, Lemma Bl is true because, modulo exponentially small terms, every a,
is a constant plus the weighted average of previous a,_;’s, so it should be linear in n.

Proof. 1t suffices to prove the lemma for ng = 0. Let b, = a,,— n. Set v = max(y,,Vs)-

ZZO 145
Simple manipulations yield

T
11 8;
b, = sznn it TN_ZZ-_l 2o
§ 0 - -
Dlit1i-Si

- Z Sinbn—i +7- (1 +0(\") — (1+0(H"))

= Zsznn z+O ) (35)

We finish by showing that the sequence b,, converges exponentially quickly to a constant.

Simple algebra yields that b, is bounded (see Appendix A of [2I]). Then,
i0 10 10
bn - Z gibn—i - bn - Z Si,nbn—i + Z(si,n - gi)bn—i
i=1 i=1 i=1

")+ 00" bai < O("). (3.6)

IN

Thus, we can write

<§0: §ibn—i) + f(n) (3.7)
i—1

for some function f : {ip,ip +1,...} = R such that f(n) = O(y") as n — oco. Let ay > 0 be
a constant such that |f(n)| < apmy™.

From here, the intuition to the finish is as follows. If f(n) = 0 for all n, then Theorem
implies that b, approaches a constant exponentially quickly. However, since v < 1, we have
that b,, should still approach a constant exponentially quickly when f(n) = O(y™).

Let {bgnit)}neN, {bﬁfO)}neN, {b§f°+1)}n€N, ... be sequences defined (for m > ig) by

" N 220 1 ’,b(lmt) n > g,
0 n<m
bim = f(m) n=m (3.8)
S §Zb;m)i n>m.
By induction, we verify that
by = BN 4 Y plm) (3.9)
m=ig
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for all n (see Appendix B of [21I]). By the restrictions of s;, the characteristic polynomials
of {b,(qmlt)} and {b,(qm)} are equal to S(z) in (B2) and thus, have the maximum root property
with maximum root 1. Hence, by the generalized Binet’s formula, {bgmt)} and {b&m)} all

converge to a constant. Suppose that {bﬁj“i“} converges to b and {bslm)} converges to b(™
for each m > ip. Let A2 < 1 be the second largest magnitude of a root of S(z). Choose
v € (max(vy,A2),1). By the generalized Binet’s formula,

i — 500 = O Ag) < O}, (3.10)
so there exists al()l) such that

bgnit) _ l_)(init) S Oél()l),yi?z (311)

For all m, we can bound b{™ similarly. However, note that for all m, {bﬁ{”)/ f(m)}nen is the

same sequence with the indices shifted. Thus, there exists ozl()z) such that

bﬁf”)—g(m)‘ < o fmpp ™ < ey (3.12)
Set oy, = max(algl), ozl(f)). Then,

b =0l < [p00) — gm0+ 3 i) _ g

m=ig
o /7 m
< a4+ Y gy <—>
m—io 7
i0 1
< o <ab+abaf- (2) ) = o6 (313)
7 o
as desired. O

The next lemma generalizes Lemma B.11

Lemma 3.2. Let D be a nonnegative integer and let ig be a positive integer. Let { R, (z)}nen
be a sequence of D degree polynomials with R, (x) = Z]D:o Tj,n;vj. For each 1 < 1 < 1g, let
{Sin}nen be a sequence of nonnegative real numbers such that Zzozl sin =1 for all n. Suppose
also that there exist a polynomial R(x) = Fpax? +Fp_12P~ 1+ + 7y and real numbers §; for
1 <i <ip, with v,7vs € (0,1), such that, for all 0 < j < D and 1 < i <y,

rin = T3 +0(y), and s;n = 5+ O(7y). (3.14)

Furthermore, suppose the polynomial, S(x) = 2% — 2:0:1 5,207 has the mazimum root property
with mazimum root 1. Let {an}n>n, be a sequence with arbitrary initial conditions ap,, ...,
Ang+ig—1, and for n > ng + i,

10
a, = <Z sman_i) + R, (n). (3.15)
i=1
Then, there ezists a degree D + 1 polynomial Q(x) and a 1 € (0,1) such that
an = Q(n)+0(71), (3.16)
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where

2P (Q(x) = "D 3.17
[27 ] (Q(x)) CEST NS (3.17)

In contrast to Lemma Bl a,, is, modulo exponentially small terms, a D degree polynomial
in n plus the weighted average of previous a,_;’s. Because for any D degree polynomial A(x),
the sum A(1)+A(2)+---+A(n) is an D+ 1 degree polynomial in n, we expect a,, to essentially
be a D + 1 degree polynomial in n.

