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ABSTRACT. Let u(a,b) be a Lucas sequence satisfying the second-order recursion relation
Un+2 = QUp+1 + bun, where b = +1, a is an integer, and up = 0 and w1 = 1. Let m be a
positive integer, and let 7(m) denote the period of u(a,b) modulo m, and p(m) denote the
restricted period of u(a,b) modulo m. It is shown that iterates of w(m) and p(m) end in
either a fixed point or a cycle of length two, and all these possible fixed points and two-cycles
are explicitly determined.

1. INTRODUCTION

In the paper [4], Fulton and Morris studied the iteration of the period of the Fibonacci
sequence modulo m, where m is a positive integer. We will extend their results to certain
second-order linear recurring sequences. We will also obtain similar results for the iteration
of the restricted period modulo m. In [4], the authors showed that the process of iterating
the period modulo m of the Fibonacci sequence always ends in a fixed point. For particular
second-order recurrences, we will demonstrate that the iteration of the period or restricted
period modulo m always terminates in either a fixed point or a cycle of length two.

Let (w) = w(a,b) denote the sequence satisfying the second-order linear recursion relation

Wpto = QW1 + bwy, (1.1)

where the initial terms wg and wy, and the parameters a and b are all integers. We distinguish
two recurrences satisfying (1.1), the Lucas sequence of the first kind (LSFK) (u) = u(a,b)
with initial terms ug = 0 and u; = 1, and the Lucas sequence of the second kind (LSSK)
(v) = v(a,b) with initial terms vy = 2 and v; = a.

Associated with the recurrence w(a,b) is the characteristic polynomial

fx)=2%—ax—b (1.2)

with characteristic roots a and 8 and discriminant D = a? + 4b = (a — 3)2. By the Binet
formulas,

vy =a" 4+ g%, if D #£0, (1.3)

whereas
up =na™ L, v, =2a", if D=0, (1.4)
where « is an integer if D = 0.

Throughout this article, p will denote a prime and m will denote a positive integer. In
this paper, we will extend the results given in [4] from the Fibonacci sequence u(1,1) to the
LSFK u(a,+1). It is known (see [3, pp. 344-345]) that if ged(m,b) = 1, then w(a,b) is purely
periodic modulo m.

Clearly, if w(a,b) is purely periodic modulo m, then w(a,b) is purely periodic modulo p
for each prime divisor p of m. It is easy to see that if u(a,b) is purely periodic modulo p,
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then ged(p,b) = 1. It now follows that u(a,b) is purely periodic modulo m if and only if
ged(m, b) = 1. From here on, we always assume that

ged(m, b) = 1.

The (least) period of w(a,b) modulo m, denoted by 7, (m), is the least positive integer r
such that
Wptr = W, (mod m)
for all n > 0. We will usually consider the period m,(m) of the LSFK wu(a,b). Because we
desire u(a, b) to be purely periodic modulo m for all m, we will frequently only consider LSFK’s
u(a,b) for which b = £1. The (least) restricted period p,(m) of w(a,b) modulo m is the least
positive integer s such that

Wnts = Mw, (mod m) (1.5)

for all n > 0 and some integer M such that ged(M,m) = 1. Here, M = M,,(m) is called the
multiplier of w(a,b) modulo m. Because u(a,b) is purely periodic modulo m and has initial
terms ug = 0, up = 1, it is easily seen that m,(p) is the least positive integer r such that

ur =0, upp1 =1 (mod m), (1.6)
whereas p,(m) is the smallest positive integer s such that
us =0 (mod m). (1.7)
It is proved in [3, pp.354-355] that p,,(m) | m,(m). Let

Eyp(m) = Z:Eg . (1.8)

Then by [3, pp. 354-355], E,(m) is the multiplicative order of the multiplier M,,(m) modulo
m. By repeated applications of (1.5), we see that if p = p,,(m), then

Wyt pi = M'w,,  (mod m) (1.9)

foralln>0and ¢ > 1.
It is clear that if 7% (m) is a general period of w(a,b) modulo m and pf, is a general restricted
period of w(a,b) modulo m, then

mw(m) | m,(m) and  py(m) | p,(m). (1.10)

We say that 7'(m) is a fundamental period of w(a,b) modulo m if 7'(m) is the least posi-
tive integer that is a general period for all recurrences w’(a,b) modulo m. The fundamental
restricted period p'(m) of w(a,b) modulo m is defined similarly.

The following proposition gives a relation between the period and restricted period of u(a, b)
modulo m and the corresponding arithmetical functions of w(a,b) modulo m.

Proposition 1.1. Consider the recurrence w(a,b) and the LSFK u(a,b) modulo m. Then,
7, (m) is the fundamental period of w(a,b) modulo m, and p,(m) is the fundamental restricted
period of w(a,b) modulo m.

Proof. 1t follows by induction that
Wy, = buy,_1wo + upw (1.11)

for all n > 0. The result now follows. O
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By virtue of Proposition 1.1, we see that results about iterations of the period and restricted
period of the LSFK wu(a,b) modulo m also give results about iterations of the fundamental
period and fundamental restricted period of the general recurrence w(a,b) modulo m. Accord-
ingly, we will largely consider only the LSFK w(a,b) in this paper. When the LSFK wu(a,b)
is understood, we will frequently write m(m), p(m), and E(m), rather than m,(m), p,(m),

and E,(m). Given the LSFK u(a,b), we let 7(m) = n(n(m)) and 7't (m) = n(n"(m)) for
i=2,3.... We define p'(m) similarly for i > 2.

Lemma 1.2 below follows from the Binet formulas (1.3) and (1.4).
Lemma 1.2. Consider the LSFK u(a,b) and the LSSK v(a,b).

(i) u2n = Upvp.
(ii) Up4+1 = bu% + u%H.
(iii) vo, = v2 — 2(—b)".

For future reference, we list the first few terms of u(a,b) and v(a,b):

vo =2, v1 = a, va = a® +2b, v3 = a(a® + 3b), vy = (a® + 2b)* — 2b%. (1.12)

ug =0, up =1, ug = a, U3:a2+b,
ug = ugvy = a(a® + 2b), us = bui +u3 = a’b + (a® + b)?, (1.13)
ug = uzvz = a(a® + b)(a® + 3b), ur = bul +u? = b(a® +b)? + a*(a® + 20)°.

