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ABSTRACT. It is demonstrated how an explicit expression of the (partial) sum of Tetranacci
numbers can be found and proved using generating functions and the Hadamard product. We
also provide a Binet-type formula for generalized Fibonacci numbers, by explicitly factoring
the denominator of their generating functions.

1. INTRODUCTION
Tetranacci numbers u, (OEIS: A000078, [2]) are defined either by the recursion
Uptd = Unpy3 + Upp2 + Ups1 + Up, where up =0, up =1, ug =1, uz =2,

or via the generating function

Z " ;

upz" = .
1—2z—22—23-24

n>0

A typical result in the recent paper [5] is the evaluation

Zuzzl—kuu 1—l(u 1—u 1)2+luu 2+lu 2Up—3
k 3 n Un+ 3n+ n— 3nn— 3n— n—ao»

for which a (long) proof by induction had been given.

The present note sheds some light on how to use generating functions to prove such a result
and also how to find this (or an equivalent formula).

Furthermore, all the roots of the polynomial 1 — z — 22 — - .- — 2" are explicitly determined

in terms of generalized binomial series. This leads to a Binet-type formula for generalized
Fibonacci numbers, and as an example we provide the formula for Tetranacci numbers.

2. THE HADAMARD PRODUCT OF TwWO POWER SERIES

For two power series (generating functions) f(z) = >, an,2" and g(z) = ), by2", the
Hadamard product is defined as
Z anbn ™.

n>0

If f(z) and g(z) are rational, the resulting power series of their Hadamard product is again
rational. There are computer algorithms to do this effectively, for instance GFUN [4], imple-
mented in MAPLE.

We first provide a simple example of the Hadamard product of two generating functions:

Let
S e Z =S =
= (1—22)2 = 1-32)2
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By multiplying corresponding coefficients of f(z) and g(z), the Hadamard product is given by

62(1 + 62)
2cn 0 _

Zn 672" = (1—-62)2"
n>0

where the generating function is computed by GFUN.
To give an example in the context of Tetranacci numbers, the Hadamard product of the

generating function z/(1 — 2z — 22 — 23 — 2*) with itself is given by
Zu2zn— 2—22-223-224—22° 4+ 20 4+ 27
=~ 1 =22 —422 623 - 12244425 46206 4228 — 2107

By general principles, the generating function of the partial sums is then given as

750 " 0<k<n 1—2 1-2z2—-424—-6z2 1224 +4254+626+228 — 2

_ z n 22422 —28 =24 4520 4428 427 428 29210
T 3(1—2) 3(1-22—422-623 1224 +425 4620 4228 — 210),
(2.1)
For a simpler expression, we can compute the Hadamard product involving coefficients u,, and
Un+2,
Zu Upyoz" = 22
MR T 0 — 427 — 625 — 1228 4420 + 620 4228 — 2107

n>0

and by letting ¢, = %unum_g, we can compare this with the generating function in (2.1) to
find that for n > 1,

11
> up= 3+ 3@ Ftoa —tns —tag + Stua + A5 +tng +tat — tnos — tao).

This is an equivalent formula to the one obtained in [5]. Note that ¢, = 0 for negative indices.
That these two formulas are indeed equivalent can be checked by a computer, and all the

generating functions
n
§ Up—iUn—j2

n>0
for fixed integers i, j, can be effectively computed via the Hadamard product algorithm im-
plemented in GFUN.

3. HIGHER ORDER FIBONACCI-TYPE RECURSIONS

To show how the generating function machinery works on similar but more involved sums,
define

Z " :

up 2" = .
l—z—22—-23—24-25

n>0

Again computing the Hadamard product of this generating function with itself, we find
3z
2\ n
S (X W) =gy
n>0 0<k<n 8(1 Z)
n —52-322+423 4424 422°-3426-3027-2028-202°-16 21046 211 +6 212 +3 213 +3 21443 215
8(1 — 2z — 422 — 723 — 1424 — 2825 + 426 4 627 + 429 4+ 10210 — 212 — 215)°
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With a shift in coefficients, as we did in the previous example, we compute that
4z

n _
%ununwz 1 —22— 422 — 723 — 1424 — 2825 + 426 + 627 + 429 + 10210 — 212 — ;15°

We let t,, = %unu,ﬁg and then express the sum in question as follows:

3 1
dup=2+ g (=Btn = Bty + g 4 g+ Bt1s + Bl1a).

This process can be generalized to any higher order Fibonacci-type recursion, such as

Un 2 =
" 1—z2—22—23— 24— 25267

and other identities and related expressions can also be computed, but this process is too long
to be displayed here.

