FIBONACCI GRAPHS

STEVEN J. TEDFORD

ABSTRACT. By considering the Fibonacci numbers combinatorially, as counting the number
of tilings of a strip of blocks with squares and dominoes, we introduce a graph that represents
the sequence of Fibonacci numbers. Additionally, we consider individual graphs representing
each Fibonacci number. Finally, we consider the graphic structure of these Fibonacci graphs
and show how certain graphic properties relate to some well-known identities of the Fibonacci
numbers.

1. INTRODUCTION

Having been studied for centuries, the Fibonacci numbers are one of the better-known inte-
ger sequences. Countless books and articles have been published about this number sequence
and its many different generalizations, [4, 1, 5] for example. In an attempt to understand the
many different properties this sequence possesses, people have studied them using a variety of
approaches and techniques, including matrix methods, analysis, and combinatorial arguments.
Despite this long history, the idea of using a graph to represent the sequence has not been
explored.

We attempt to rectify this situation by introducing an infinite graph that represents the
entire Fibonacci sequence. In addition, we introduce a collection of graphs, where each graph
represents a Fibonacci number. After introducing these graphs, and showing how they relate
to the Fibonacci numbers, we next consider the relationship between properties of the graphs
and the corresponding properties of the Fibonacci sequence. Although we do not use these
graphs to obtain any additional identities for the Fibonacci sequence, we hope that they can
be used in the future to determine new identities, or new combinatorial proofs for already
known identities.

2. THE FIBONACCI GRAPHS

In addition to the recursive definition of the Fibonacci numbers
Fo=0, FA=1, and F;,, = F,,_1 + Fj,_o for n > 1,

there are a variety of additional equivalent definitions for the Fibonacci numbers. One such
definition of interest will be the combinatorial definition involving coverings by squares and
dominoes.

Let f,, be the number of ways to tile a strip of n blocks with squares and dominoes. It is a
standard exercise to show that f, = F,11. For example, for n = 5, the set of all tilings of a
5-strip is {s°, s3d, s2ds, sds?, ds>, sd?,dsd, d*s}, where s denotes a square tile and d denotes a
domino. Notice that there are eight such tilings and Fgz = 8. See [2] for explanations regarding
this particular definition of f,.

To construct the infinite graph Fib, we will use the collection of all such tilings as the set
of vertices. We let W denote the set of all words, including the empty word (1), in symbols s
and d:

W ={1,s,d,s% 53 sd,ds,d* s, s°d, sds,ds?,...}.
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Considering the elements of W as tilings of strips of blocks, it is natural for each s in the word
to contribute one to the length and each d to contribute two to the length of the word. With
this in mind, we define:

Definition 2.1. Given w € W, the length of w, |w|, is defined to be |w| = ns(w) + 2ng(w),
where ng(w) is the number of times s appears in w and ng(w) is the number of times d appears
mw.

Additionally, there are some natural “moves” to translate one word in W into another word
in W:

Definition 2.2. Given w,w’ € W, we will say that w and w' are adjacent if and only if one

of the following holds:
(1) w = wysdws and w' = widsws with wi,ws € W (adjacent s and d switch order).

(2) w = widws and w' = wys?wy with wi,ws € W (a d is converted to s2).

(3) |w| < |w'| and W' = wwy for some wy €W (w is a prefix of W').

(4) |w| < |w'|, w =w1s and W' = widws for some wi,we €W (an s at the end of a word
is switched to a d and is the prefix of the longer word).

With this definition, we define the graph Fib as follows:

Definition 2.3. The graph Fib consists of the vertex set V.=W and edge set E, where two
words in W will share an edge if they are adjacent.

If e is an edge between u and v and |u| = |v|, then we will call e a horizontal edge. If e is
an edge between u and v and |u| < |v|, then we will call e a vertical edge. The beginning of
Fib is shown in Figure 1 with horizontal edges shown as solid edges and vertical edges shown
as dashed edges.

FIGURE 1. Beginning of Fib

We assume that the reader has an understanding of basic graph theory concepts. We
recommend [3] by Chartrand and Lesniak for the basic definitions of graph theory. One
notation that we will repeatedly use is that of an induced subgraph.

