EXTENDED GIBONACCI SUMS OF POLYNOMIAL PRODUCTS OF
ORDER 3

THOMAS KOSHY

ABSTRACT. We explore a gibonacci sum of polynomial products of order 3 and its Pell,
Jacobsthal, Vieta, and Chebyshev implications; and confirm the gibonacci and Jacobsthal
versions using graph-theoretic tools.

1. INTRODUCTION

Extended gibonacci polynomials z,(x) are defined by the recurrence z,12(x) = a(z)zp41(x)+
b(x)z,(x), where x is an arbitrary complex variable, a(z), b(x), zo(z), and 21 (z) are arbitrary
complex polynomials, and n > 0.

Suppose a(z) = z and b(z) = 1. When zp(x) = 0 and z1(x) = 1, z,(z) = fu(z), the
nth Fibonacci polynomial; and when zp(x) = 2 and z1(z) = z, z,(x) = l,,(x), the nth Lucas
polynomial. Then f,(1) = F,, the nth Fibonacci number; and [,,(1) = L,, the nth Lucas
number [1, 7, 9].

Pell polynomials py,(x) and Pell-Lucas polynomials g, (x) are defined by p,(z) = f,(2z) and
qn(x) = 1,,(2x), respectively. The Pell numbers P, and Pell-Lucas numbers @Q, are given by
Py, = pn(1) = fu(2) and 2Q,, = ¢, (1) = 1,(2), respectively 7, 8].

On the other hand, let a(z) = 1 and b(x) = x. When zp(z) = 0 and z1(z) = 1, z,(x) =
Jn(z), the nth Jacobsthal polynomial; and when zo(z) = 2 and z1(z) = 1, z,(z) = jn(x),
the nth Jacobsthal-Lucas polynomial [3, 7, 10]. Correspondingly, J,, = J,(2) and j, = j,(2)
are the nth Jacobsthal and Jacobsthal-Lucas numbers, respectively. Clearly, J,(1) = F,,; and
Jn(1) = L.

Let a(z) = = and b(z) = —1. When 2o(z) = 0 and z1(z) = 1, z,(x) = Vy(x), the nth
Vieta polynomial; and when zo(z) = 2 and 21(z) = z, z,(x) = v,(z), the nth Vieta-Lucas
polynomial [4, 7, 10].

Finally, let a(z) = 22 and b(xz) = —1. When zy(z) = 1 and 21(z) = z, z,(x) = T (z), the
nth Chebyshev polynomial of the first kind; and when zo(x) = 1 and 21 (x) = 2z, 2, (z) = Uy (),
the nth Chebyshev polynomial of the second kind [4, 7, 10].

1.1. Links Among the Subfamilies. The gibonacci, Jacobsthal, Vieta, and Chebyshev
subfamilies are closely related as Table 1 shows, where i = /—1 [4, 10, 13].

In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so z, will mean z,(x). We let g,, = f,, or I, b, = p,, or
Gn, Cn = Jn(x) or ju(x), d, =V, or v,, and e, = T, or U,. Correspondingly, let G,, = F,, or
L,, B, = P, or Q, and C,, = J,, or j,.

TABLE 1. Relationships Among the Subfamilies

Jn(x) = x(n—l)/2fn(1/\/§) ]n(‘r) = xn/2ln(1/\/5)
Vi(z) = " Lf,(—ix) vp(x) = "l (—ix)
Vo(2z) = Up-_1(x) v (2z) = 2T,(x)
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A gibonacci polynomial product of order m is a product of gibonacci polynomials g, 15 of
the form H giﬁrk, where k is an integer and ) s; = m [5, 12]. For example, the Fibonacci

k 8j21
polynomial products f,?{+2, fn2+2fn, frnaof?, farofnfn2, f2, and f2f,_o are all of order 3,
where as f,of2 fn_2 is of order 5.

