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Abstract. Zeckendorf proved that every integer can be written uniquely as a sum of non-
consecutive Fibonacci numbers {Fn}, with later researchers showing that the distribution of
the number of summands needed for such decompositions of integers in [Fn, Fn+1) converges
to a Gaussian as n→∞. Decomposition problems have been studied extensively for a variety
of different sequences and notions of legal decompositions; for the Fibonacci numbers, a legal
decomposition is one for which each summand is used at most once and no two consecutive
summands may be chosen. Chen, et al. [11] generalized earlier work to d-dimensional lattices
of positive integers; there, a legal decomposition was defined as a path such that every point
chosen had each component strictly less than the same component of the previous chosen
point in the path. They were able to prove Gaussianity results despite the lack of uniqueness
of the decompositions; however, one would expect their results to hold in the more general
case where some components are identical. The strictly decreasing assumption was needed in
that work to obtain simple, closed form combinatorial expressions, which could then be well
approximated and lead to the limiting behavior. In this work, we remove that assumption
through inclusion-exclusion arguments. These lead to more involved combinatorial sums; us-
ing generating functions and recurrence relations, we obtain tractable forms in two dimensions
and prove Gaussianity again. A more involved analysis should work in higher dimensions.

1. Introduction

Among the many fascinating properties of the Fibonacci numbers is the following classical
observation, credited to Zeckendorf [40]: every positive integer admits a unique representation
as a sum of nonadjacent Fibonacci numbers {Fn}, where1 F1 = 1, F2 = 2, and Fn+1 =
Fn + Fn−1. We can treat this property as an equivalent definition of the Fibonacci numbers:
they are the only sequence from which every positive integer can be decomposed uniquely as
a sum of nonadjacent terms. It turns out that there is often a relationship between rules for
legal decompositions and sequences {Gn}, and the literature is now filled with many results
on properties of the summands in legal decompositions of numbers in intervals [Gn, Gn+1) as
n → ∞. These range from the mean number of summands growing linearly, with the factor
related to the roots of the characteristic polynomial of the recurrence, to the distribution
of the number of summands converging to a Gaussian, to the distribution of gaps between
summands; see for example [4, 6, 7, 12, 13, 19, 20, 21, 22, 24, 23, 25, 29, 32, 31, 34, 35, 39, 38]
and the references therein. It is the notions of distributions of summands of positive integer
decompositions that most directly tie to our work in this paper, which introduces tools from
enumerative combinatorics to count the number of possible decompositions on a lattice.

Most of the sequences studied to date have been one-dimensional. Additional sequences,
such as those in [9, 10], appear two-dimensional but can be converted into one-dimensional
sequences and attacked using existing techniques. The interest in truly higher-dimensional
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1If we started with F0 = 0 and F1 = 1, then F2 = 1 and we trivially lose uniqueness.
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sequences has been amplified by the ability to connect the counting of special lattice paths to
the number of ways to decompose positive integers as sums of smaller positive integers with
respect to the geometry of the lattice, not to mention the combinatorics that arise, which are
interesting in their own right. This underlying principle motivated Chen, et al. [11] to consider
a true multidimensional sequence by looking at paths among lattice points with non-negative
integer coefficients. They defined a legal decomposition in d-dimensions to be a finite collection
of lattice points for which

(1) each point is used at most once, and
(2) if the point (i1, i2, . . . , id) is included, then all subsequent points (i′1, i

′
2, . . . , i

′
d) have

i′j < ij for all j ∈ {1, 2, . . . , d} (i.e., all coordinates must decrease between a point in

the decomposition and the next one).

They called the path of chosen lattice points a simple jump path; at each step, every
component was strictly less than the corresponding component of the previous step. One can
construct a sequence on the lattice in many ways. For example, in two dimensions one can
go along diagonal paths parallel to the line y = −x, adding at each lattice point the first
number that cannot be legally represented. This situation is slightly more involved in higher
dimensions, although for most of the problems studied, the values of the ordered points do
not matter; what matters is the geometry of the lattice walks. In (1.1), we illustrate several
diagonals’ worth of entries for the given algorithm when d = 2. Unlike the one-dimensional case
where the Fibonacci sequence is used, we now find that uniqueness of integer decompositions
fails (for example, 25 has two legal decompositions: 20 + 5 and 24 + 1).