Definition 2.4. If G is a graph and U is a subset of the vertices of G, then G[U] will denote
the subgraph of G induced by U.
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Certain induced subgraphs of Fib will be useful to consider, in particular, the subgraphs
that represent each individual Fibonacci number. We will let W,, denote the set of all words
of length n. We will denote the subgraph of Fib induced by the words of length n by Fib,, =
Fib[W,]. Some examples of Fib,, for various values on n are shown in Figure 2. It will also be
convenient to consider Fib restricted to words of a few different lengths. For this reason, we
will use Fib,, ,, to denoted the graph Fib[W,, UW,]. Finally, we will denote the subgraph of
Fib induced by words of length at most n by Fiby,.

3. PROPERTIES OF THE FIBONACCI GRAPHS

We first consider the number of vertices in each Fib,,. Clearly, |V (Fibg)| = 1 and |V (Fiby)| =
1. For n > 2, we partition W, into two subsets: V} = {ws | w € W,,_1} and Vo = {wd | w €
Wiy—a}. Clearly, V(Fib,,) = V1 UV, and Vi NV, = ). Therefore, |V (Fiby,)| = |V4|+|Va|. Using
an inductive argument, it is also clear that |Vi| = f,—1 and |Va| = f,,—2. Thus, |V (Fib,)| = f,.
This justifies the name of the graphs Fib and Fib,,.

We next consider some additional properties of the Fibonacci graphs Fib and Fib,,. Most of
these properties reflect a similar property for the Fibonacci numbers. The combinatorial proof
of these properties for the Fibonacci numbers is the idea that underlies the proof for these
graphic properties. The combinatorial proof for these properties of Fibonacci numbers can be
found in [2]. Where possible, we will indicate the identity number from [2] that corresponds
to the graphic property. Before considering these properties, we need a few additional graph
theoretical definitions.

It is obvious that Fib,[V4] & Fib,,—; and Fib,[V5] = Fib,_s. Additionally, we need the
following two definitions.

Definition 3.1. Suppose G and H are graphs with vertex sets V and U, respectively. We
define the product GOH to be the graph with vertex set V- x U and has (v,u) adjacent to
(', u’) if and only if v ="1" and u adjacent to u' in H or uw =u' and v adjacent to v’ in G.

Definition 3.2. Suppose G, H1,Hs,...,H, are graphs. We will say that G has partition
type (Hy,Hs,...,H,), G~ (Hy,Hs,...,H,), if there exists a partition (Uy,Us,...,U,) of
the vertex set of G such that for alli=1,...,n, G|U;] = H;.

As the partition type of a graph has not been previously defined, we give an example of this
concept:

FiGure 2. Fib,,
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Example 3.3. Both Cy and K4 have partition type (Py, Pa):

3.1. Fibonacci Identities. Many of the structural properties of Fib,, and the other various
Fibonacci graphs arise from identities involving the Fibonacci numbers f,,. The combinatorial
proofs of these identities are often the basis for the proofs of the structural properties. To
emphasize this relationship, we note the Fibonacci identities that we will mimic to determine
the properties of the Fibonacci graphs. Each of these identities — with either their proofs or
hints regarding their proofs — can be found in [2].

We now mention each identity, with its identity number from [2].

Proposition 3.4 (Identity 3). For m,n >0, fm+n = finfn + frm—-1fn-1-
Proposition 3.5 (Identity 13). Forn >0, f2+ fflﬂ = fonta-
Proposition 3.6 (Identity 1). Forn >0, fo+ fi+ fo+ -+ fn = fo+2 — 1.

(
(
Proposition 3.7 (Identity 2). Forn >0, fo+ fo+ fa+ -+ fon = fon+1-
Proposition 3.8 (Identity 7). Forn > 1, 3f, = fai2 + fa—2.

(

Proposition 3.9 (Identity 6). Forn >0, fon—1 =Y p_1 (7)fe-1.
Proposition 3.10 (Identity 9). Forn >0, Y7o f2 = fafnt1-
Proposition 3.11 (Identity 15). For n >0, fop+2 = fatr1fn+2 — fa—1fn-

We now consider properties of Fib, Fib,, and related graphs. We begin with properties of
Fib,,.

3.2. Properties of Fib,. The first thing we consider is the number of edges contained in
Fib,,.

If we let E,, be the number of edges in Fib,,, then Fy = 0, £; = 0, and Fs = 1. Considering
V1 and V5 as before, E,, = E,_1 + E,_o+ B, where B is the number of edges between V; and
Va. Figure 3 shows an example of Fibs with the edges in B indicated with dashed lines.