2. A GiBoNAccI SuM OF PoryNOMIAL ProbpucTs OF ORDER 3

The next theorem explores a sum of gibonacci polynomial products of order 3, and lays
the foundation for the discourse. The proof hinges on the addition formula [7] for gibonacci
polynomials g,:

min = fm19n + fmGn-1-

Theorem 2.1. Let g, = f, orl,, and r, s, and t be positive integers. Then,

TGrtstt = [re1fst19t01 + T frfsgr — fro1fs—19t-1. (2.1)
Proof. Let g, =l,. We have

frilsye = wfrr1(forale + foli-1)

Jrorforr(legr — l—1) + @ frya fslion
frerfstilivr — froafsali—r + 2 frg1 fsli—1;
Tfrlstt—1 = Tfrls—1)4t

v fe(fsle + fs—1l—1)

xfrfsle + xfrfs—1li—1

zfrfsle + (fro1 — fr—1) fs—1li—1

= ofrfsle = fr—1fs—1li—1 + fre1fs—1li—1.

Then,
Tlrystt = xlr+(s+t)
= x(fr—l—lls—l-t + frls-l—t—l)
= (frerforifimr Fafofsle — froifsmiliz1) — fror forrlizn + frmilii(xfs + foo1)
= freifsriligr @ frfsle — fr—1fo—1li—1,
as desired.

The case g, = f,, follows similarly (or by simply changing [,, into f,, in the above case). O

In particular, we have

Tgomin = foi19ns1 + TS 0gn = fmo19n-1;
Tgsn = fn2+1gn+1 + $f72zgn - fn2—1.gn—1§ (2-2)
Gristt = FpFse1Gopn + B FGy— Fr 1 Fs 1Gyq; (23)

G2m+n = Fr%H_lGn—i—l + $F¢2nGn - F¢2n_1Gn—1§
Gsn = F2,,Gpi1+2F2Gy—F2_ Gyt

Identity (2.3) with G,, = F,, appears in [6].
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It follows from equation (2.2) that [9]

Tfan = fog1tafn — ot

xl3pn = f72z+1ln+1 + xfr%ln - 7%—1171—1 (2.4)
fot1fong2 + 2 fnfon — fu—1fon—2,

where we have used fo, = fnln
Using the identity (2 — A2f2 = 4(—1)" [7], we can rewrite equation (2.4) in a more familiar
form [9], where A% = 22 + 4:

TDNlyy = (APf20) lnga + (AP f2) @l — ( 2 )l
= [2.+4(=1)"] lns1 + [12 - ]xl (24 +4(=1)"] I
= Iy +aly — li—l +4(— )"( nt1 — Ty — lp_1)
= li+1 + xli - 12—17

as desired.
Thus [9],
3 3 3 Tfsn, I gn = fu;
+ags —go =
In+1 In " In-1 {$A2l3n, otherwise.
Next, we confirm identity (2.1) using graph-theoretic tools.

2.1. Graph-theoretic Confirmation. Consider the weighted digraph D; in Figure 1 with

vertices v; and vo. It follows by induction from its weighted adjacency matriz Q@ = [:E 1}

1 0
that
n __ fn+1 fn
Q B |: fn fn—1:| ’

where n > 1 [11]. The ijth entry of Q™ gives the sum of the weights of all walks of length
n from v; to v; in the weighted digraph D;, where 1 < 4,5 < n. The sum of the weights
of closed walks of length n originating at vy is f,4+1 and that of those originating at vy is
fn—1- So, the sum of all closed walks of length n in the digraph is f,+1 + fn—1 = l,. Because
frna1 = @ fa+ fn_1, it follows that the sum of the weights of closed walks of length n originating
at v; and beginning with a loop is z f,.

B
[

V2

FiGURE 1. Weighted Fibonacci Digraph D;

With this brief background, we are now ready for the graph-theoretic proof.
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Proof.
Part 1. Suppose g, = f.- The sum S of the weights of closed walks v of length r +s+4+¢ —1
originating at vy iS fr4s4¢; 80 S =  fr4s4¢. (This is indeed the sum of the weights of closed
walks of length r 4+ s 4 t originating at v; and beginning with a loop.)

We will now compute z.S in a different way.