The LSFK u(a,b) with characteristic roots « and f is said to be degenerate if aff = 0 or
a/f is a root of unity. It follows from (1.3) that u, = 0 for n > 0 only if u(a, b) is degenerate.
Theorem 1.3 characterizes the degenerate LSFK’s u(a,b) when b = £1.

Theorem 1.3. Consider the LSFK u(a,b), where b = +1.
(i) u(a,b) is degenerate if and only if (a,b) = (0,1), (0,—1), (1,-1), (—=1,-1), (2,—-1),

or (—=2,-1).
(i) If (a,b) = (0,1), then ugy =0, ugyy1 =1 forn > 0.
(iii) If (a,b) = (0,—1), then ugy = Ugni2 =0, Ugpi1 = 1, Ugpt3 = —1 forn > 0.
(iv) If (a,b) = (1,—1), then us, = uen+3 = 0, Uen+1 = Uent2 = 1, Usnta = Upnys = —1 for
n>0
(v) If (a,b) = (—1,—-1), then ug, =0, ugp+1 =1, ugpyo = —1 for n > 0.
(vi) If (a,b) = (2,-1), thena = =1, D =0, and u, =n forn > 0.
(vii) If (a,b) = (—2,—1), thena =3 = —1, D =0, and u, = (—1)""'n forn > 0.
Proof. Part (i) follows from [7, p.613]. Parts (ii)—(v) follow by induction. Parts (vi) and (vii)
follow from (1.4). O

2. THE MAIN THEOREMS

The following theorems present results about the iterations of the functions p(m) and 7(m)
given the LSFK u(a,+1). We say that m is a fixed point of 7 if w(m) = m. Thus in this case,
7t(m) = m for all i > 1. Fixed points of p are defined similarly. Theorem 2.1 treats the case
in which u(a, 1) is degenerate.

Theorem 2.1. Suppose that u(a,b) is degenerate, where b = +1.

(1) If (a,b) = (0,1), then the only fized points of both p and ® are 1 and 2. Moreover,
p(m) =m(m) =2 form > 2.
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(i1) If (a,b) = (0,—1), then the only fized points of p are 1 and 2, whereas the only fized
points of w are 1, 2, and 4. Further, p(m) =2 for m > 2, and w(m) =4 for m > 3.

(i) If (a,b) = (1,—1), then the only fized points of p are 1 and 3, whereas the only fized
points of m are 1 and 6. Moreover, p(m) = 3 for all m > 3. Further, n(2) = 3 and
7(m) =6 for all m > 3. In particular, if m > 2, then ©*(m) = 6 for all i > 2.

(iv) If (a,b) = (—1,—1), then the only fized points of both p and m are 1 and 3. Moreover,
p(m) =mn(m) =3 for all m > 2.

(v) If (a,b) = (2,—1), then p(m) = w(m) = m for m > 1. In particular, each positive
integer m is a fized point of both p and w.

(vi) If (a,b) = (=2,—1), then p(m) = m for m > 1. Further, m(m) =m if m =1 or m
is even, and w(m) = 2m if m > 3 is odd. In particular, m is a fized point of p for
m > 1, and m is a fived point of © if and only if m = 1 or m is even. Furthermore,
7'(m) =m for alli > 1 if m =1 or m is even, whereas ©*(m) = 2m for all i > 2 if
m > 3 is odd.

Theorem 2.1 follows immediately from Theorem 1.3.

From now on, we will always assume that the LSFK wu(a,b) is nondegenerate. Given the
LSFK u(a,b) and the positive integer m, we let w = w(m) denote the least positive integer k
such that 7*+1(m) = 7'(m) for some i such that 1 <4 < k. We similarly define § = §(m) to
be the least positive integer £ such that p*1(m) = p7(m) for some j such that 1 < j < ¢. In
Theorems 2.4 and 2.5, we will see that w(m) and 6(m) exist for all m > 1 and that

P (m) = p’(m) or p’~'(m), (2.1)

whereas
“=L(m). (2.2)

Thus, the process of iterating p(m) or m(m) always ends in either a fixed point or a cycle of
length 2.

In Theorems 2.2-2.5, given the LSFK wu(a,£1) with discriminant D, we let R > 1 denote
an arbitrary integer for which all of its prime divisors are greater than or equal to 5 and divide
D. Moreover, given the LSFK u(a, —1) with discriminant D = a? — 4 = (a — 2)(a + 2), we
let S > 1 and T > 1, be arbitrary integers such that each prime divisor of both S and T is
greater than or equal to 5 and divides D, and additionally, p | S implies that p | a —2, whereas
p | T implies that p | a + 2. Furthermore, € will denote an element in {0,1}. The proofs of
Theorems 2.2-2.5 will be given in Section 4.

T (m) = 7¥(m) or =«

Theorem 2.2. (Fixed-point theorem for u(a,1).) Let u(a,1) be a nondegenerate LSFK.
Then the following hold:

(i) If a = +£1 (mod 6), then the only fixed points of p are 12°R, R > 1, whereas the only
fized points of m are 1 and 24R, where R > 1.

(i1) If a = 3 (mod 6), then the only fized points of p are 6°R, R > 1, whereas the only
fized points of m are 6° and 12R, where R > 1.

(iii) If @ = 2 (mod 4), then the only fived points of p are 2'R, where i > 0 and R > 1,
whereas the only fived points of m are 2° and 2R, j > 2, R > 1.

(iv) If a = 0 (mod 4), then the only fized points of p are 2°R, where R > 1, whereas the
only fized points of m are 2° and 4R, where R > 1.

Theorem 2.3. (Fixed-point theorem for wu(a,—1).) Let u(a,—1) be a nondegenerate
LSFK. Then the following hold:
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(i) If a = 5 or 11 (mod 18), then the only fived points of p are 3'R, where i > 0 and
R > 1, whereas the only fived points of m are 3'S,i >0, S > 1, and 2-3ST, j > 1,
S>1,T>1.

(ii) If a = 7 or 13 (mod 18), then the only fized points of p are 3'R, where i > 0 and
R > 1, whereas the only fized points of m are S > 1 and 2 -3/ ST, where j > 1, S > 1,
and T > 1.