Proof. We proceed by induction on D, the degree of the polynomials R,(z). Lemma [B.1
establishes the base case D = 0. Now, assume D > 0 and that the assertion is true for D — 1.

Let b, = a, — C -nP+ for C = m Straightforward manipulations yield

j + f(n) (3.18)

S - J D+1 -J D+1 iD=
= Z Si,nbn—i + Z n - Z CSZ n + Tjn
=1 j=0

for some function f(n) < O(4f) for some vy € (0, 1) (see Appendix C of [2I]). The constant C
is chosen so that the right side contains an D — 1 degree polynomial in n, as opposed to a D
degree polynomial, which is the case in the recursion for {a,}. Let R} (z) = ZJD 01 ;nzzt] be
the polynomial given by

0 D+1
ron = (chi,,x—l)f’“( N )iDH) +rom + f(n)
7 i=1 0
0 D+1 :
and 73, = (chi,n(_ )yP+1= J< + >-D+1—J> +7jn (3.19)
i=1

J

for 1 < 7 < D—1. Because, as n — 00, s;, converges exponentially quickly to 5;, r;,
Converges exponentially quickly to 7, and f(n) converges exponentially quickly to 0, we have
,, converges exponentially quickly to

D+1 ;
nh_}ngor in <Z C5;(—1)P+- J( + >.D+1—J> + 7 (3.20)

J

J

for 0 < j < D —1 by Lemma 21 Writing

<§: Si,nbn—i) + R:(n), (3.21)
=1

we can apply the induction hypothesis to b, to obtain a degree D polynomial Q*(x) such that
bn = Q*(n) + O(¥) for some 1 € (0,1). Set Q(z) = Q*(x) + CaxP*TL. Then, Q(x) is a degree
D + 1 polynomial satisfying a,, = Q(x) + O(17), as desired. O

3.2. Gaussian Behavior of 2D Recursions. The result below is the key ingredient in prov-
ing Gaussian behavior of gaps.

Theorem 3.3. Let ig and jo be positive mtegers Let t; ; be real numbers for 1 < i < iy
and 0 < j < jo such that for all i, t; = J “otij = 0. Suppose that the polynomial T(v) =
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xho — > t;ix"0~" has the mazimum root property with some mazimum root \i. Suppose Pn.k
s a two-dimensional recurrence sequence satisfying, for n > ng,

o Jo
Pk = DD tijDnikj- (3.22)

i=1 j=0

Furthermore, suppose pyj, > 0 for all n and k, p, = 0 when n < 0 or k < 0, finitely many
Dk are nonzero for n < ng, and Z?iopm’ = O(\}). Let X,, be the random variable whose
mass function is proportional to py 1 over varying k so that

Pnk
PrlX, =k = ==—. 3.23
[(Xn = K] S o (3.23)
Let
il ;0:0 ,\Jzi] il ;0:0 ,\zf (j = Cui)?

c, = P F P and C, = - —— (3.24)

S AP S0 N0 ) it

=1 7=0 b =1 7=0 b

be constants, and assume Cy > 0. Then, there exist constants d,,d, € R, and v,,7v, € (0,1)
such that p, = Cyn +d, + O(v;,) and 02 = Cyn +dy + O(Y?). Furthermore, (X, — fin)/on
converges weakly to the standard normal N(0,1) as n — oo.

