FOCUSING SEQUENCES AND SELF-SIMILARITY

DANIEL LARSEN

ABSTRACT. In this paper, we prove that the variant semi-Fibonacci sequence satisfies a p-
similarity property for a number of different primes p. The case p = 3 explains an empirical
observation of Neil Sloane about the growth rate of the sequence. Taking p = 3 and p =5
together, we show that the sequence is aperiodic modulo any integer n > 2.

1. INTRODUCTION

There have been a number of papers devoted to integer sequences that are self-similar or
fractal in nature (see [2, 3, 4] and the references within). In addition, Michael Gilleland
has compiled a list of self-similar sequences in the Online Encyclopedia of Integer Sequences
(OEIS) [1]. There is no consensus about terminology so, I introduce the following definitions.

Definition 1.1. S is m-self-similar if for alln > 0, S(mn) = S(n).

Definition 1.2. S is m-similar if for every N, there exists an n > 0 such that for k, 0 < k <
N, S(n+k)=mS(k).

For instance, the Thue-Morse sequence (A010060 in the OEIS) is 2-self-similar, the number
of integer-sided right triangles with hypotenuse n (A046080) is p-self-similar for all p # 1
(mod 4), and Gould’s sequence (A001316) is 2-self-similar and 2-similar. In this paper, we
will examine a sequence that is p-similar for many different values of p. This self-similarity,
however, is far from obvious, and we do not know for which values of p the sequence is p-similar
(though we suspect the answer is all of them).

The semi-Fibonacci sequence (A030067) is defined by

a(l) =1, a(2n) = a(n), a(2n+1) =a(2n — 1) + a(2n).
Now, consider the sequence defined by
b(1) =1, b(2n) = b(n),

b(2n —1) —b(2n), ifb(2n —1) —b(2n) > 0;
b(2n — 1) + b(2n), otherwise.

b(2n+1) = {

This is called the variant semi-Fibonacci sequence (A109671) due to Eric Angelini. The
OEIS has a slightly different definition, namely that b(2n + 1) is the smallest positive number
such that |b(2n + 1) — b(2n — 1)| = b(n). Hence, b(2n + 1) = b(2n — 1) — b(n), if that is
positive; and otherwise, b(2n + 1) = b(2n — 1) 4+ b(n). Because b(n) = b(2n), these definitions
are equivalent and for our purposes, it is more convenient to use the former.

Note that a and b are 2-self-similar by definition. The sequence a has another kind of self-
similarity — it remains the same when the first occurrence of every number is removed — but
this will not be discussed further. As for b, here are its first 31 terms:

11211231211233615231211233633609.
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The underlined segments hint at the 3-similarity of b. The proof of 3-similarity is inductive,
but the key difficulty is to prove that the first term of each segment is indeed a 3 (the same
goes for general p). This is hard because the terms of b between segments behave in an
unpredictable way. Right before a segment begins, b becomes predictable due to a focusing
effect.

Using p-similarity for two different primes p (we choose 3 and 5 in Section 4 but any pair
of twin primes for which b is p-similar would work), we prove that the generating function of
b is not rational and that b is aperiodic modulo n for all n > 2. We also examine the growth
rate of b and the set of numbers appearing in b. Finally, we prove part of a conjecture of Neil
Sloane.

2. PRELIMINARY RESULTS

Lemma 2.1. If S is my-self-similar and ma-self-similar, then S is mima-self-similar. If S is
maq-similar and mo-similar, then S is mimo-similar.

Proof. For the first part, we have S(mimon) = S(mgn) = S(n). For the second part, let
ny satisfy S(ng + k) = maS(k) for 0 < k < N and ny satisfy S(n; + k) = m1S(k) for
0 <k <mno+ N. Then,

S(m “+ no + k‘) = mlS(ng + k?) = mlTTLQS(k?)
for 0 < k < N. O

Remark 2.2. FEvery sequence S is 1-self-similar and 1-similar and so, the set of n for which
S is m-self-similar is a multiplicative monoid, as is the set of n for which S is n-similar.