(iii) If @ = 17 (mod 18), then the only fized points of p are 3R, R > 1, whereas the only
fixed points of w are 35S, S > 1, and 65T, S>1,T>1, R> 1.

(iv) If a = 1 (mod 18), then the only fized points of p are 3R, R > 1, whereas the only
fixed points of m are S > 1 and 65T, where S > 1 and T > 1.

(v) Ifa =2 or 14 (mod 36), then the only fized points of p are 2°3' R, where i >0, j > 0,
R > 1, whereas the only fized points of m are 35S, j > 0, S > 1, and 2'3/ ST, where
1>21,7>20,5>1,andT > 1.

(vi) Ifa =22 or 34 (mod 36), then the only fized points of p are 2'3' R, where i >0, j > 0,
R > 1, whereas the only fixed points of ™ are S > 1 and 237 ST, where i > 1, j > 0,
S>1,andT > 1.

(vii) If a = 26 (mod 36), then the only fized points of p are 2'3°R, where i >0 and R > 1,
whereas the only fized points of ™ are 3°S, S > 1, and 2°3°ST, where i > 1, S > 1,
and T > 1.

(viii) If @ = 10 (mod 36), then the only fized points of p are 2'3°R, where i > 0 and R > 1,
whereas the only fized points of ® are S > 1 and 2'3°ST, where i > 1, S > 1, and
T>1.

(ix) If a = 20 or 32 (mod 36), then the only fized points of p are 253/ R, where j > 0 and
R > 1, whereas the only fized points of m are 3/S, where j > 1 and S > 1, and 237 ST,
where i € {1,2}, 7 >0, S >1, and T > 1.

(x) If a = 4 or 16 (mod 36), then the only fized points of p are 2°3/ R, where j > 0 and
R > 1, whereas the only fived points of ™ are S > 1 and 2!37ST, where i € {1,2},
j>0,5>1, andT > 1.

(xi) If a = 8 (mod 36), then the only fized points of p are 2°132R, where 1,e9 € {0,1}
and R > 1, whereas the only fized points of ™ are 3°S, S > 1, and 2!3°ST, where
ie{l,2}, S>1,and T > 1.

(xii) If a = 28 (mod 36), then the only fized points of p are 2°13°2 R, where 1,9 € {0,1},
whereas the only fized points of ™ are S > 1 and 2'3°ST, where i € {1,2}, S > 1, and
T>1.

(xiii) If a = 3 (mod 6), then the only fixed points of p are 6°R, R > 1, whereas the only
fixed points of m are S > 1 and 125T, where S > 1 and T > 1.

(xiv) If a = 6 (mod 12), then the only fized points of p are 2'R, where i > 0 and R > 1,
whereas the only fized points of m are S > 1 and 2'ST, wherei >1, S > 1, and T > 1.

(xv) If a =0 (mod 12), then the only fixed points of p are 2°R, where R > 1, whereas the
only fized points of m are S > 1 and 2'ST, where i € {1,2}, S >1, and T > 1.

Theorem 2.4. (Iteration theorem for u(a,1).) Let u(a,1) be a nondegenerate LSFK and
let m be a positive integer.

(i) If a # 3 (mod 6), then p°(m) = G1 and 7™ (m) = G, where Gy is one of the fized
points of p and Go is one of the fized points of m as given in Theorem 2.2.

(i) If a = 3 (mod 6), then pT1(m) = p®~1(m) = 2R and p°*%(m) = p’(m) = 3R, R > 1;
or pPTH(m) = p*~Y(m) = 3R and p’T2(m) = p’(m) = 2R, R > 1; or p’t(m) =
p%(m) = 6°R, R > 1. Moreover, n¥T (m) = 7%~ (m) = 2 and 7¥*2(m) = 7¥(m) = 3;
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or ™ (m) = 797 (m) = 3 and 7T2(m) = ™ (m) = 2; or 7T (m) = 7 (m) = 6°;
or T (m) = ¥ (m) = 12R, R > 1.

Theorem 2.5. (Iteration theorem for u(a,—1).) Let u(a,—1) be a nondegenerate LSFK
and let m be a positive integer.
(i) If a # 3 (mod 6), then p°(m) = Gz and 7™ (m) = G4, where G3 is one of the fized
points of p and G4 is one of the fized points of m as given in Theorem 2.3.
(i) Ifa =3 (mod 12), then p®+1(m) = p?~1(m) = 2R and p’T2(m) = p°(m) = 3R R>1;
or pPTH(m) = p*~Y(m) = 3R and p’T2(m) = p’(m) = 2R, R > 1; or p’tl(m) =
p’(m) = 6°R, R > 1. Further, 7T (m) = 7¥~Y(m) = 35 and 7T°J+2( ) = m¥(m) =
48, S > 1; or 7t (m) = 7¥~1(m) = 4S5 and ™%(m) = 7 (m) = 385, S > 1; or
vt (m) =¥ (m) =S5, S > 1; or 7t (m) = m¥(m) =128T, S > 1, T > 1.
(iii) Ifa =9 (mod 12), then p°T'(m) = p’~1(m) = 2R and p’*t?(m) = p°(m) = 3R, R
or p’tt(m) = p®~1(m) = 3R and p’*2(m) = p°(m) = 2R, R > 1; or p5+1(
p’(m) = 6°R, R > 1. Moreover, 7%+t (m) = 7¥(m) = S, S > 1; or n¥"(m
7(m) =128T, S$> 1, T > 1.