In this theorem, imagine we have fixed a gap size g and think of p, ; as the number of
M € |Gy, Gp+1) whose decomposition has exactly k gaps of size g. Under this interpretation,
the random variable X, is identical to K . Note that 7'(z) having the maximum root property
does not make the condition » ;1 pp; = O(A}) redundant for reasons illustrated at the end
of Section 2.1l This condition is necessary in Corollary

We approach this problem using the method of moments, a common method for proving
random variables converge in distribution to the standard normal distribution.

Lemma 3.4 (Method of Moments). Suppose X1, Xa,... are random variables such that, for
all integers m > 0 we have

lim E[X>"] = 2m - 1! and lim E[X2"T] = 0. (3.25)
n— 00 n—oo
Then, the sequence X1, Xs, ... converges weakly in distribution to the standard normal N(0,1).

The proof of Theorem B.3] proceeds by using generating functions to compute the moments
of X,,. Let

oo
Pn(x) = an,kxky
k=0

Qn - Pn(l) = an,lw
k=0

pn,O(x) = ir;—(-fl)’
Pn’m(IE) = (inpn,m—l(x)),)
A(m) = Pngznn(l)‘ (3.26)
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Then, it follows from definitions that

_ F@)
SO
Ian(m) = E[(X ,un) ]7
02 = jin(2) (327)

Now, we prove several lemmas about the above moments and generating functions. We ulti-
mately obtain a formula in Theorem B.7] that recursively computes the moments fi,,(m), which
yield Theorem

The next lemma follows immediately from the definitions (see [2I] for details).

Lemma 3.5. Forn > ngy, we have
io
ZZt P_i(x)a? (3.28)
i=1 j=0
From the above, we immediately deduce the following relations.

Corollary 3.6. Forn > ng, we have

Q= Py(1) = f:Zt,]Pn i(1) = ﬁ:ZtJQn i (3.29)
i=1 7=0 i=1 =0
and
io
Z t”Q" i + 4)- (3.30)
=1 5=0

By definition of Q,, we have 0, = O(A}), so by Theorem [Z3, we have for all i, $,—;/Sy,
converges exponentially quickly to 1/\}.

Theorem 3.7. For n > ng, we have

finlim) = Z< )ZZ Gttt — )l Jmim— 0. (331)

=1 j=0
Proof. Applying Lemma 3.5 we find

i Jo

= Zztivjp"_ivo(:p) . l‘j+u7“i_un. (3.32)

i=1 j=0

By induction, we can establish (see Appendix D of [21])

20
33 ()t Pt

i=1 j=0

Ian(m) = Png;(l) = QL Zztz,] Z < ) ,7 + Hn—i — ,Un)gpn—i,m—f(l)

nzle

(1) s it ~
- Z<£>Z Q Y (G pnei — )’ fini(m — £),  (3.34)

=1 j=0

222 VOLUME 57, NUMBER 3



CENTRAL LIMIT THEOREMS FOR GAPS OF ZECKENDORF DECOMPOSITIONS

completing the proof. O
Our next goal is to prove
iy, (2 fip, (2 1
lim /fn( m) = (2m—1!! and lim M—'_l) = 0. (3.35)
n—00 ,un(2)m n—00 ﬂn(2)m+§

By Lemma B4l these equalities imply Theorem To prove these equalities, we first show
fn is essentially linear in n. Then, we determine for all m, the behavior of fi,(m), the mth
moment of X,, — i, up to an exponentially small term. We prove fi,,(m) is a degree (at most,
if m is odd) |m/2| polynomial in n, and for even moments fi,(2m), we additionally compute
the leading coefficient of this polynomial. We rely heavily on Lemmas BTl and to determine
the polynomial behavior of the moments.

Lemma 3.8. There exists a real number d,, and a ~y, € (0,1) such that
pn = Cu-n+d,+O(yy). (3.36)
Proof. Recall
i jo  tigd
PIRED I
C, = —— 17 AN (3.37)
# S Jo tig
i=1 225=0 AT
_ Qn—i xJo _ iz R ) Jjo tijJQn—i .