Suppose u € V. Then, u = wys? or u = wids. If u = w;s%, then there is an edge between u
and wyd € V5. Similarly, if u = wids, then there is an edge between uw and wysd € V5. Thus,
each vertex u € V; has exactly one edge to a vertex in V5. Therefore, B = |Vi| = F,,_

By combining these facts, with standard solution methods for solving recursive equations,
it is straightforward to prove the following results about the number of edges in Fib,:

Theorem 3.12. Suppose E,, is the number of edges in Fib,, with n > 0. Then,
(1) Ey=0,E1=0,and forn>2, E,=E, 1+ E, o+ fao_1.
(2)

n—2
E, = Zfl *fn—1-i-
i=0
()Ifoz—ﬂandﬁ \/_ then

(n(5+v5) — 6)a™ — (n(5 — v5) — 6)5"
10v/5 '
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s3d

dsd

dsd
[

FIGURE 4. Fibg has partition type (Fibs O Fibs, Fiby O Fibs)

From the work counting the number of edges in Fib,,, we have already proven the following;:
Lemma 3.13. Forn > 0, Fib,, ~ (Fib,_1,Fib,,_2).

Next, we consider some additional properties of the Fibonacci graphs Fib,,. As appropriate,
we will indicate the Proposition that is the basis of each property after the statement of each
lemma.

Lemma 3.14. Forn > 0 and 0 < k < n, Fib,, ~ (Fiby OFib,,_, Fiby_1 OFib,_r_1). [Propo-
sition 3.4
Proof. We partition W, into two subsets:

A = {weW, | w=w; - ws with w; € Wy and wy € W,,_}

B = {weW,|w=w d-wy with wy € Wi_1 and wy € W,,_p_1}
Clearly, W,, = AU B. The result will be proven if Fib,[A] = Fiby OFib,_; and if Fib, [B] =
Fiby_1 OFib,_p_1.

Suppose w,v € A share an edge. If w = wy - wo and v = vy - v9, then this implies that
either w; = vy and we and vy are adjacent or we = vo and w; and vy are adjacent. This
implies that Fib,[A] = Fiby OFib,,_k. Similarly, Fib, [B] = Fiby_; OFib,__1. Thus, Fib,, ~
(Fibg OFib,,_g, Fibgy_1 OFib,_g_1). O

Figure 4 shows Fibg with the given partition type exhibited. As a quick application of

Lemma 3.14, if the length of the word is 2n + 2 and £k = n + 1, then we obtain the following
corollary:
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Corollary 3.15. Forn > 0, Fiby,19 ~ (Fib,, OFib,, Fib,, 11 OFib,+1). [Proposition 3.5]
Next, we consider the partition type of Fib,, 1o for n > 0.
Proposition 3.16. For n > 0, Fib,.o ~ (Kj,Fibg, Fiby, Fib,, ..., Fib,). [Proposition 3.6]

Proof. We partition W, 1o into subsets depending on the location of the final d. We let A_; =
{s"2} and A; = {wds"™" | w € W;} for i = 0,1,...,n. Clearly, Wy42 = U | A;. Tt is clear
that Fib[A_;] = K. Similarly, by the definition of A; for 0 < i < n, Fib[A;] = Fib[W;] = Fib;.
Combining these facts, Fib,, ~ (K7, Fibg, Fiby, ..., Fiby,). O

From the last property of this section, we consider the partition type of Fib,, for odd n.
Proposition 3.17. For n > 0, Fibg, 1 ~ (K1, Fibg, Fiby, ..., Fibg,). [Propsition 3.7]

Proof. Suppose n > 0. Since 2n + 1 is odd, every word in Wh,+1 must contain at least one
s. We partition Wh,,+1 into subsets depending on the location of the last s that occurs in the
word. The subword before this occurrence of s must have an even length, and the subword
after this occurrence of s must consist of a power of d. We let By; = {wsd"™* | w € Wy;} for
i=0,1,2,...,n. Clearly, Fibg,4+1 ~ (Fib[By], Fib[Bs], ..., Fib[Ba,]). Additionally, Fib[By;] &
Fib[Wy;] & Fiby;, thus proving the result. O

3.3. Properties of Fib. We now consider properties of the graph Fib. We start by considering
an infinite graph that occurs as an induced subgraph of Fib.

Lemma 3.18. Fib contains an infinite number of copies of Fib as induced subgraphs.