=

>
)
) =

3. AUXILIARY RESULTS
In this section, we provide results that will be needed for the proofs of Theorems 2.2-2.5.

Theorem 3.1. Consider the nondegenerate LSFK u(a,b). Then the following hold:
(i) If p12b, then p(p) | p — (D/p), where (D/p) is the Legendre symbol and (D/p) = 0 if
p|D.
(ii) If p 120D, then p(p) | (p — (D/p))/2 if and only if (=b/p) = 1.
(iii) If ptb and (D/p) =1, then w(p) |p— 1.
(iv) Suppose that p > 2 and p1bD. If q is a prime and q | p(p)w(p), then q¢ < p.
(v) Suppose that p t b. Let ¢ > 1 be the largest integer such that p(p®) = p(p). Then, c
exists. If p© # 2, then

p(p') = pm =0 p(p) (3.1)
fori>1. If p° = 2, let d be the largest positive integer such that p(4) = p(2%). Then,
d exists and
p(22) _ 2max(i+1—d,1)p(2) (32)
fori>2.
(vi) Suppose that p1b. Let e > 1 be the largest integer such that w(p¢) = w(p). Then, e
exists. If p® # 2, then

m(p') = p"> = On(p) (3.3)
fori > 1. Let p¢ =2 and let g be the largest integer such that w(4) = w(29). Then, g
exists and
7(24) = gmax(+l=9.1) 7 (9) (3.4)
fori>2.
(vii) If ged(mn,b) = 1, then
p([m,n]) = [p(m), p(n)] (3.5)
and
m([m,n]) = [x(m), 7(n)], (3.6)

where [m,n] denotes the least common multiple of the positive integers m and n.
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(viii) If ged(mn,b) = 1, then

and

fori>1.
(ix) p(1) = 7(1) = 1.

Proof. Parts (i) and (ii) are proved in [5, pp.423 and 441]. Part (iii) is proved in [2, pp. 44-45].

(iv) By part (i), p(p) | p£ 1. By (1.8) and the following discussion 7 (p) = E(p)p(p) and
E(p) = ordy(M(p)), where ordy,(n) denotes the multiplicative order of n modulo p. Hence,
E(p)|p—1. Thus, 7(p) | (p — 1)(p £ 1). The assertion follows.

(v) and (vi) Because u(a,b) is nondegenerate, u,, # 0 for n > 0. It now follows from (1.6)
and (1.7) that ¢, d, e, and g all exist. The rest of part (v) follows from Theorem X of [2],
whereas the remainder of part (vi) follows from [6, pp.619-620 and 627-628].

(vii) and (viii) We first note that if ged(mn,b) = 1, then wu(a,b) is purely periodic modulo
mn. Parts (vii) and (viii) now follow from (1.9).

(ix) It is evident that p(1) = 7(1) = 1. O

Theorem 3.2. Let u(a,b) be nondegenerate LSFK and let m > 2 be an integer such that
ged(m,b) = 1. Let h = ord,,(=b) = 2°K and p = p(m) = 2%/, where ' and p' are odd
integers. Let m = m(m) and H = [h, p].

(i) Either m =H orm=2H.
(ii) Suppose that m = p', where p is an odd prime and i > 1. If ¢ # d, then m = 2H. If
c=d>0, thenwm=H.

This is proved in Theorems 3 and 4 of [9].
We have the following immediate corollaries of Theorem 3.2 corresponding to the cases in
which b = £1.

Corollary 3.3. Consider the nondegenerate LSFK u(a,1) and let m > 2. Let E = E(m) =
w(m)/p(m) =m/p. Then the following hold:

(i) E=1,2, or4.

(ii) Suppose that m = p’, where p is an odd prime and i > 1.
(a) If p=2 (mod 4), then E = 1.
(b) If p=0 (mod 4), then E = 2.

(¢) If p=1 (mod 2), then E = 4.

Corollary 3.4. Consider the nondegenerate LSFK u(a,—1) and let m > 2. Let E = E(m) =
w(m)/p(m) = w/p. Then the following hold:
(i) E=1 or2.
(ii) Suppose that m = p', where p is an odd prime.
(a) If p=0 (mod 2), then E = 2.
(b) If p=1 (mod 2), then E =1 or 2.

Remark 3.5. We show that both possibilities for E can occur in part (ii)(b) of Corollary 3.4.
Consider the LSFK u(3,—1). Then p(13) = p(29) = 7, whereas 7(13) = 14 and 7(29) = 7.
Hence, E(29) = 1, whereas F(13) = 2.
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Lemma 3.6. Let u(a,b) be a nondegenerate LSFK, where b = +1 and let p be an odd prime.
Let e be the largest integer such that p(p€) = p(p) and let g be the largest integer such that
m(p?) = m(p). Then,

e=g. (3.9)
Proof. We note that p(p’) is the least positive integer 7 such that u, = 0 (mod p'), u 41 Z 0
(mod p%), whereas 7(p') is the least positive integer s such that us = 0 (mod p)?, usy1 = 1
(mod p?). It is now evident that e > g.

We observe by Theorem 3.1(vi) that if w(p®) # m(p), then
e

()

D 3.10
) (10
However, by Corollaries 3.3 and 3.4,
m(p°) = E(p°)p(p®) = E(p°)p(p)

and

m(p) = E(p)p(p),
where E(p°) | 4 and E(p) | 4. Thus,

m(p°) _ E(@°)

mp)  E)’
and pt 7(p°)/m(p), which is a contradiction to (3.10). Hence, (3.9) holds. O

Theorem 3.7. Let u(a,b) be a nondegenerate LSFK with discriminant D. Suppose that p | D
and p { ged(a,b). We let vp(m) denote the largest nonnegative integer v such that p” | m. The
following hold:
(i) p(p) = p. -
(ii) If p > 5, then p(p*) = p* fori > 1.
(iii) Suppose thatp =2. Then a =0 (mod 2). Moreover, if a =2 (mod 4), then p(2¢) = 2
fori>1.
(iv) Suppose that p = 3. Then, a®> = —b (mod 3). Further, if a> # —b (mod 9), then
p(3Y) = 3% fori>1.
(v) Suppose that p =2 and va(a) = ¢ > 2. Then p(2) = 2. 202x(=¢0) forj > 1,
(vi) Suppose that p =3 and v3(a® +b) = d > 2. Then, p(3') = 3 - 3max(i=d.0),

Proof. Parts (i), (i), and (iv) follow from results in [1] or [8] and that us = a and u3 = a® +b.

(iii) By (1.13), we note that us = a = 2 (mod 4) and uy = a(a® 4 2b) = 4 (mod 8). Part
(iii) now follows from Theorem 3.1(v).

(v) Since uz = a, we see that p(2¢) = 2 for 1 < i < cand p(2°T!) # p(4). The assertion now
follows from Theorem 3.1(v).