4. HIGHER ORDER FIBONACCI-TYPE NUMBERS

The identities discussed in previous sections can be proved via higher level computations
involving algorithms to compute Hadamard products. In this section, we discuss the roots of
the polynomial 1—z—---— 2", from which we can obtain an explicit expression for coefficients.
This allows us (in principle) to verify identities involving generalized Fibonacci numbers on
the level of coefficients.

For generalized Fibonacci numbers defined by the usual initial values and the recursion

Up+h = Upth—1 + Upth—2 + -+ Up,
the corresponding generating function (and its simplification) is

z o z . z(1 - 2)

1_Z_..._zh_ 1—Zh_1—2z+zh+1‘
1—=2-
1—=2
The dominant root of this rational function already occurs in the literature, see for example

[3]. However, we can do better than that and describe all the roots of the denominator,
obtaining in this way a Binet-type formula. We consider the generating function

1
1 — 2z + 2ht1’
from which the original case can be obtained by simple shifts.

We determine the roots of the denominator in terms of generalized binomial series, going
back to Lambert, and described in more detail in [1]. A generalized binomial series is defined

w) =3 (") e

n>0

Given the expression 1 — Z + 2"*1 et ¢ be a primitive hth root of unity. Then, the h+ 1 roots
can be expressed in terms of these generalized binomial series as

uBp 1 (uth) and §_ju_%8(h+1)/h ((ju%)_% for0<j<h-—1.

In our case, we are addressing the special case where u = %
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It is easy to verify (and the calculation for u = % has appeared in [3]) that

1 — uBh+1(uh+1) + uh+lBh+1(uh+1)h+1 —0.

Now, the other roots can be checked by considering first j = 0:

— ht1, 1L _(h+D) h+1 _(h+1)
I —u (h+1)/h8(h+l)/h(u h ) P+ h B(h—i—l)/h(u h h
_1_2 % -1 UMWJFZ W 1 s
B =~ n (h+1)n—1 =~ n n—1 '
Because
(h—l—l}Zn—l 1 ((h+1)}5n—1)) o (n_}lﬁh)
( n >(h—|—1)n—1:_ h - n! ’
and
n n—1 (n—1)n!
_ _((h-l-l)ffn—l)) L (n_fll+h)
h-n! ’

the result follows. The roots for j # 0 follow from the substitution v = 1 - u, and with the
power of % playing a role at each u, we obtain all possible Ath roots of unity.
From this, we can explicitly compute the coefficients of

1
1 — 2z + 2h+1°

For ease of notation, let rp, = %Bh+1 (#), and for 0 < 5 < h—1, let

)

Then, using partial fractions and these r; values, we can compute that [2"]
to

h+1
1 +

rj = g—j2%3(h+1)/h (Cj<§) h

1 .
W 1S equal

Therefore, we have obtained a Binet-type formula for generalized Fibonacci numbers.

4.1. A Formula for Tetranacci Numbers. To provide a concrete example of how one
would use these roots to compute generalized Fibonacci numbers, we provide the calculation
of the formula for the case of the Tetranacci numbers.
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Tetranacci numbers correspond to h = 4, so the five roots are (as calculated by a computer):

1. /1
5Bs (§> — 0.518790063675884,

=248, () ) =1,

5, .1
— 218, /4< ( )4> T = 0.114070631164587 — 1.216746003974351,
i

=

1 —
:—24[5’5/4< <2> ) " = ~1.20064880134671,

1 5. _1
ry = 12%35/4( - z<§> 4) T = 0.114070631164587 + 1.216746003974354.

Using these roots and the initial values, we can determine the values of A, B, C', D, and F in
the expression

up=A-r;"+B-ry"+C-r{"+D-ry"+E-r3".
Again using a computer, we find that these are given by
A = 0.293813062773642
B=0
C = —0.0504502052166080 — 0.1696819028815647
D = —0.192912652340427
E = —0.0504502052166080 + 0.1696819028815644

Therefore, the nth Tetranacci number can be calculated via the formula:

0.293813062773642 0.0504502052166080 + 0.1696819028815641
Uy = —
" (0.518790063675884)"  (—0.114070631164587 — 1.216746003974354 )"
0.192912652340427 —0.0504502052166080 + 0.1696819028815641

B (—1.29064880134671)" * (—0.114070631164587 + 1.216746003974357)™

Analogous computations provide similar formulas for other generalized Fibonacci numbers.
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