Proposition 2.3. For alln >0,
bBn+1)=bBn+2)=b3n+3)+1=1 (mod 2).

Proof. We use induction. Suppose that for all m, 0 < m < n, b3m +1) =b(Bm +2) =1
(mod 2), and b(3m + 3) =0 (mod 2). We now divide the proof into cases.

Case 1: n is odd. We can then write n as 2m + 1. Then,
b(3n+1) =b(3(2m+ 1)+ 1) =b(6m +4) = b(3m + 2),
which is odd, and
b(3n +3) =b(3(2m + 1) + 3) = b(6m + 6) = b(3m + 3)
is even. Also, b(3n) is even, so b(3n +2) = b(3n) £ b(3n + 1) is odd.
Case 2: n is even. We can then write n as 2m. Then,
b(3n +2) = b(3(2m) + 2) = b(6m + 2) = b(3m + 1),

which is odd. Because b(3n —1) is odd and b(3n) is even, b(3n+ 1) = b(3n — 1) £b(3n) is odd.
Finally, b(3n + 3) = b(3n 4+ 1) £ b(3n + 2) is even.
The base case is n = 0. Then, b(1) = b(2) =1 and b(3) = 2. O

Remark 2.4. By parity, there is no n such that b(n) = b(n+ 1) = b(n + 2).

Remark 2.5. The sequence b is not n-similar for any even n as otherwise, b would contain
arbitrarily long strings of even mnumbers, whereas we know that b does not even have two
consecutive even numbers.
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3. FocusiNG
Definition 3.1. A focusing sequence S is a sequence of positive integers such that for every
n>0,25(n)—2< 3" 1S(3).

Remark 3.2. The mazximal focusing sequence is described by the recurrence

n—1 . n—1 .
S(n) — £2+Zi:1 S(Z)J (1—’_22':1 S(Z)"

2 2 ’
which is the definition of A005428 in the OFIS.

0 .

Remark 3.3. If S is a focusing sequence, 0 < S(1) < M =1s0 S(1) =1. Similarly,
1 .

0<S(2) < M =3 50 5(2) =1 as well.

Lemma 3.4. Let S be a focusing sequence. Let T satisfy T(1) = 1, T(2n) = S(n), and
T2n+1)=T2n—1) £ T(2n) > 0. Then, T is a focusing sequence.

Proof. Let n > 2. Suppose that for all 0 < m < n,

m—1
2T(m) —2 < > T(i)
i=1
We divide the proof into cases.
Case 1: n is even. Then,
n %_1 %_1 n—1
9T(n) — 2 = 25(5) —9< Z; S(i) = Z; T(2i) < ;T(z’).

Case 2: nis odd and T'(n) =T(n —2) — T(n — 1). Then, T'(n —2) > T'(n) so we have

n—3 n—1

2T(n) —2<2T(n—2)—2< > T(i) <> T(i).
i=1 i=1
Case 3: nisodd, T(n) =T(n—2)+T(n—1), and T(n —2) > T(n — 1). Then,
n—3

> T(i) > 2T (n—2) —2
=1
n—1
> T(i) = 2T(n—2)—2+T(n—2)+T(n—1)
=1
>2T(n—2)+2T(n—1)—2=2T(n) — 2.

Case 4: nisodd, T(n) =T(n—2)+T(n—1), and T(n —2) < T(n —1). Then,

2T(n—1)—2:2S(n51)—2§ >~ S()
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SO

n—1 nTil_l
Y T@) >T(n-1)+T(n-2)+ > T(2i)
i=1 i=1
nd
=T(n)+ > S(i)>T(n)+2T(n—1)—2
=1

>Tn)+Tn—1)+T(n—2)—2=2T(n) — 2.