(vi) Since uz = a® + b, we find that p(3') = 3 for 1 < i < d and p(3%+1) # p(3). Part (vi)
now follows from Theorem 3.1(v). O

Theorem 3.8. Let u(a,b) be a nondegenerate LSFK with discriminant D, where b = +1.
Suppose that p | D. If p > 2, let e be the largest integer such that p(p®) = p(p). Then the
following hold:

(i) Ifb=1, thenp=2 orp=1 (mod 4).
(i1) Suppose that b= —1. Then a = £+2 (mod p). If p > 2 and a =2 (mod p), then

n(p') = p(p') = p - p=e0) (3.11)
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fori>1. If p>2 and a = —2 (mod p), then

(p') = 2p(p") = 2p - pmxti=e0) (3.12)
fori>1. ‘ ' '
(iii) Ifp=2, b= %1, and a =2 (mod 4), then 7(2') = p(2*) = 2* for i > 1.
(iv) Ifb=1 and p > 5, then w(p') = 4p(p') = 4p* fori>1. ' '
(v) Suppose that b= —1. If p>5 and a =2 mod p, then n(p') = p(p*) = p* for i > 1. If
p>5 and a=—2 (mod p), then p(p") = p* and ©(p") = 2p* for i > 1.
(vi) Ifb=1, p =2, and va(a) = ¢ > 2, then m(2") = p(2¢) = 2. 2m&x(=c0) for j > 1,
(vii) If b= —1, p = 2, and va(a) = ¢ > 2, then 7(2) = 2 and 7(2") = 4 - 20x(i=1=¢.0) fo
1> 2.
(vili) Suppose that b= —1, p =3, and a = £2 or £4 (mod 9). If a =2 or 5 (mod 9), then
7(3) = p(3) =3 fori > 1. Ifa =4 or 7 (mod 9), then 7(3") = 2p(3") = 2-3" for
1> 1.
(ix) Suppose that b= —1, p =3, and a = +1 (mod 9). Then |a| > 2. Let d = v3(a® —1).
Then d > 2. If a =8 (mod 9), then m(3%) = p(3') = 3. 3max(=d0) fori > 1. Ifa=1
(mod 9), then m(3%) = 2p(3%) = 6 - 30x(=d.0) forj > 1.
Proof. (i) Since D = a? +4 = (mod p), we see that (—4/p) =0 or 1. Thus,p=2orp=1
(mod 4) by the law of quadratic reciprocity.
(i) We note that D = a*> —4 = (a — 2)(a +2) = 0 (mod p). Thus, a = £2 (mod p).
Moreover, by Theorem 3.7(i),

p(p) = p- (3.13)
First suppose that a =2 (mod p). Then by (1.2),
fx)=a2*—224+1=(z—-1)* (modp). (3.14)
Thus, by the Binet formula for u(a,b) given in (1.4),
Uy, =n-1""1=n (mod p) (3.15)
for n > 0. Hence, by (3.13) and (3.15),
Up(py4+1 = Upt1 =1 (mod p). (3.16)

Thus, 7(p) = p(p) = p. It now follows from Theorem 3.1(v) and (vi) and from equation (3.9)
in Lemma 3.6 that (3.11) holds.
Now suppose that a = —2 (mod p). Then by (1.2),

fx)=2>+224+1=(z+1)2 (mod p). (3.17)
Therefore, by (1.4),
u, =n(—1)""1  (mod p) (3.18)
for n > 0. Consequently, by (3.13) and (3.18),
Up(p)+1 = Upr1 = —1  (mod p). (3.19)

Hence, 7(p) = 2p(p) = 2p. We now see, by Theorem 3.1(v) and (vi) and by (3.9), that (3.12)
holds.

(iii) By Theorem 3.7(iii), p(2?) = 2% for i > 1. Thus, up = 2 (mod 4) and u4 = 4 (mod 8).
Moreover, by (1.13), u3 = a? +b =1 (mod 2) and us = u% +bud = 1+4b =5 mod 8. Hence,
m(2) =2, m(4) = 4, and 7(8) # m(4). The result now follows by Theorem 3.1(vi).

(iv) By Theorem 3.7(ii), p(p') = p’ for i > 1. The result now follows from Corollary

3.3(i) (c).
FEBRUARY 2020 63



THE FIBONACCI QUARTERLY

(v) This follows from Theorem 3.7(ii) and part (ii) of this theorem.

(vi) We note that ug = a = 2 (mod 2°*!), where ¢ > 2. Moreover, ug = a> +1 = 1
(mod 2°). Thus, p(2°) = p(4) = m(2°) = 7(4) = 2, p(2°*1) # p(2°), and 7(2¢F1) # 7(2°). The
result now follows from Theorem 3.1(v) and (vi).

(vii) By Theorem 3.7(v), p(2°) = 2 - 202x(i=¢0) for § > 1. Thus, ug = 2¢ (mod 2)¢*! and
ug = 2°T (mod 2°72). Moreover, by (1.13), ug = a? — 1 = —1 (mod 2%) and

us = ui —ui = (a> — 1) —a®>=1 (mod 2%).

Hence, 7(2) = 2, n(4) = 7(2°T!) = 4 and 7(2°T2) # 7(2°*!). The assertion now follows from
Theorem 3.1 (vi).

(viii) This follows from Theorem 3.7(iv) and part (ii) of this theorem.

(ix) We note by Theorem 1.3 that |a| > 2, since u(a,—1) is nondegenerate. Part (ix) now
follows from Theorem 3.7(vi) and part (ii) of this theorem. O

Lemmas 3.9 and 3.10 determine p(p’) and 7(p') for LSFK u(a,+1) when p = 2 or 3 and
ptD.

Lemma 3.9. Consider the nondegenerate LSFK u(a,1).
(i) Suppose that a =1 (mod 2). Then p(2) =3 and p(2°) = 6 - 222x(=3.0) for j > 1.
(ii) Suppose that a = £1 (mod 3). Let ¢ = v3(a®+2). Then ¢ > 1 and p(3') = 4.30ax(=c.0)
fori > 1. Furthermore, m(3") = 2p(3%) = 8 - 3%ax(i=¢.0) forj > 1,
(iii) Suppose that vs(a) =d > 1. Then p(3') = w(3?) = 2. 3max(i=d0) for § > 1.