Case 1. Suppose v begins with a loop. Using the addition formula, the sum of the weights of
such walks is
Tfristt-1 = xfr—i—(s—‘,—t—l)
= Tfrp1fort—1 + 2 frfstt—2

Case 2. Suppose v does not begin with a loop. The sum of the weights of such walks is

L1 frystt—2 = fro(set—2)
= frtifstt—2+ [rfsti-3-

Combining the two cases, we have

S = (@frt1fstt—1 +afrfstt—2) + (fre1fort—2 + frfsti—3)
= fror(@forio1 + fsri—2) + fr(@fsri—2 + fsri-3)
Jretfort + frfste—15
xS Tfri1fstt + T fr fsre-1-

Notice that

vfeifore = afrpa(forrfe+ fsfio1)
frenfso1(frer — fio1) +xfrrifsfia

= frarfst1firr — franfssr fior + 2 foii fs fions
vfrfsri1 = xfe(fsfi + fo-1fio1)

= afrfsfi+xfrfs-1fi

= xfrfsft + (fr—i—l - fr—l)fs—lft—l

= xfrfsfe — froafs—1fir + frinfs—1fir

Thus,

xS = (freifsprfirn Fafofsfe — froifs—1fim1) = froifsrrfior + fron fio1(afs + fso1)
= frorfsrrforr Hafofsft — froafso1 fiot

Equating the two values of z.5, we get the desired result, as expected.

Part 2. Suppose g, = l,. The sum S of the weights of all closed walks of length r + s+ ¢ in
the digraph is I, 4544 Then, 5 = xl, 4514
We will now compute xS in a different way. The sum of the weights of closed walks of
length r 4+ s + ¢ originating at vi is fri+sy¢+1, and those originating at ve is frisyi—1. So,
S = frstt+1 + frosti-1-
By identity (2.1) with g,, = l,,, we then have
S = Tfrpert1) T T rpst—1)
= (fr+1fs+1ft+2 + xfrfsft—i—l - fr—lfs—lft) + (fr—i—lfs—i—lft + xfrfsft—l - fr—lfs—lft—2)
= fraafsrr(fira + fo) F 2 frfs(feor + fim1) = froafso1 (fe + fi2)
= freafstrlevr + 2 frfole — fr—1fs—1le—1.
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Equating the two values of x5 yields the desired result. (]

3. PELL IMPLICATIONS

Because py(z) = f,(22) and ¢,(x) = [(2z), it follows that identity (2.1) has Pell conse-
quences:

20by 451t = Dry1Ps+1big1 + 220rDsby — pr_1Ps—1bi—1;
2Byis+t = Pry1Psy1Bii1 + 2P PsBy — Po_1Ps_1By;_1;
2Bs, = P2, Bui1+2P2B, — P2 | B,_1. (3.1)

Because Q2 — 2P2 = (—1)" [7, 8], identity (3.1) can be rewritten as [9]

2B3,, if B, = Py;

B3,,+2B3-B3 | =
ntl " n-l 4Bs,, otherwise.

Next, we pursue the consequences of identity (2.1) to the Jacobsthal subfamily.

4. JACOBSTHAL IMPLICATIONS

Let g, = fn. Replace x with 1/y/x in equation (2.1) and multiply the resulting equation
with z("t5+t0/2 This yields

x(r+s+t)/2fr+s+t = <il7r/2fr+1) <$S/2fs+1> <1L"t/2ft+1>
T [xw—l)/z fr] [x<s—1>/2 fs} [x(t—lw ft}
— 2 |:$(T_2)/2fr—1] [$(s_2)/2fs—1] [$(t_2)/2ft—l} ;

Jristt(@) = Jrp1(@)Jsp1(@) g1 (2) + 2dr(2) Js(2) Je(2) — xgjr—l(x)Js—l(x)Jt—l(x)v

where f, = fn(l/ﬁ)
On the other hand, let g, = l,,. Replacing = with 1/y/2 in equation (2.1) and multiplying
the resulting equation with z("+511/2 yields

Jrs+t(@) = T (@) o1 (@)jer1 (@) + e () T (@) e (@) — 22 Jpy (2) Tsm1 () o1 (2).
Combining the two cases, we get
Crpstt = Jpg1(2) Jog1(2) o1 + xdp (@) Js(x)er — 23Ty (2) Je—1 () co—1. (4.1)

In particular, we have

Com4n = ng-i-l(x)cn-i-l + g (@)en — 2P T3y (2)en1;
can = Jppa(@)ents + adi(@)en — a5y (@)en-1;
Cr—l—s-l—t = Jr+1Js+lCt+l +2J,.JsCy — 8Jp_1J5-1C4_1;
Comin = Jai1Cni1 +2J2C, —8J24_1Cpi;
Csn = J21Cpin +2J2C, —8J2_1Cy1. (4.2)

Using j2 — 9J2 = 4(—2)" [2, 7], we can rewrite identity (4.2) as follows [10]:

C?my it C, = In;

O3, +203 -8C3_| =
ntl " -l 9C5,, otherwise.