Choose s;, = G oty = gt and r, =) ;2 o g . Using Lemma 2.1] and
Corollary 3.6 we have, for each i, s; , converges exponentially quickly to 5; =

1 Jjo 4. __ 7.
)\_zi 7=0 tz,] - tz

and 7, converges exponentially quickly to 7 = ZZO=1 g():o tl}\i] . By Corollary B.6] we have
1

10
[y = (Z simun_i) + 7. (3.38)
=1

Furthermore, the polynomial S(x) = x% — ZZ‘)Zl 5,007 satisfies S(x) = T(z/\1), so S has the
maximum root property with maximum root 1. Then, by Lemma [B.1], there exist d, € R and
Yu € (0,1) such that

r n n
=1 2
U

Lemma 3.9. For each integer m > 0, there exist Yom, Yom+1 € (0,1) and polynomials Qay, of
degree exactly m and Qoms1 of degree at most m such that

fin(2m) = Qam(n) + O(V3,)
and fi,(2m +1) = Qam+1(n) + O(Vgi1)- (3.40)

Furthermore, if Cop, = ["]Qom and Comy1 = [2™]Q2m+1, then for all m > 0, Coy, =
2m — 1) C (We take (—1)! =1).

The idea for the proof is as follows. In the calculation of u,(m) in Theorem B.7, the co-
efficients of pi,—;(m) sum to 1, the coefficients of p,—;(m — 1) sum to 0, and the coefficients
of pip—i(m —2) sum to (") - (constant). Thus, the mth moments can be written in the form
of (BI5), so we can apply Lemma and compute the degrees and leading coefficients ap-
propriately. Because the coefficients of the (m — 1)th moments sum to 0, the degrees of the
polynomials increase by one with every two values of m, as opposed to every one.
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Proof. We proceed by induction on m. The base case m = 0 follows from noting that
in(0) = E[(X; — )] = 1
and fi,(1) = E[(X, —un)'] = 0 (3.41)
for all n > ng. Now, assume the statement is true for m’ < m. That is, there exist vg, 71, .. .,

Yom—1 € (0,1) and polynomials Qqg, Q1, ..., Qam—1, where Qi has degree k/2 when k is even,
and degree at most |k/2] when k is odd, such that

ﬂn(zm - 2) = Q2m—2(n) + O(’Y;m—2)
and fin(2m —1) =  Qom 1(n) + O(_1)- (3.42)

By induction, we may further assume Cy,, o = (2m — 3)!! - 1. First, we compute fi,,(2m).
Define a sequence of polynomials {Rn(:n)} via

2m  ig
ZZZ Bt (5 4 s = )’ - Qamel — ). (3.43)
(=1 1=1 5=0
Furthermore, set
Qi Jo 1 Jo
Sin = Q—nzti,j and 5 = )\—Z-lzti,j- (3.44)
7=0 7=0
Then,
10
fin(2m) = 8infin—i(2m) + Ry(n). (3.45)
i=1

Note R, (x) is the sum of finitely many polynomials that, by Lemma 2] converges exponen-
tially quickly. Thus, R, (x) converges exponentially quickly to

2m 1o

ZZZ ~L - (j = Cui)" - Qom—e(w — ). (3.46)

511190

Furthermore, we have deg R(z) < m — 1 because each R, () has degree at most m — 1. With
[B46), we can compute [z™ Y R(x). Because Qg,,_¢ has degree at most m — 2 for £ > 3 and
the coefficients in front of the Q2,,—1 terms sum to 0, by the definition of C},, we have (see [21]
for details)

m—11/ D L 2m tZJ . V4 m—1 .
@Y (R() = ZZZ( ) G O ) Qi — 1)

/=1 i=1 5=0

= Com_s <2;”> O, - <ZO:Z : 52-) : (3.47)

By Lemma [B2] there exists a degree deg R(z) + 1 polynomial Qo (z) with 2™ coefficient Cay,
and a 2, € (0,1) such that

pn(2m) = Qam(n) + O(v3,) (3.48)
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and

Com—2 - (*J") - Cy - (Zﬁozl i §i>
CQm = 7 P = CQm_Q . (2m — 1) . Cg. (3.49)
meylyi s
By the inductive hypothesis, we conclude Cay, = (2m —1)!I!-C”". By our technical assumption,
C, #0, so Cyyy, # 0 and thus, the degree of Qo is exactly m.
We can perform the same computation to show that the fi,,(2m + 1) can be expressed as the
sum of an mth degree polynomial in n and an exponentially small term. To see this, define a
sequence of polynomials {R,(z)} via