Proof. (i) By (1.13), u1 = ug = 1 (mod 2), u3 = a?+1=2 (mod 8), and uy = a(a? +2) =1
(mod 2). Moreover,

ug = uzvg = a(a® +1)(a®> +3) =8 (mod 16)

and
ur =ul +ui= (> +1)%+ (a(@®*+2)?=2°+1=5 (mod ).
Hence, p(2) = 7(2) = 3, p(4) = p(8) = 6, and p(16) # p(4). In addition, w(4) = 6, whereas
7(8) # m(4). Part () now follows from Theorem 3.1(v) and (vi).

(ii) By (1.13), u 0 (mod 3) for 1 < i < 3, whereas v3(ug) = v3(a(a® +2)) = ¢ > 1.
Therefore, p(3') = 4 for 1 <i < cand ,0(3C+1) # p(3). The assertion now follows from
Theorem 3.1(v) and Corollary 3.3(ii)(b).

(iii) By (1.13), u; = 1 and v3(ug) = v3(a) = d > 1. Thus, p(3") = 2 for 1 < i < d and
p(39T1) #£ p(3). Part (iii) now follows from Theorem 3.1(v) and Corollary 3.3(ii)(a). O

Lemma 3.10. Consider the nondegenerate LSFK u(a,—1).
(i) Suppose that a = 1 (mod 2). Let ¢ = vo(a® — 1) and d = va(a + 1). Then c exists,
¢ >3, and p(2°) = 3-2%2x0=¢0) - Moreover, d exists and d > 1. Ifd = 1, then w(2) = 3
and 7(2V) = 6 - 292x0=¢0) for i > 2 If d > 2, then w(2") = 3. 20x(H+1=¢0) forj > 1,
(ii) Suppose that v3(a) = e > 1. Then p(3') = 2 - 3mx(=¢0) gnd 7(3%) = 4 . gmax(i=e0) fo
1> 1.

Proof. (i) We let s € {0,1}. Since u(a,—1) is nondegenerate, we have that |a| > 2, which
implies that ¢ = v5(a? — 1) exists. Noting that a = 1 (mod 2), we see by (1.13) that u; =
up = 1 (mod 2) and vo(u3z) = vo(a®? — 1) = ¢ > 3. Hence, p(2!) = 3 for 1 < i < ¢ and
p(2¢T1) £ p(4) = 3. Therefore, p(2°) = 3 - 2max(=¢0) for 4 > 1 by Theorem 3.1(v). Moreover
v(a+1)=d>1.
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Furthermore, if d > 2, then d = ¢ — 1, since a®> — 1 = (a + 1)(a — 1). We note that

ug = —ug+aug =—a+a-0=—a (mod 2.
Thus, 7(2!) = 3 for 1 < i < d. Further, by (1.13),
ur = us —us = (—a+ 5292 — (292 =a? =14+ 2° mod 2°7. (3.20)

Hence, by Theorem 3.1(vi), m(2¢) = 6 for d +1 < i < ¢, and 7(2°T!) # 6. Part (i) now follows
from Theorem 3.1(vi).

(ii) Since ug = a, we see that v3(ug) = e > 1. Thus by Theorem 3.1(v) and Corollary
3.4(ii)(a), p(3") = 2 - 3max(i=¢0) and 7(3%) = 4 - 3»ax(i=¢0) for § > 1. O

Lemma 3.11. Let u(a,b) be a nondegenerate LSFK, where b = +1. Let R, S, and T be as
defined in Section 2 just after formula (2.2).
() p(R) = R,
(ii) Ifb=1 and R > 1, then 7(R) = 4R.
(iii) Suppose that b= —1. Then w(S) = S. Moreover, if T > 1, then n(T) = 2T.

Proof. (i) We observe that p(R) = R, if R = 1. Suppose that R > 1 and p | R. Then p > 5
and p | D. It follows from Theorem 3.7(ii) that p(p’) = p’ for i > 1. The assertion now follows
from (3.5) in Theorem 3.1.

(ii) Suppose that p | R. Then 7(p') = 4p’ by Theorem 3.8(iv). The result now follows from
(3.6).

(iii) Suppose that p | S. Then p > 5 and p [ a — 2. It now follows from Theorem 3.8(v) that
m(p') = p* for i > 1. Now suppose that ¢ is a prime and ¢ [ 7. Then ¢ > 5 and ¢ [ a + 2. We
see by Theorem 3.8(v) that 7(q’) = 2¢*. The result now follows from (3.6). O

Before presenting Lemma 3.13, we define the radical of m, denoted by rad(m).

Definition 3.12. Let m be a positive integer. Then rad(1) =1 and for m > 2, rad(m) is the
squarefree integer given by
rad(m) = [T - (3.21)
plm
Lemma 3.13. Let u(a,b) be a nondegenerate LSFK with discriminant D, where b = +£1.
(i) Ifrad(m) | 6, then

rad(p’(m)n*(m)) | 6 for i > 1. (3.22)
(i1) Ifrad(m) | D, then ‘
rad(p'(m)) | D (3.23)
and
rad(7'(m)) | 6D for i > 1. (3.24)

Proof. (i) We see by Theorems 3.7 and 3.8, Lemmas 3.9 and 3.10, and Theorem 3.1(vii) and
(viil) that (3.22) holds for ¢ = 1. It now follows by induction that (3.22) holds for i > 1.

(ii) It follows from Theorem 3.7, Lemma 3.11(i), and induction that (3.23) holds. It fur-
ther follows from Theorem 3.8, Lemma 3.11(ii), the above part (i) of this lemma, (3.6), and
induction that (3.24) holds. O

Lemma 3.14. Consider the nondegenerate LSFK u(a,+1) with discriminant D. Let A > 1
be any integer such that for each prime divisor p of A, we have that p > 5 and p{ D. Then
there exists a positive integer N such that if i > N, then

rad(p’(A)n'(A)) | 6D. (3.25)
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Proof. Suppose that p > 5 and p{ D. We see from Theorem 3.1(iv) that if ¢ is a prime such
that ¢ > 3, ¢t D, and ¢ | p(p)7(p), then ¢ < p. Now consider the prime power p¥, where
p>5k>2 and ptD. Let 0 > 1 and 7 > 1 be the largest integers such that p(p?) = p(p)
and 7(p7) = 7(p), respectively. Then by Theorem 3.1(v) and (vi), p(p¥) = p™2xE=20)p(p)
and w(pF) = pP@**k=707(p). Tt thus follows from Theorem 3.1(v), (vi), and (viii) that if
i >max(k+1—0,1) and j > max(k + 1 — 7, 1), then p'(p¥) = p’(p) and 7/ (p*) = 7/ (p).