Since

0
2T(1) —2=0<> T(i)
=1

and

27(2) —2 =25(1) —2 =

| A

1
by Remark 3.3, the result follows by induction. U

Theorem 3.5. For some n = 0 (mod 3), let S be defined by S(k) = b(n — k) for all k,
0 <k <mn. Let T be defined as T'(k) = b(2n — k) for all k, 0 < k < 2n. If S is a focusing
sequence, then so is T.

Proof. Set /(1) = 1, and for k > 1, recursively define
(k) = V(k—1)—Sn+1-k), ift/(k—1)—Sn+1—k)>0;
|V (k—=1)4+S(n+1—k), otherwise.

We now show that for all 0 < k < n, b'(k) = b(2k —1). Assume that '(k—1) =b(2(k—1)—1)
for some k > 1. By the definition of S,

S(n+1—k)=b(k—1) =b(2k — 2)

SO

b(2(k —1) — 1) = b(2(k — 1)), if b(2(k —1) — 1) — b(2(k — 1)) > 0;
b(2(k —1) —1)+b(2(k — 1)), otherwise.
= b(2(k — 1) + 1) = b(2k — 1).
The base case is k = 1. Then, /(1) = 1 = b(1) = b(2k — 1). Therefore for all k > 0,
W (k) = b(2k — 1).
Next, we prove that

n—k
(k) <Y S(i)+2
=1

for 0 < k <n-+ 1. Assume that for 1 <k <n+1,
n+l1—k

Vk-1)< Y S@)+2.

i=1
If
W(k)=b(k—1)+Sn+1—k),
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then
Sn+1—k)>V(k-1)
and so

n—=k
V(k) <2S(n+1—k) <> S(i)+2
=1

because S is a focusing sequence. If
Vk)=0(k—-1)—Sn+1-k),

then
n+1—k n—k
Vik)=V(k—1)—Sn+1-k) < Z S(i)+2—S(n+1—k):ZS(i)+2.
i=1 =1

The base case is £ = 1. Since

the proposition holds for all £k < n + 1 by induction. In particular,
0
B(n) < S()+2=2.
i=1
Since V'(n) = b(2n — 1) and 2n — 1 = 2 (mod 3), ¥'(n) is odd by Proposition 2.3. Thus,
T(1) =b'(n) = 1. Also,
T(2k) =b(2(n —k)) =b(n — k) = S(k)
and
T(2k — 1) = b(2(n — k) + 1) = b(2(n — k) — 1) £ b(2(n — k)) = T(2k + 1) £ T(2k),

SO
T(2k + 1) =T(2k — 1) £ T(2k).
Thus by Lemma 3.4, T is a focusing sequence. O

Corollary 3.6. Let S be a focusing sequence defined by S(k) = b(n — k) for all k, 0 <k <mn,
for some n =0 (mod 3). For j >0, let nj = 2'n and let T; be defined as Tj(k) = b(n; — k)
for all k, 0 <k <nj;. Then, T; is a focusing sequence.

Proof. Because n = 0 (mod 3), n; = 2/n = 0 (mod 3). The corollary follows by repeated
application of Theorem 3.5. O

Definition 3.7. For prime p, B(p), when it exists, is the smallest positive integer such that

1. The sequence starting with b(B(p) — 1) and going backward to b(1) is a focusing se-
quence.
2. 0(B(p)) =p—1, b(B(p) + 1) = p, b(B(p) + 2) = p, and b(B(p) +3) = 2p.

Remark 3.8. B(2) does not exist, because if it did, then using Remark 3.3,
b(B(2) —2) =b(B(2) —1) =b(B(2)) = 1.
That, however, would violate Remark 2.4. It would also violate Remark 2.5.
Remark 3.9. Since p # p — 1+ p, B(p) = 0 (mod 2). By Remark 3.8, p is odd. Thus,
b(B(p)) =0 (mod 2) so B(p) =0 (mod 3).
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Remark 3.10. For j >0, b(2'B(p)) = b(2"1B(p)) = --- = b(2°B(p)) =p — 1.
Lemma 3.11. For j > —1, b(2B(p) +1) =p

Proof. Let j > —1. By Corollary 3.6 (which we can use because B(p) is divisible by 3 by
Remark 3.9), b(2/ B(p) — 1) is the first term of a focusing sequence and therefore, equal to 1.
By Remark 3.10, b(2’B(p)) =p—1. Since 1 — (p—1) =2 —p <0, we have b(2’B(p) +1) = p.