280 · · · · · · · · · · · · · · · · · · · · · · · · · · ·
157 263 · · · · · · · · · · · · · · · · · · · · · · · ·
84 155 259 · · · · · · · · · · · · · · · · · · · · ·
50 82 139 230 · · · · · · · · · · · · · · · · · ·
28 48 74 123 198 · · · · · · · · · · · · · · ·
14 24 40 66 107 184 · · · · · · · · · · · ·
7 12 20 33 59 100 171 · · · · · · · · ·
3 5 9 17 30 56 93 160 · · · · · ·
1 2 4 8 16 29 54 90 159 · · ·

(1.1)

The restriction that every coordinate must decrease in a simple jump path is a severe
one. For example, in (1.1), 5 had to be added at the location (2, 2) because the sequence
(3, 1), (1, 1) resulting in the sum 4 + 1, only decreases horizontally and is invalid. However,
this strictly decreasing condition was needed in [11] to obtain simple closed form combinatorial
expressions whose approximations led to a proof that the limiting behavior of the distribution
of the number of summands converges to a Gaussian. (The distribution of the gaps was
accomplished by Borade, et al. in [5]; unlike other gap distribution results, for this problem
there is an interesting twist as the gaps are vectors and not integers.) Thus, it is precisely
the analysis of these decompositions that makes the enumeration of lattice paths a worthwhile
problem to study, in the finite case, and in the asymptotic case where we look at how many
terms are needed, on average, to decompose large integers.

Replacing the strict decreasing condition in [11] with the nonstrict decreasing condition, we
obtain what we call a generalized jump path. Formally, we define a generalized jump
path of length n starting at (p1, p2, . . . , pd) to be a sequence of points {(xi,1, xi,2, . . . , xi,d)}ni=0
such that:

• (x0,1, x0,2, . . . , x0,d) = (p1, p2, . . . , pd),
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• for all i and j, we have xi,j ≥ xi+1,j ,
• for all i, we have (xi,1, xi,2, . . . , xi,d) 6= (xi+1,1, xi+1,2, . . . , xi+1,d)

2,
• if i < n, for all j, xi,j > 0, and
• (xn,1, xn,2, . . . , xn,d) = (0, 0, . . . , 0).

These conditions imply that for each point in the sequence, at least one coordinate must
decrease, while the remaining coordinates cannot increase. For convenience, we include the
requirement that all paths end at the origin outside of the lattice, meaning that the lattice in
(1.2) has row and column indices starting at 1. With this requirement, moving directly to the
origin is equivalent to not choosing any additional points in a path and is considered a legal
option. Below is the number of generalized jump paths in two dimensions from the point (i, j)
to (0, 0) for i, j ≤ 4.

...
...

...
... . .

.

4 20 76 252 · · ·
2 8 26 76 · · ·
1 3 8 20 · · ·
1 1 2 4 · · ·

(1.2)

We can now find a recursive formula that allows us to calculate the total number of general-
ized jump paths starting at p = (p1, p2, . . . , pd). Letting S((p1, p2, . . . , pd)) represent the total
number of paths starting at p, we may do the following: partition all the generalized jump paths
from (p) by the location of their first step. Either the path goes directly from (p) to the origin,
or (p) first goes to some other lattice point (a). Note that (a) must have at least one coordinate,
say (ai), such that (ai < pi), hence, we know that (a ∈ {[0, p1]× [0, p2]× · · · × [0, pd]} \ {p}),
where [0, pi] = {0, 1, . . . , pi} for each i ≤ d. By definition, there are (S(a)) paths from the
point a to the origin. Summing over all possible (a), we find a formula for (S(p)):

S(p) =
∑
a6=p,

a∈[0,p1]×[0,p2]×···[0,pd]

S(a). (1.3)

Using this formula and some further analysis, we are able to asymptotically analyze the
total number of generalized jump paths and the number of such paths with a fixed length k.
Our main result is as follows.

Theorem 1.1. Let Xp,q be the random variable denoting the number of generalized jump paths
starting at a point (p, q) ∈ N2 and ending at the origin. Suppose p = m and q = cm for some
m ∈ N+ and c ≥ 1 rational. Then Xp,q converges to a Gaussian as m → ∞, with mean
q+p+
√
p2+6pq+q2

4 and variance p+q
8 + (p+q)2

8
√
p2+6pq+q2

.