It also follows from Lemma 3.13(i) and (ii) and from Theorem 3.1(viii) that if rad(B) | 6D,
then

vad(p'(B)r(B)) | 6D
for all ¢ > 1.

Let A = p'f1p§2 ---pFr where p; < py < --- < p,. Let 0, and 7, be the largest positive
integers that p(p?r) = p(p,) and w(plr) = 7w(p,). By our above argument, we see that if
i > max(k, + 1 —o,,1) and j > max(k, + 1 — 7,-,1), then ¢ < p, for every prime ¢ dividing
p'(pr)m (p,) for which ¢ > 5 and ¢t D. It now follows by an inductive argument that there
exists a positive integer N such that (3.25) holds for all ¢ > N. O

Corollary 3.15. Let u(a,£1) be a nondegenerate LSFK and let m be a positive integer. Then
there exists a positive integer N such that if i > N, then

rad(p’(m)7t(m)) | 6D.
Proof. This follows from Lemmas 3.14, 3.13, and Theorem 3.1(viii). O

Lemma 3.16. Let u(a,1) be a nondegenerate LSFK.

(i) Suppose that a = +1 (mod 6). Then 12 is a fized point of p and 24R is a fized point
of m, where R > 1.
(ii) Suppose that a =3 (mod 6). Then 6 is a fized point of both p and w, whereas 12R is
also a fixed point of w, where R > 1.
(iii) Suppose that a =2 (mod 4). Then 2'R is a fized point of w, where i > 2 and R > 1.
(iv) Suppose that a =0 (mod 4). Then 4R is a fized point of w, where R > 1.

Proof. This follows from Theorems 3.1(vii) and 3.8(iii), and Lemmas 3.9 and 3.11(ii). O

Lemma 3.17. Let u(a,—1) be a nondegenerate LSFK.

(i) Suppose that a =5 or 11 (mod 18). Then 2-3/T is a fired point of w, where j > 1
and T > 1.
(ii) Suppose that a =7 or 13 (mod 18). Then 2 - 3'T is a fized point of w, where j > 1
and T > 1.
(iii) Suppose that a =17 (mod 18). Then 6T is a fized point of 7, where T > 1.
(iv) Suppose that a =1 (mod 18). Then 6T is a fized point of w, where T > 1.
(v) Suppose that a = +2 or £14 (mod 36). Then 2'-3/T is a fived point of 7, where i > 1,
720, and T > 1.
(vi) Suppose that a = +£10 (mod 36). Then 2¢- 35T is a fized point of w, where i > 1 and
T>1.
(vii) Suppose that a = +4 or +£16 (mod 36). Then 2°3'T is a fived point of w, where
ie{l,2},j>0,and T > 1.
(viii) Suppose that a = £8 (mod 36). Then 2'3°T is a fized point of =, where i € {1,2} and
T>1.
(ix) Suppose that a =3 (mod 6). Then 6 is a fized point of p, whereas 12T is a fixed point
of m, where T'> 1.
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(x) Suppose that a =6 (mod 12). Then 2ZT is a fived point of w, where i > 1 and T > 1.
(xi) Suppose that a = 0 (mod 12). Then 2'T is a fized point of 7, where i € {1,2} and

T2>1.
Proof. This follows from Theorems 3.1(vii) and 3.8(iii), (vii), (viii), (ix), and Lemmas 3.10
and 3.11(iii). 0

Lemma 3.18. Let u(a,1) be a nondegenerate LSFK. Let ¢ = v3(a® + 2), d = v3(a), and
e =w(a).
(i) Ifa=0 (mod 2), then 7/ (R) = 4R for j > 1 and R > 1.
(i1) Suppose that a = +1 (mod 6). Then ¢ = v3(uy). Moreover, ¢ = 1 if a = £1 or +2
(mod 9), whereas ¢ > 2 if a = +4 (mod 9).
(a) If j > max(4, [(i —4)/2] + 1), then p/(2") =12 fori > 1.
(b) If j > max(3,i — ¢), then p’(3") =12 fori > 1.
(c) If j > max(4,i — 3), then 7 (2°) = 24 fori > 1.
(d) If j > max(3,i — c), then 7/ (3%) = 24 fori > 1.
(e) If > 1, then ©/(R) = 24R for R > 1.
S

(iii) Suppose that a =3 (mod 6). Then d = v3(ug) and d > 1.

(a) p¥~1(2) = 7¥~1(2) =3 and p¥(2) = 7%(2) = 2 for j > 1.

(b) Ifj>1 and 1 <i < d, then p*~1(3") = 72 =1(3%) = 2 and p%(3") = 7% (3") = 3.
(c) If j > [(i — 1)/2], then p?(2') = 6 for i > 2.

(d) If j >i—d, then pP(3") =77 (3") =6 fori>d+ 1.

(e) If j >i— 1, then @/ (2°) = 6 fori > 2.

(f) If j > 2, then ™ (R) = 12R for R > 1.
(iv) Suppose that a = 0 (mod 6). Then d = vs(uz) and d > 1. If j > max(i +1—d, 1),
then p’ (3%) = mI(3") = 2 fori > 1.
(v) Suppose that a = £2 (mod 12). Then ¢ = v3(uy) and ¢ > 1. If j > max(i+ 1 — ¢, 1),
then p’(3") = 4 and 7/ (3") = 8 fori > 1.
(vi) Suppose that a = 0 (mod 4). Then e = va(uz) and e > 1. If j > max(i +1 — e, 1),
then p?(2%) = w1 (2%) = 2 fori > 1.
(vii) Suppose that a = +4 (mod 12). Then ¢ = v3(ug) and ¢ > 1. If j > max(i + 3 — ¢, 3),
then p’ (3") = w7 (3%) =2 fori > 1.