For j = —1, 2/ B(p)+1 is an integer because B(p) is even by Remark 3.9. Thus, b(@ +1) =
b(B(p) +2) = p. O

Lemma 3.12. Let j > —1 and let p be such that B(p) exists. Assume that b(2~'B(p)+ k) =
pb(k) for all 0 < k < 27FY. For all 0 < k < 2972, b(2/B(p) + k) = pb(k).
Proof. Let c(k) = % for 0 < k < 2972, Suppose there exists 0 < j’ < j + 2 such that

for all k < 27, ¢(k) = b(k). Then for all 0 < k < 27",
b(2B(p) +2k) _ b(2'B(p) +k) _ pb(k)

c(2k) = ; = ) ==, = bk) =clk)

and
b(27B(p) + 2k + 1)

p
{b(2jB(p)+2k—1)—b(2jB(p)+2k) if b(27 B(p)+2k—1)—b(27 B(p)+2k)

c2k+1) =

; - > 0;

, P
b(2I B(p)+2k—)+b(2 Bp)+2k)  [ip el

p 9

— {C(% —1) — c(2k), if c(2k — 1) — c(2k) > 0;

c(2k — 1) + ¢(2k), otherwise.

By Lemma 3.11, ¢(1) = 1. Therefore, ¢ satisfies the same recursive property of b. Thus,
c(k) = b(k) for all k < 27'+1. Because j' = 1 satisfies the required property, the lemma follows
by induction. O

Lemma 3.13. For all j > —1, 0 < k < 29%2, and p for which B(p) exists, b(2/B(p) + k) =
pb(k).

Proof. The base case is j = —1. Then 0 < k < 2, so k = 1. Indeed, b(2/ B(p) + 1) = p = pb(k)
by Lemma 3.11. The result follows by induction, using Lemma 3.12. (]
Corollary 3.14. If B(p) exists, then b is p-similar.

Proof. Given N, take j = [logy N] — 2 and n = 2/B(p). When k < N, k < 2Ml082 NT = 25+2,
Hence, b(n + k) = pb(k) by Lemma 3.13. O

Remark 3.15. We note that B(3) = 12. By Lemma 3.13, b(12 - 2" +m) = 0 (mod 3) for
all 0 < m < 22 Thus, b(3-2" + m) = 0 (mod 3) for all 0 < m < 2". For p # 3,
b(B(p)+1) =p#0 (mod 3), so 2-2¥ -2 < B(p) < 3-2% for some k. Additionally, B(p) =0
(mod 6). Thus, we can refine our bound to 2-2F < B(p) < 3-2F for all p, including 3. Clearly
k = [logy B(p)]| — 2. It is easy to check that there is no n < 8 such that

b(n+3)—2

bn)=b(n+1)—1=bn+2)—1= 5

Therefore, B(p) > 8 and k > 2.
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Theorem 3.16. For all N > —1, 0 <m < 2¥%2, n >0, and p for which B(p) exists,

B(p)(Q”(DOg2 B(p)1-2) _ 1)
N —
b2 ( 9flog, B(p)1-2 _ | ) +m) =p"b(m).