In Section 2, we introduce some notation for our problem and prove some basic properties
of unrestricted generalized jump paths. In Section 3, we use these properties in conjunction
with various analytical and combinatorial methods to obtain a generating function for the
number of paths to a fixed point as a function of path length. Using that result, we prove the
Gaussianity in the limit of the number of summands in decompositions in Section 4 (Theorem
1.1). We use a method similar to that found in [11]; the difficulty in the argument is in
determining a good count of the number of paths and, from that, a good estimate for the
number of paths of a given length. We conclude with a brief discussion of future questions to
study.

2A natural future question would be to remove this condition, which would allow the same point to be used
multiple times in a decomposition. See Section 5 for more information.

210 VOLUME 58, NUMBER 3



CENTRAL LIMIT THEOREMS ON THE TWO-DIMENSIONAL LATTICE

2. Properties of Generalized Jump Paths

Recall that we define a generalized jump path of length n that starts at (p1, p2, . . . , pd)
to be a sequence of points {(xi,1, xi,2, . . . , xi,d)}ni=0 such that:

• (x0,1, x0,2, . . . , x0,d) = (p1, p2, . . . , pd),
• for all i and j, we have xi,j ≥ xi+1,j ,
• for all i, we have (xi,1, xi,2, . . . , xi,d) 6= (xi+1,1, xi+1,2, . . . , xi+1,d),
• If i < n, for all j, xi,j > 0, and
• (xn,1, xn,2, . . . , xn,d) = (0, 0, . . . , 0).

Under these circumstances, a path can have a length as short as 1 or as long as nd. Let
g((p1, p2, . . . , pd), n) be the number of such paths of length n starting at (p1, p2, . . . , pd).
We also define an unrestricted generalized jump path of length n to be a sequence of
points {(xi,1, xi,2, . . . , xi,d)}ni=0 such that:

• (x0,1, x0,2, . . . , x0,d) = (p1, p2, . . . , pd),
• for all i and j we have xi,j ≥ xi+1,j ,
• for all i we have (xi,1, xi,2, . . . , xi,d) 6= (xi+1,1, xi+1,2, . . . , xi+1,d), and
• for all i, j, xi,j > 0,

Analogously to the definition of g, we let u((p1, p2, . . . , pd), n) be the number of unrestricted
generalized jump paths of length n starting from the point (p1, p2, . . . , pd). Note that unre-
stricted generalized jump paths are simply generalized jump paths with the last restriction
lifted (i.e., the sequence does not need to end at the bottom left corner).

We now establish and prove two basic properties for g and u, the first of which was alluded
to in our definition of u.

Lemma 2.1 (Unrestricted-Restricted Relationship). Let v = (p1, p2, . . . , pd). For all n ∈ N,

u(v, n) = g(v, n) + g(v, n+ 1). (2.1)

Proof. The set of unrestricted jump paths of length n that do not end at (0, 0, . . . , 0) bijects
to the set of restricted jump paths of length n+ 1 that end at (0, 0, . . . , 0). In particular, any
path of length n not ending at the origin can have the origin appended to the end of the path;
likewise, any path of length n + 1 ending at the origin can have the origin removed from the
end of the path. This immediately implies the result. �

Theorem 2.2 (Two-Dimensional Path Recurrence). For all p, q, n ∈ N+,

u((p, q), n) = u((p, q − 1), n) + u((p, q − 1), n− 1)

+ u((p− 1, q), n) + u((p− 1, q), n− 1)

− u((p− 1, q − 1), n)− u((p− 1, q − 1), n− 1). (2.2)

Proof. Let the functions `((p, q), n), d((p, q), n), and m((p, q), n) denote the number of unre-
stricted jump paths that take n jumps starting from the point (p, q), where the first jump
of these paths is directly left, directly down, and both left and down, respectively. With this
definition, we can partition the unrestricted jump paths with a fixed starting point based on

AUGUST 2020 211



THE FIBONACCI QUARTERLY

the direction of the first step in the N2 lattice. From this we realize

`((p, q), n) = `((p− 1, q), n) + u((p− 1, q), n− 1)

d((p, q), n) = d((p, q − 1), n) + u((p, q − 1), n− 1)

m((p, q), n) = d((p− 1, q), n) +m((p− 1, q), n)

= `((p, q − 1), n) +m((p, q − 1), n)

= u((p− 1, q − 1), n− 1) + u((p− 1, q − 1), n). (2.3)