2m+1 g

Z ZZ e th (G + pni — )" Qamar—e(w — ). (3.50)

/=1 =1 j=0

Just as in the 2mth moments case, set

Q . jO
"= Zti,j- (3.51)
=0
Then,
10
fin(2m 4+ 1) = > sinfin—i(2m + 1) + Rn(n). (3.52)
=1

Note that R, (x) is the sum of finitely many polynomials that, by Lemma 2] converge expo-
nentially quickly. Thus, R, (x) converges exponentially quickly to

2m+1 g

Z ZZ L (j = Ci)’ - Qampr—e(a — ). (3.53)

lel]O

Furthermore, we have deg R(x) < m—1. Indeed, Q2,, has degree m, so to show that deg R(x) <
m — 1, we need to show that the coefficient of 2™ is 0. Looking at the ™ coefficients of ([B.53])
gives

2m 19
W™ (R(x)) = ZZZ<2m) G- C) ™) Qo e(z — )
/=1 i=1 j=0
= Com - iZm t“’ (j—Cui)t = Cym-2m-0 = 0. (3.54)
i=1 j=0

The second to last equality follows from the definition of C), in B24]). Again, applying Lemma
gives that there exists a degree deg R(x) + 1 polynomial Q2 +1(7) such that i, (2m+1) =
Q2m+1(n) + O(v3,,41)- Because deg R(x) 4+ 1 < m, this completes the induction. O

Proof of Theorem [3.3 Lemma [B.8] proves the first part of Theorem B3l Lemma implies
that 02 = [i,(2) = Q2(n) + O(7%). Writing Q2(n) = Cyn + d, for some d, € R, we have

2 = Cyn + dy + O(7%), proving the second part of Theorem 331 We finish the proof of
Theorem by noting ([3.35)) is an immediate consequence of Lemma O
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4. GAP THEOREMS

4.1. Gap Recurrence. We start by finding a recurrence relation for an M € [G,,Gp41)
having exactly k gaps of size g. Recall that k,(M) denotes the number of gaps of size g in the
Zeckendorf decomposition of M.

Lemma 4.1. Let {G,} be a positive linear recurrence with recurrence relation
G, = a1Gp_1+---+cGn_p, (4.1)
and ¢; > 0 for all i. Slightly abusing the notation (reusing the letter p), let
Pynk = HM € [Gr, Gus1) s ky(M) = K}, (4.2)
Define dy = 0 and d; =c1 +co+---+¢ for1 < i < L and set ¢; = ¢; for1l <i < L and

c; = c — 1. Then, there exists ng = L + g and ko = dy, such that, for n > ng, k > ko, and
g > 2, we have

L ¢;i—1
Ponk = ZZPOn ik—(di—1—(i—1)+(j—1)) +Zpon isk—(di—1—(i—1))
=1 j=1 =1

Pink = Pln-— 1k+z _1p1n i,k— (21+Zp1n i,k—(i—2)
=2

™=

+ (Ci - 1) ((pl,n—i,k—i - pl,n—i,k—(z’—l)) - (pl,n—i—l,k—i - pl,n—i—l,k—(i—l)))

1

-
Il

M

Pgn,k = CiPg,n—i,k + Z C:L( ((pg,n—i-l—i—g,k—l - pg,n-{—l—i—g,k) - (pg,n—i—g,k—l - pg,n—i—g,k)) .
=1 =1
(4.3)
Proof. Define
dgnk = HM S [1 G ) ( - k}| - Zpg,z,ka (4-4)

thus, whereas pg 5 is the number of M in [G,,Gpiq) such that kg(M) = k, g4 is the
corresponding quantity for integers in [1,Gy). Set Hyo = 0 and H,; = Y 51y cirGpy1—ir S0
that, for all n, H,, 1, = Gy,41. Let

I''={(i,j)€Z*:0<i<L—-1,0<j<cis1—1,0i,5) # (0,00}, (4.5)