Proof. Let k = [logy B(p)] — 2. By Remark 3.15, k > 2 and B(p) < 3 - 2*. Therefore,

7j—1

Y 24B(p) < 3- Z2’f (+1) 'ijji (2—1)1
1=0 1=0
3.<2kao<2%>l—2kﬂ'i<;—k>i>
i= i=j
3'(2’63'203( )—2“5_0:(2%))

2’WZ< ) _2kj<2k) g :3-(2’W§ — 1) =2kit2 _3,

That means that Y>7—; 2¥ B(p) < 2¥+2 — 4. Tt follows that

| =

-1 j—1
2V "M B(p) +m < 2V ( 325 B(p) + 4) < oN(2ki+2 _ 4 4 4) = oNoki+2,
= i=0
Applying Lemma 3.13 repeatedly,

B(p) (27108 Bo)1-2) _ 1) ) -2
N _ Nok(n—1) N ki
b2 < STozs B2 — 1 >+m) = b2V 2"V B(p) + 2 22 B(p) +m

n—3
= pb(2N2* "D B(p) + 2V "2 B(p) + m

n—4
= p’b(2V2"" I B(p) + 2V > " 2M B(p) + m)
=0

=p""'b(2V B(p) + m) = p"b(m).
0

A natural question to ask is when B(p) exists. A computer search up to 1,000,000,000 yields
the following results (plugging in N = —1 and m = 1 to Theorem 3.16 to get the formula).
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P B(p) Formula for p™ Formula’s Growth Rate
3 |12 (6(2" ) ) nesy

5 | 2268 p( L0 1) 5 nsi

7 | 20340 b(mmgf;;" D 1) _ e

11 | 302688 b(151341§1§;71” D) 1) — 117 | petiom
13 283776 |p(MEBC D ) —agr | petion
17 | 1074128 b(537°%424§;” D 1) N I
19 672060 | b(2EZED ) —1gn | prdn
23 263280 [ p(HORE TN 4 1) —o3n | o
29 | 22051824 b(11025§§§86202;” DI 1) I
31 | 274912 | p(BHMEEE D 1) —g1n | gt
37 | 67416576 | p(ZOREETD ) g7 | st
A1 | 36846720 b(18423f§’7°77§i? D 1) _ 41 | pEeiteem
13 | 166979328 | b(BNBLCID 1) —agr | o
47 | 163571136 | o(MIEEELD ) = a7 | petiones
53 | 89536512 b(4476§§%654j§“1” D 1) _53n | e
59 | 269850624 | b(BIZBZL D 1) = 5o | i
61 | 274435008 b(””ﬁéﬁ%ﬁﬁff DN 1) _ 61" | peetsiims
71 | 569617920 b(2848‘;%98§%§j;" DN 1) _71n | eeactisE
89 | 703549056 5(35”72@58335?5" DN 1) _ 80" | piosz6ensmase
97 | 272467968 | b(BIRC TN 4 1) — g7 [ i
101 | 22129536 b(”%‘*ggg%f;’" Dy 1) — 101" | pTos Shssoos
137 | 551375712 5(2756822885435?5" D 1) _ 137" | poesesissies

Proposition 4.1. The generating function f(x) =

4. APPLICATIONS

S22, b(i)z" is not a rational function.

Proof. Suppose f(z) = ggg for polynomials P(z) and Q(z). Let Q(z) = ¢y + c12 + cox?® +

-+ +cq2? be of degree q and P(z) be of degree p. Let j be such that 2772 > g and 12-27 > p.
Let n = 12-2/. By Lemma 3.13, b(n + k) = 3b(k) for all k, 0 < k < ¢ < 2/*2. Looking at the
2"t term of the equation f(z)Q(z) = P(x), we have

cob(n+¢q) +cb(n+q—1) + -+ ¢4b(n) = 0.
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Then,
b(n) = ~=2b(n + q) — -+ = “2b(n + 1) = 3(=0b(g) — -+ = “Lb(1)).
Cq Cq Cq q
Notice also that b(n) = b(12) = b(B(3)) = 2. Dividing both sides of the equation by 3, we
have
2 (&) Cqg—1
2= _Zpg) — - — (1),
;=) =)
Now, let m = 2268 - 2. By Lemma 3.13, b(m + k) = 5b(k) for all k, 0 < k < ¢ < 2772,
Looking at the ™7 term of the equation f(z)Q(x) = P(z), we have
cob(m +q) + crb(m~+q—1)+--- + ¢4b(m) = 0.
Then,
b(m) = —=2b(m + ) — -+ = “Lb(m + 1) = 5(==2b(q) — - — “Lb(1)).
q q q q
Also, notice that b(m) = b(2268) = b(B(5)) = 4. Dividing both sides of the equation by 5, we
have