Notice, by the definitions of the functions `((p, q), n), d((p, q), n), and m((p, q), n), that

u((p, q), n) = `((p, q), n) + d((p, q), n) +m((p, q), n). (2.4)

So, by using the identity in (2.4), we can rewrite u((p, q), n) as:

u((p, q), n) = `((p− 1, q), n) + u((p− 1, q), n− 1)

+ d((p, q − 1), n) + u((p, q − 1), n− 1)

+ d((p− 1, q), n) +m((p− 1, q), n)

+ `((p, q − 1), n) +m((p, q − 1), n)

− (u((p− 1, q − 1), n− 1) + u((p− 1, q − 1), n))

= `((p− 1, q), n) + d((p− 1, q), n) +m((p− 1, q), n)

+ d((p, q − 1), n) + `((p, q − 1), n) +m((p, q − 1), n)

+ u((p− 1, q), n− 1) + u((p, q − 1), n− 1)

− (u((p− 1, q − 1), n− 1) + u((p− 1, q − 1), n))

= u((p− 1, q), n) + u((p, q − 1), n)

+ u((p− 1, q), n− 1) + u((p, q − 1), n− 1)

− u((p− 1, q − 1), n− 1)− u((p− 1, q − 1), n), (2.5)

which shows our desired result. �

This new recurrence relation will serve as an agent in the creation of an explicit generating
function for the number of generalized jump paths starting at a fixed point (p, q) ∈ N2 and
ending at the origin.

3. Two-Dimensional Generating Function

For every lattice point in N2, there is a two-dimensional generating function for the lengths
of the paths starting at that point. Explicitly, we denote Fp,q(x) to be

Fp,q(x) =

p+q∑
k=0

u((p, q), k)xk. (3.1)

Our main result in this section is an alternative form for Fp,q that is more readily studied
using asymptotic techniques.

Theorem 3.1. If p ≤ q, then

Fp,q(x) = (1 + x)p
q∑

k=0

(
q

k

)(
p+ k

k

)
xk. (3.2)
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We will provide two proofs. The first is a pure generating function approach that only
proves the claim for the case p = q = n, whereas the second is purely enumerative and proves
the theorem in generality. For technical convenience, one often analyzes all paths starting at
a point on the main diagonal; thus, if we restrict our investigation to this case, the simpler
first proof suffices.

3.1. Pure Generating Functions Method. Consider the generating function

B(x, y, z) =
∑

p,q,k∈Z+

u((p, q), k)xpyqzk. (3.3)

Using Theorem 2.2, we see that

B(x, y, z) = 1 + (1 + z)(x+ y − xy)B(x, y, z), (3.4)

which implies that

B(x, y, z) =
1

1− (1 + z)(x+ y − xy)
. (3.5)

Now, we use a method adapted from [37] to determine the central terms of the infinite
summation expansion of (3.5). The idea is to use a change of variables to make B(x, y, z)
easier to transform into a geometric series. To this end, we define

D(x, s, u) = B(s, x/s, z), (3.6)

and let u = 1 + z; thus from (3.6), we compute

D(x, s, u) =
1

1− u(s+ x/s− x)
=

−s/u
s2 − s(x+ 1/u) + x

. (3.7)

Our generating function for the central terms will be the s0 coefficient of D(x, s, u). We denote
the two solutions for s in the denominator of D(x, s, u) as α and β, where, for ease of reading,
we suppress the arguments of these functions as follows:

α =
ux+ 1−

√
u2x2 − 4u2x+ 2ux+ 1

2u
, β =

ux+ 1 +
√
u2x2 − 4u2x+ 2ux+ 1

2u
. (3.8)

Using the method of partial fractions on (3.7), we find that

D(x, s, u) =
1

u(β − α)

(
α

s− α
− β

s− β

)
. (3.9)

We expand each term in (3.9) as a geometric series, which is applicable only within the radii
of convergence of the parameters; this ensures that the geometric series produced converge
and that the subsequent expressions we study are well-defined. We obtain

D(x, s, u) =
1

u(β − α)

∑
m≥1

αms−m +
∑
m≥0

β−msm

 . (3.10)

The s0 term in (3.10) is just 1
u(β−α) as β−0s0 = 1. Because β − α =

√
u2x2−4u2x+2ux+1

u and

the generating function for the central terms will be the s0 coefficient of D(x, s, u), we can
substitute into the n = 0 term of (3.10) into (3.7):