Proof. This follows from (1.13), Theorem 3.1(viii), Theorem 3.7(v), Theorem 3.8(iii) and (vi),
and Lemmas 3.9, 3.16, and 3.11(ii). O

Lemma 3.19. Let u(a,—1) be a nondegenerate LSFK. Suppose that d = v3(a), e = va(a),
g=uv3(a® - 1), and £ = v5(a® — 1).
(i) Suppose that a =0 (mod 2). Then 7/(T) =2T for j > 1 and T > 1.
(i1) Suppose that a =0 (mod 4). Then e = va(uz) and e > 1.
(a) If j > max(i + 1 —e, 1), then p/(2") =2 fori > 1.
(b) If j > max(i — e, 1), then 7/ (2%) =4 fori > 2.
(iii) Suppose that a = +1 (mod 6). Then ¢ = vy(us) and £ > 3.
(a) If j > 2, then @/ (T) = 6T for T > 1.
(b) If j > max(i + 1 — £, 1), then p*(2!) =3 fori > 1.
(iv) Suppose that a =3 (mod 6). Then d = v3(uz) > 1 and ¢ = vo(u3) > 3.
(a) If j >3, then wI(T) = 12T for T > 1.
(b) p%- 1(2i) =3 and pP(2) =2 forj>1and1<i<{.
(c) p 23 1(3)) = 2 and p2j(3i) =3 forj>1and1<i<d.
(d) Ifj >i—{, then p/(2°) =6 fori>{+1.
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(e) If j >i—d, then p/(3") =6 fori>d+1.
(v) Suppose that a =5 or 11 (mod 18). If j > max(i+2—¢,2), then n/(2%) = 3 fori > 1.
(vi) Suppose that a =T or 13 (mod 18). If j > max(i+ 1 —¢,2), then 7/ (2%) = 6 fori > 1.
(vii) Suppose that a =4 or 7 (mod 9). If j > 1, then 7/ (3") =2 3% fori > 1.
(viii) Suppose that a = 8 (mod 9). Then g = v3(ug) and g > 2. If j > max(i +1 —g,1),
then 77 (3%) = 3 fori > 1.
(ix) Suppose that a = 1 (mod 9). Then g = v3(us) and g > 2. If j > max(i + 1 —g,1),
then 77 (3") = 6 fori > 1.
(x) Suppose that a =3 (mod 12).
(a) 72712 =3 and 7 (2) =4 forj>1 and 1 <i < —1.
(b) #¥~1(3) =4 and 7% (3") =3 for j > 1 and 1 < i < d.
(c) If j > max(i — £,2), then m (2%) = 12 fori > (.
(d) If j >i—d, then ™ (3") =12 for i > d + 1.
(xi) Suppose that a =9 (mod 12).
(a) If j > max(i — £,4), then 7/ (2") =12 fori > 1.
(b) If j > max(i — d,3), then 7 (3%) = 12 fori > 1.
(xii) Suppose that a = 0 (mod 6). Then d = v3(ug) and d > 1. If j > max(i +1—d, 1),
then p’(3°) = 2 and 7 (3") = 4 fori > 1.

Proof. This follows from (1.13), Theorem 3.1(viii), Theorem 3.8(iii), (vii), (viii), and (ix), and
Lemmas 3.10, 3.11(iii), and 3.17. O

4. PROOFS OF THE MAIN THEOREMS

Proof of Theorems 2.2 and 2.3. We suppose that u(a,b) is a nondegenerate LSFK, where
b= +£1. Let m; and my be positive integers. It follows from Corollary 3.15, Theorem 3.1(viii)
and (ix), Theorem 3.8(iii) and (vi)—(ix), Lemma 3.11 (i)—(iii), and Lemmas 3.16-3.19 that
the process of integrating p(m;) and 7(mg) terminates in the fixed points r and ry if and
only if 1 and 79 are each one of the fixed points given in Theorems 2.2 and 2.3, respectively,
depending on the value of a. O

Proof of Theorem 2.4. This follows from Corollary 3.15, Theorem 3.1(viii) and (ix), Theorem
3.8(iii) and (vi), Lemma 3.11(i) and (ii), Lemma 3.18, and Theorem 2.2. O

Proof of Theorem 2.5. This follows from Corollary 3.15, Theorem 3.1(viii) and (ix), Theorem
3.8(iii) and (vii)—(ix), Lemma 3.11(i) and (iii), Lemma 3.19, and Theorem 2.3. O

ACKNOWLEDGEMENT

We thank the anonymous referee for careful reading of the manuscript and suggestions that
improved it. This paper was supported by RVO 67985840 of the Czech Republic.

REFERENCES

[1] R.T. Bumby, A distribution property for linear recurrence of the second order, Proc. Amer. Math. Soc.,
50 (1975), 101-106.

[2] R.D. Carmichael, On the numerical factors of the arithmetic forms ™ £ 8", Ann. of Math., 15 (1913),
30-70.

[3] R.D. Carmichael, On sequences of integers defined by recurrence relations, Quart. J. Pure Appl. Math.,
48 (1920), 343-372.

[4] J.D. Fulton and W.L. Morris, On arithmetical functions related to the Fibonacci numbers, Acta Arith.,
X VI (1969), 105-110.

[5] D.H. Lehmer, An extended theory of Lucas’ functions, Ann. of Math., 31 (1930), 419-448.

[6] M. Ward, The arithmetical theory of linear recurring series, Trans. Amer. Math. Soc., 35 (1933), 600-628.

68 VOLUME 58, NUMBER 1



ITERATION OF ARITHMETICAL FUNCTIONS OF LUCAS SEQUENCES

[7] M. Ward, Prime divisors of second order recurring sequences, Duke Math. J., 21 (1954), 607-614.

[8] W.A. Webb, C.T. Long, Distribution modulo p" of the general linear second order recurrence, Atti Ac-
cad. Naz. Lincei Rend. ClL Sci. Fis. Mat. Natur., 58 (8) (1975), 92-100.

[9] O. Wyler, On second-order recurrences, Amer. Math. Monthly, 72 (1965), 500-506.

MSC2010: 11B39, 11A07

LAWRENCE SOMER, DEPARTMENT OF MATHEMATICS, CATHOLIC UNIVERSITY OF AMERICA, WASHINGTON,
D.C. 20064, U.S.A.
E-mail address: somer@cua.edu

MicHAL KRIZEK, INSTITUTE OF MATHEMATICS, CZECH ACADEMY OF SCIENCES, ZITNA 25, CZ — 11567
PRrRAGUE 1, CZECH REPUBLIC
E-mail address: krizek@math.cas.cz

FEBRUARY 2020 69