For n € Nand (i,5) € I, let Ip,;; = [Hni+ jGn_i, Hyi + (j + 1)Gr—;) be an interval of
integers. The ¢y +ca +---+cp — 1 intervals {1, ; ; : (¢,7) € I'} form a partition of |Gy, Gp41),
and the sequential order of these intervals is equal to their lexicographical order by (i, 7). For
each (i,j) € I', we can express [{M € I,,;j : kg(M) = k}| in terms of py, 1 and qg, , with
smaller values of n. This is done by case work on whether the smallest term in H,,; + jG,—;
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(either Gp4+1-; or G,,—; depending on whether j = 0) is part of a gap of size g:

HM € Inio: ko(M) =k} = qon—ik—(d—i)
{M € Lo : ki(M) =k} = q1p—ik—(i-1)
HM € Inio: kg(M) =k} = qgn—ik + Pgn+1—i—gk—1— Pgnt+l—i—gk
HM € Inij: ko(M) =k} = qopn—ik—(di—i+(j—1))
HM € Inij: ki(M) =k} = qun—ik—i + Pgn—i—1,k—(i+1) — Pgn—i—1,k—i
{M € Inij: kg(M) =k} = qgn—ik+ Pgn—i—gk—-1— Pgn—i—gk (4.6)
(see Appendix E.1 of [2I] for details). These formulas are clean because the number of size g
gaps in an M = H, ; + jG,—; + M' € I,,; ; is the number of size g gaps in H, ; + jGpn—; plus

the number of size g gaps in M’ plus possibly one more gap between the two decompositions.
By definition, for g > 0 we have

Ponsk = D HM € In;j: ky(M) = k}|. (4.7)
(4,7)el

From this equation, we can substitute from (48]), plug in the results for py ,,  and pg 1 5 in the
expression py , k—Pgn—1,k, Use the identity g4, 1 —qg.n—1,k = Pgn—1,k, and apply straightforward
manipulations to obtain the desired result (see Appendix E.2 of [21] for calculations). O

4.2. Proof of Gap Theorems. LemmalTlallows us to apply Theorem [33]to the distribution
of the number of fixed sized gaps. The proof is essentially verifying that the conditions of
Theorem are met by our gap recurrences.

Proofs of Theorems[L 9, [LI0, and[LI1 Recall that ks(M) denotes the number of gaps of size
g in the Zeckendorf decomposition of M. Let

Pgng = [{M € [Gn,Gni1) : kg(M) = k}| (4.8)
and let ig = L+g and jo = dr. By LemmaldI] for every g > 0, there exist t; j for 1 <i < L+g
and 0 < j < dj, such that, for n > i,

io  Jo

Pgn,k = Zzti,jpg,n—i,k—j- (49)
i=1 j=0
Define #; = Z;:OZO ti;. Note that in each recursive formula of (3], the terms of the form
Dgn—wz,y1 — Pgmn—az,y, contribute 0 to ;:020 tzj, and for each 0 < ¢ < L — 1, the remaining
coefficients of pg ;14 (over varying k) sum to c;4q. From this, we conclude ti = ¢ for
1<i<Landt;=0for L <i< ip. Thus, the polynomial

20 L
T(z) = 2" — Z fipio™t = glo— L (:EL — Z cz-xL_’) (4.10)
=1 =1

has the maximum root property with some maximum root A\; > 1, by Theorem Also,
> r—oPgnk = Gni1 — Gn = O(A}) by Theorems and Because pg p, , counts something
that is well-defined when n > 1 and k > 0, we have p,,, ;. > 0 for all n and k; and pg ., = 0
for n <0 or k < 0. Also, pgnr = 0 for all £ > n, because no M € [Gy,,Gp41) can have a gap
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greater than n. Thus, there are finitely many pairs (n, k) with n < iy such that pg, . # 0.
Lastly, for every g, if the random variable K, is nontrivial, then the ¢; ; satisfy

io jo tijd io Jo tig (s _ )2
it 7=0 "A7 >oit1 7=0 "\ (J — Cui)
W = . . - and C, = . . . (4.11)
Zm Jo ligrt ZZO Jo  tigt
i=1 £4j=0 )‘Zi i=1 £4j=0 )\i