B(x, x, z) =
1√

u2x2 − 4u2x+ 2ux+ 1
=

1√
(ux+ 1)2 − 4u2x

, (3.11)

where we used that u = z + 1.
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We now represent 1/
√

(ux+ 1)2 − 4u2x as a power series of the form
∑

i=0 bi(z)x
i. Differ-

entiating with respect to x, we obtain the recurrence relation

bi =


1 i = 0

1 + 3z + 2z2 i = 1

(2i− 1)(1 + 2z)(1 + z)bi−1 − (1 + z)2(i− 1)bi−2
i

i ≥ 2.

(3.12)

For sake of brevity, we define ai such that ai(1 + z)i = bi; then, this sequence satisfies the
recurrence

ai =


1 i = 0

1 + 2z i = 1
(2i− 1)(1 + 2z)ai−1 − (i− 1)ai−2

i
i ≥ 2.

(3.13)

The solution to this recurrence relation is ai = Pi(2z + 1), where Pi is the ith Legendre
Polynomial (see [26]).

Pl(t) =
∑̀
k=0

(
`

k

)(
−`− 1

k

)(
1− t

2

)k
. (3.14)

It follows that

an = Pn(2z + 1) =
n∑
k=0

(
n

k

)(
n+ k

k

)
zk. (3.15)

Upon renaming the variables,

Fn,n(x) = bn(x) = (1 + x)nan(x) = (1 + x)n
n∑
k=0

(
n

k

)(
n+ k

k

)
xk, (3.16)

which proves Theorem 3.1 in the p = q = n case, as desired.

3.2. Combinatorial Method. We attempt to obtain a more compact formula for g(p, n) by
first relaxing our constraint to allow for paths with stationary points (where consecutive points
are allowed to be exactly the same), and then later correcting for the over-counting. We do
this because it is significantly easier to count the total number of paths with this relaxation
in place.

Let r(p, n) denote the number of paths from p to the origin of length n with this relaxed
constraint. Arguing as in the Stars and Bars problem3, it follows that

r(p, n) =

d∏
i=1

(
pi + n− 1

pi

)
. (3.17)

3The number of ways to divide N identical items into G groups, where all that matters is how many items
are placed in a group, is

(
N+G−1

G

)
. To see this, consider N + G − 1 items in a line; choosing G − 1 of these

partitions the remaining N items into G sets. The first set is all the elements up to the first chosen one, and
so on. Thus, there is a one-to-one correspondence between the two counting problems. This method was first
used for Zeckendorf decomposition problems in [27], and has been successfully used in many other works since
then.
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By the Principle of Inclusion-Exclusion, we have that the number of paths with no stationary
points is

g(p, n) =
n−1∑
k=0

(−1)k
(
n

k

)
r(p, n− k), (3.18)

where each term in the sum represents the number of paths from p to the origin containing at
least k stationary points, for 0 ≤ k ≤ n− 1. Now, the following identity and its proof serve as
motivation for how to proceed in evaluating (3.18).

Lemma 3.2. For k,m, n ∈ N,

n∑
i=0

(
n

i

)(
m+ n− i
k − i

)
(−1)i =

(
m

k

)
. (3.19)

Recall that [n] is shorthand for the set {1, 2, . . . , n}.

Proof. We view the inner term as counting the number of ordered pairs (S, T ) such that
S ⊆ [n], T ⊆ [m+ n] \ S, and |S|+ |T | = k. Let the set of all such valid ordered pairs be V .
We consider the sign-reversing involution f : V \E 7→ V \E (where E is the set of “exceptions,”
for which f is ill-defined) defined by toggling the smallest term in S ∪ T between S and T .
For example, when k = 5,

f({2, 3, 5}, {7, 8}) = ({3, 5}, {2, 7, 8}). (3.20)

Given this definition, we see that f is its own inverse (hence, an involution) and always
“flips” the parity of |S|, sending ordered pairs with a positive coefficient in our sum to pairs
with negative coefficients (and vice versa). Therefore, for all the ordered pairs on which f is
well-defined, our desired sum is 0. Thus, we have

n∑
i=0

(
n

i

)(
m+ n− i
k − i

)
(−1)i = |E|. (3.21)