Proof. Suppose w € W. Define V,, = {ww’ | w' € W}. Consider the induced subgraph
Fib[V,]. Clearly, Fib[V,,] = Fib. Therefore, because W is infinite, Fib contains an infinite
number of induced subgraphs isomorphic to Fib itself. O

Lemma 3.19. Fib,, OFib is an induced subgraph of Fib for every n > 0.

Proof. Let n > 0 be given. Similar to the proof of Lemma 3.14, we define A ={w e W | w =
wy - we with wy € W, }. We show that Fib[A] = Fib,, O Fib.

Suppose v, w € Fib[A] with v and w adjacent. Since v = v1v2, v1 € W,, and w = wiwe,
wy, € W, either v; is adjacent to wq in W,, with vo = ws, or v1 = wy and vy is adjacent to wo
in W. Thus, Fib[A] = Fib,, OFib. O

Proposition 3.20. For every n > 0, Fib ~ (Fib[n_l},Fibn OFib, Fib,,—; OFib).
Proof. Let n > 0. We partition W into 3 sets:
A = {weW] |w| <n-1}

B = {weW|w=w; - we with w; € W, }

C = {weW|w=wdws with wy € W,_1}.
Using the previous proof, Fib[N] = Fib,, O Fib, Fib[C] = Fib,_; OFib, and Fib[A] = Fiby,_;
by definition. Thus, Fib ~ (Fiby,_y), Fib, OFib, Fib,, 1 O Fib). O

3.4. Properties of Fib,, ,. Next, we consider the structure of Fib over a few levels together.
We begin by considering when n —m = 4.

Proposition 3.21. For n > 2, Fib,_3 12 ~ (Fib,, Fib,,Fib,). [Proposition 3.8]
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Proof. We partition W, _o U W,,19 into three subsets:

Vi = {fweWyo|w= wlsz}

Vo = {w S Wn+2 ’ w = wld}

Vs = {w € Whta | w = wlds} UW,_o
Clearly, Fib[V;] & Fib,, and Fib[V5] = Fib,,. All that remains is to show that Fib[V3] 2 Fib,,.
Clearly, Fib[V3] has f, vertices. We associate each element of V3 with a word of length n
and then we will show that two words are adjacent in Fib,_o ,42[V3] if and only if their

corresponding words are adjacent in Fib,. We associate w € W,_o with wd € W, and
wds € Whyyo with ws € W,.

w1 € Wy_o Flb[Vg] wods € Wi+t2
wid € Wy, Fib,, wos € W,

We consider the nonobvious cases.
Assume that wid is adjacent to wses in Fib,. This implies that either ws = wys or that
w; = wis and wy = wid. For each case, we have the following diagrams:

wl ............... wlSdS Fib[‘/g] wiS ............... wid28
wyd w1 82 Fib,, whsd ~—~ wids

In either of these cases, from the definition of Fib, wy is adjacent to wads.

Now, assume that w; is adjacent to wads in Fib[V3]. Since |wi| = n —2 and |weds| = n+ 2,
this implies that |we| = |wi| + 1. We consider the cases. From the definition of Fib, either
wy = w1 s or wy = wis and we = wid. In either case, we have the following diagrams:

Wy~~~ wisds Fib[V3] wys ~—~ wid?s
W e w82 Fib,, WY Sd e wids

In both of these cases, wid is adjacent to wes in Fib,. Thus, Fib[V3] = Fib,. Therefore,
Fiby,—9 42 ~ (Fib,, Fib,, Fiby,). O

Finally, we consider the structure of Fib,, , with n —m = 3.
Proposition 3.22. For n > 2, Fib,_3 41 ~ (Fiby,, Fib,). [Proposition 3.9]

Proof. As above, we partition W,,_o U W, 41 into two subsets. Let Vi = {ws | ws € W41}
and Vo = {wd | wd € Wy11} UW,_a. It is clear that Fib[Vj] & Fib,,, so all that remains is
to show that Fib[V5] = Fib,, as well. As before, we will define an association between each
element in V5 and a word in W,,. We associate w1 € W, _o with wid € W,, and wad € Wy 11
with wes € W,.

wy € Wh—9 Fib[Vg] wad € Wn+1
wid € W, Fib,, was € W,
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As in the previous proof, we need to show that w; and wsd are adjacent in Fib if and only
if wid and wes are adjacent in Fib,. Again, we consider the nonobvious cases. Suppose first
that w1d and wes are adjacent in Fib,. This can occur if we = wys, or if w; = wis and
we = wd. Considering the diagrams:

IR wy sd Fib[V3] W w’1d2
wid w82 Fib,, whsd ~—~ wids

In either case, w; and wyd are adjacent in Fib[V3].