Next, we present a graph-theoretic confirmation of identity (4.1).
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4.1. Graph-theoretic Proof. Consider the weighted digraph D in Figure 2 with vertices
1 =z

vy and vo. It follows from its weighted adjacency matrix M = 10 that
M — Jnt1(z)  xdy(x)
| Ju(x) wdpoq(z)|
1
X
" ..
1

FIGURE 2. Jacobsthal Digraph Dy

The sum of the closed walks of length n from v; to itself is J,4+1(z), and that from vs to
itself is xJ,_1(z). Consequently, the sum of the weights of all closed walks of length n is
In+1(x) + xJp—1(x) = jn(z) [7]. These facts play a central role in the graph-theoretic proof.
Proof. (In the interest of brevity and clarity, we omit the argument in the functional notation,
when there is no confusion.)

Part 1. Suppose ¢, = J,(x). The sum S of the weights of closed walks w of length r+s+¢—1
that originate at vy is Jr4s4¢. We will now compute S in a different way.

Case 1. Suppose w begins with a loop. The sum of the weights of such walks is
1- Jr-i—s-‘,—t—l = Jr+(s+t—l)

= Jr+1Js+t—l + xJT’JS-‘rt—2'

Case 2. Suppose w does not begin with a loop. The sum of the weights of such walks is

-1 Jrgpsqpo = 33Jr+(s+t—2)
= x(Jr+1Js+t—2 + -Z'Jrjs—i-t—?))
= wJep1Jsii—2 + 22T Js i3
Thus,
S = (Jr—i-le—i-t—l + erJ8+t—2) + (er—i-le—i-t—Z + x2Jsz+t—3)
= Jri1(Jspt—1 + xJgqr—2) + 2 (Jsqt—2 + xJs41—3)
Jr-i-le-‘rt + erJs—i-t—l-

Notice that
Jri1dsit = Jrp1(Jspedt + 215 Ji-1)

Jri1dsp1(Jepr —xdim1) + adr1 Js T

= JrpJsp1di — e s i Hxdrp1 s i
e Jspi1 = ad (o +xJs—1Ji-1)
w o JsJy + 22 JpJs_1Ji1
wdpJsJy + 2 (Jrg1 — xdr_1)Js—1Ji-1)
= alpJoy — 2P T 1 Jeadia + 2P e T i
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Thus,
S = (JrJsirdiwr +adpJoy — 2P T Je 1 i) — adrii Jenr Tt + 2 drin Jio1 (Js + 2 Js1)
= Jr+1J8+1Jt+1 + erJth - x3Jr—le—1Jt—l-
Equating the two values of S gives the desired result.

Part 2. Suppose ¢, = jn(z). The sum S of the weights of all closed walks of length r + s+ ¢
in the digraph is jris1¢-

We will now compute S in a different way. The sum S of the weights of closed walks of
length 7+ s+t —1 originating at vy is Jyys1+41, and that of those originating at vo is xJypys1¢—1.
Then, by identity (4.1) with ¢, = J,,(z), we have

S = Jrpsr+1) T @ Irgsi—1)
= (i Jsrrdige + 2y JoJisy — 2 Jr 1 T 1 y)
+ 2(Jr1JsnJs + o JoJi g — 230 1T 1 Ji_2)
= Jr1dsn1(Jeao + 2dy) + adp Jo(Jp + xdiq) — 23T 1 Je 1 (Jp + 2Ji_0)
= JriJss i1 + adeJsjs — 20 T 1 s 1.
This, coupled with the earlier value of S, yields the desired result. O

Finally, we explore the Vieta and Chebyshev consequences of identity (2.1).

5. VIETA AND CHEBYSHEV IMPLICATIONS

Using the gibonacci-Vieta and Vieta-Chebyshev relationships in Table 1, we can extract
the Vieta and Chebyshev counterparts of identity (2.1); in the interest of brevity, we omit the
basic algebra:

Vi1 Vsprdipr — oVio(2)Vs(2)dy + Vi1 (2) Vi1 (2)di—1 =

Tdyysyt, if dp = Vy;
xdyys1t, otherwise;

2xerqsqiq2, if e, = Upy;
Uri1Usi1ei41 — 20U, Usey + U 1Us1601 = )
2xe,4sq142, otherwise.
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