To prove C,, > 0 and C; > 0, we split this into cases whether or not g =0, g = 1, or g > 2.
For each case we substitute into (£I1]) and perform standard manipulations (see Appendix F
of [21]). Putting these observations together, the proofs follow by applying Theorem B3l O

5. LEKKERKERKER AND GAUSSIAN SUMMANDS

We show the power of Theorem [B.3] by reproving Theorems [L6 [[L7] and [L8 We borrow from
the proof, given by Miller and Wang [22], of the recursion established for p,, j, the number of
M € [Gy, Gpt1) with exactly k summands. This recursion is extracted as (5.1]) from generating
functions in [22]. This recursion can also be found using techniques in the proof of Lemma [L.T}
the casework for number of summands is simpler than for gaps. Miller and Wang’s arguments
show the mean and variance grow linearly in n, but many technical calculations are needed to
show the linear coefficients are positive (which is a key ingredient in the proof of the Gaussian
behavior). See [7] for another approach, which bypasses the difficulties through an elementary
argument involving conditional probabilities, or [3] for a proof using Markov processes.

Similar to Section 2] the proof is essentially verifying that the conditions of Theorem B3]
are met by the summands recursion given by Miller and Wang.

Proofs of Theorems[L.0, (L7, and[L8 Let p, be the number of M € [G,,, Gy 1) with exactly
k summands. Then Pr[Ky,, = k| = %. Again, p,,; > 0 for all n and k and p,, ; = 0
for all n < 0 and £ < 0. Also, ppr >0 for ﬁhitely many pairs with n < L as p,j = 0 for all
k > n - max;(¢;) and because each M has, for each a € {1,...,n}, at most max;(¢;) copies of
(G, in each decomposition.

Define d; = ¢y +ca+ -+ +¢; for 1 <i < L. By Proposition 3.1 from [23], p, i satisfies, for
n>Land k > df,

L dmn-—1
Pnk = Z Z Prn—ik—j- (51)
i=1 j=dm—1

For1<i<Land 0<j<dg,sett;;tobelifd_; <j<d; —1andO0 otherwise. Defining
ti = ZdL_l t;,; gives ti = ¢;, and the polynomial

§=0
. 20 . . . L .
T(zx) = x'° — Zﬂ-xlo_’ = gho-L (:EL — Zci$L_Z) (5.2)
i=1 =1

has the maximum root property with some maximum root A\; > 1 by Theorem Also,
Y h—oPgnk = Gnr1 — Gp = O(A}) by Theorems and 23] Lastly, because all the t; ; are
nonnegative and t,,_y ,_(q, 1) = 1 with k — (d, — 1) > 0, [B24) tells us

Zio Jo tigd szl)
C, = . : > - L — > 0. (5.3)
Zlo Jo  tijt zlo Jjo  tigt
i=12245=0 "\t~ i=1245=0 "\t
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Because 19 = 1 and all the ¢; ; are nonnegative, we have

' o tij - ) t,
220:1 ;‘Ozo ,\zf (7 - C/ﬂ)2 - j\—f (0 - Cu1)2

Zio jo  tigi = Zio jo  tigd
i=1 £4j=0 )\zi i=1 24j=0 )\zi

Thus, we can apply Theorem B3] implying the theorems. O

6. FURTHER WORK AND OPEN QUESTIONS

We end with a few natural questions for future work.

1
2]
3l
(4]

5]
[6]
7]
18]
19]
[10]

[11]

[12]
[13]
[14]
[15]

[16]

(1) Are there other two-dimensional recurrences to which we can apply our Central Limit
type result? The second author is investigating two-dimensional sequences and associ-
ated notions of legality with colleagues. These lead to recurrence relations, although
the resulting sequences do not have unique decomposition.

(2) Can one remove the constraint that every coefficient ¢; must be positive and obtain the
same results? Notice that with negative constraints, one loses some of the interpreta-
tions for the algebra.

(3) What is the rate at which K, converges to a normal distribution?
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