Now, suppose w; and wad are adjacent in Fib[V3]. This implies, since |w;| = |wad| — 3, that
|wi| = |wa| — 1. Either wy = wys or w; = w}s and wy = wid. For either case, we consider the
diagrams:

Wy ~~—~ wisd Fib[V5] wis ~—~ wid?

J;d .............. w82 Fib,, TR wids
In either case, wyd is adjacent to wys in Fib,. Thus, Fib[V3] = Fib,. This implies that
Fiby_2n41 ~ (Fiby, Fiby). 0

3.5. Properties of Fib, [JFib,,. We finish with the properties of the product of two Fi-
bonacci graphs. For these products, some of the properties that hold for the Fibonacci se-
quence no longer hold for the graphs because the graphic structure is not preserved.

When considering the structure of Fib,, (0 Fib,,, it will be helpful to introduce the idea of a
common fault between two words u € W,, and v € W,,.

Definition 3.23. Given u € W,, and v € W,,,, u and v will be said to have a common fault
at position i if u = ujus and v = vivy with uy, vy = W;.

Proposition 3.24. For n > 0, Fib,, OFib,,41 ~ (Fibg OFibg, Fiby OFiby,...,Fib, OFib,).
[Proposition 3.10]

Proof. Since for w € W,, and v’ € W,11, w = lw and v’ = 1w’, they both have a common
fault at position 0. Therefore, every pair of words shares at least one common fault. We group
pairs of words depending on the location of the final common fault. For £k =0, ..., n, define

By = {(w,w") € W, x W41 | w and w' have a final common fault at position k}.

Clearly, Wy, UWp 11 = Uj—o Bk-
Suppose (w,w’) € Bg. Without loss of generality, assume n — k is even. This implies that
w = w1 d™ /2 and w' = wisd™ /2 for wy,w| € Wj,. Thus,

(Fib,, OFiby,11)[Bk] = Fib,[Wg]O Fiby,+1[Wk| = Fibg O Fiby, .
Combining these facts,
Fib,, OFib,4+1 ~ (Fibg dFibg, Fib; OFiby, ..., Fib, OFib,).

Our final proposition does not translate exactly from the identity on which it is based:

Proposition 3.25. Forn > 0, Fib, 11 OFib,49 ~
(Fib,, OFib,, 49, Fib,_1 OFib,, 11, Fib,_1 OFib,). [Proposition 3.11]
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Proof. To prove this proposition, we will partition Wy,4+1 X W,, 12 into three sets and show the
appropriate isomorphisms for the three induced subgraphs. Define the sets A, B, and C as
follows:

A = {(w,w') € Whi1 X Whio | w = wys}
B = {(w,w") € Wyi1 X Wyaa | w = wad and v’ = ws}
C = {(w,w") € Wyt1 x Whia | w = wad and w' = whd}
Clearly, wy € Wy, wa € Wy_1, W) € Wy1, and wh € W,. Thus,
(Fibps1 OFibyy0)[A] = Fibyyt [We]OFibpso[Waia] = Fib, OFiby s
(Fibyy1 OFiby0)[B] = Fibyp1[Wa_1]0Fibpya[Wat1] 2 Fiby_1 O Fibyy
(Fibps1 OFibyy2)[C] = Fibpy1[Who1]OFibyyo[W,] = Fib,_; OFib,

This implies that
Fib,,+1 OFiby,4o ~ (Fib, OFib, 49, Fib,_1 OFib, 1, Fib,_1 OFib,).
O

Proposition 3.11 (Identity 15 from [2]) states that fni1fnt2 = fonto + frn—1fn. However,
when considering the structure of G = (Fib,4; OFib,42)[AU B], there are the correct number
of vertices, but there are some words that are adjacent in Fibg, o that are not adjacent in G.
This shows that the structure of Fib is more restrictive than the corresponding identities for
the Fibonacci sequence (a result that is not surprising).

By adding a graphic structure to the sequence of Fibonacci numbers, we have been able to
apply known Fibonacci identities to develop structural properties of these graphs. There is
potential for this relationship to go in the other direction. Hopefully, structure properties of
Fib and Fib,, will lead to new identities for the Fibonacci sequence.

Additionally, this technique can be applied to other number sequences that have a combi-
natorial interpretation. Applying this approach and relating graphic properties to sequence
identities for a variety of other number sequences is the topic of a future paper.
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