Co Cq—1 2
—=——) — e — 2 (1) = -
5= o b OB

which is a contradiction. O

Lemma 4.2. For all N > —1, n > 0, and p for which B(p) exists,

B(p)(2nNogz B)1=2) _ 1) B
N _,n_ ,n—1
b2 ( 9Mogs B2 — | >) R

Proof. Let k = [logy B(p)] — 2. Since B(p) < 3-2F < 2k+2,

B(p)(2"™ 1) B(p)(2"™* 1)
N(BWPNST — DNy (2Wp)e” — 1)
e (S ) = (T )
o ( B®) ok om-1)k k
_b<2k_1(2 (2 —1)+2 —1)>
B(p)2"~Vr —1) -
_ k _ .n—1
= b(2 =+ B()) = " b(B(p))
— pn . pn 1
by Theorem 3.16. When N = —1, the same reasoning holds because B(p) is even. O

Proposition 4.3. If b is eventually periodic modulo m > 1, then m = 2.

Proof. Suppose that b has minimum period k& modulo m. We know that there exists some A
such that for all n > A, b(n + k) = b(n) (mod m). Let

by = oAk 220 2 1)
3
By Lemma 4.2 and Theorem 3.16 (plugging in p = 3, N = A+ k, and n = ¢(m)), b(ky) =
2-39(M)=1 and for all 0 < j < k < 241%+2 we have b(ky + j) = 390™)b(j). Let
L — oAk 2268(210¢(m) — 1)
1023
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By Lemma 4.2 and Theorem 3.16 (plugging in p =5, N = A+ k, and n = p(m)), b(ke) =
4-59m=1 and for all 0 < j < k < 241542 we have b(ky+4) = 52" b(n). By Euler’s theorem,
b(k1 + j) = 3°U™b(j) = b(5) = 59"b(j) = b(ks +5) (mod m).
Setting j = k,

2 2
b(ki + k) = b(ky) =2- 371 = g3%00”) =2 =blka + k)
4 4
= b(ky) =4-59M~1 = 35“0(7”) =z (mod m)
using b’s periodicity. Cross-multiplying, we have 10 = 12 (mod m). Hence, m = 2. O

Proposition 4.4. For alln > 0,

n—1

b2 — 1) = 2'3n52, if n is even;
377, otherwise.

Proof. Plugging in N = —1, m = 1, and p = 3 to Theorem 3.16 and simplifying, we get
b(22"*t! — 1) = 3. Plugging in N = 0, m = 3, and p = 3 to Theorem 3.16 and simplifying, we
get b(22"+2 — 1) =2.3", O

Neil Sloane conjectured in the OEIS [5] that the values at 2" — 1 are those given by Proposi-
tion 4.4 and that these are the record values of the sequence. The second part seems plausible
based on how much quicker the rate of growth is for 3 than for the other primes. However,
this remains open.

Do all positive integers appear in b7 All the numbers from 1 to 10,000 appear among its
first 1,000,000,000 terms. (The smallest that does not is 14,732.) Because b is p-similar for 3,
5,7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 71, 89, 97, 101, and 137, we know
(by Lemma 2.1) that if n has a prime factorization consisting only of these primes, then n
appears in b (b is n-similar). If B(p) were proven to exist for all odd primes, all odd numbers
would thus be guaranteed to appear in b. We may extend the definition of B to odd composite
numbers. Just because b is n-similar does not mean that B(n) exists. However, if B(n) existed
for all odd numbers, then b(B(2m + 1)) = 2m, so all positive integers would appear in b.
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