Proceeding, we also see that the only pairs (S, T ) ∈ E are those where S = ∅ and T ⊆
[m+n]\[n]. There are clearly

(
m
k

)
such choices for these sets, and the desired result follows. �

Viewed properly, our formula in (3.18) looks similar to the above lemma; we now rewrite it
as

g(p, n) =

n∑
i=0

(−1)i
(
n

i

) d∏
k=1

(
(pk − 1) + n− i

(n− 1)− i

)
. (3.22)

We also note that when d = 1, the above formula agrees with (3.2), as expected. Although
similar methods may be applied in higher dimensions, we now consider the special case d = 2
because our eventual goal is a Gaussianity result in exactly two dimensions.

Theorem 3.3. For p, q ∈ N, we can represent the number of generalized jump paths of length
n from (p, q) to (0, 0) as

g((p, q), n) =

n−1∑
i=0

(
p− 1

i

)(
p− 1 + n− i

p

)(
q

n− i− 1

)
. (3.23)
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Proof. We first assume, without loss of generality, that p ≤ q. This is a valid assumption
because there is an immediate bijection between generalized jump paths starting at (p, q) and
those starting at (q, p): simply reverse the step sizes in the x and y-coordinates for each step
in a given path. By letting d = 2 in (3.22),

g(p, n) =
n∑
i=0

(−1)i
(
n

i

)(
(p− 1) + n− i

(n− 1)− i

)(
(q − 1) + n− i

(n− 1)− i

)
. (3.24)

We now proceed in a similar manner to the proof of Lemma 3.2. We view the inner term
as counting the number of ordered pairs (S, T, U) such that S ⊆ [n], T ⊆ [p + n − 1] \ S,
U ⊆ [q + n − 1] \ S, and |S| + |T | = |S| + |U | = n − 1. Let the set of all such valid ordered
triples be V . We consider the sign-reversing involution f : V \E → V \E (where E is the set
of “exceptions” for which f is ill-defined) defined by toggling the smallest term in S ∪ (T ∩U)
between all three sets. Given this definition, we see that f is its own inverse (hence, an
involution) and always flips the parity of |S|, sending ordered pairs with a positive coefficient
in our sum to pairs with negative coefficients (and vice versa). The ordered pairs with a
positive coefficient are precisely those where i is even; therefore, due to the factor of (−1)i in
the summand (3.24), the even-indexed terms and odd-indexed terms cancel each other. Thus,
for all the ordered pairs on which f is well-defined, our desired sum is 0, and we obtain

n∑
i=0

(−1)i
(
n

i

)(
(p− 1) + n− i

(n− 1)− i

)(
(q − 1) + n− i

(n− 1)− i

)
= |E|, (3.25)

From here, our problem reduces to counting |E|. For f to be ill-defined, it is necessary and
sufficient for S = ∅ and T ∩ U ∩ [n] = ∅.

To prove our desired result, we begin by indexing every tuple (S, T, U) by fixing i = |T ∩U |.
With i fixed, we then choose the i terms that are common to T and U , which must be a
subset of [p + n − 1] \ [n]. Consequently, there are exactly

(
p−1
i

)
ways to do this. We may

now freely choose the remaining n− i− 1 members of T (there are
(
p+n−i−1
n−i−1

)
ways to do this)

and the remaining n − i − 1 members of U (for which there are
(
q

n−1
)

valid configurations).

Multiplying these three terms (and simplifying the second term), we find exactly the desired
term, concluding the proof. �

Using this new result, we now present an alternative proof of Theorem 3.1.

Proof (Theorem 3.1). We use (2.1), combined with Theorem 3.3, to obtain

u((p, q), n) =

n∑
i=0

(
p

i

)(
p+ n− i

p

)(
q

n− i

)
. (3.26)

By the definition of Fp,q given in (3.1), we know that

Fp,q(x) =

p+q∑
k=0

k∑
i=0

(
p

i

)(
p+ k − i

p

)(
q

k − i

)
xk

=

(
p∑
i=0

(
p

i

)
xi

)(
q∑

k=0

(
q

k

)(
p+ k

p

)
xk

)

= (1 + x)p
q∑

k=0

(
q

k

)(
p+ k

k

)
xk, (3.27)
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which proves Theorem 3.1. �

4. Proving Two-Dimensional Gaussianity

We begin this section with a little bit of notation. Let Xp,q be a random variable that counts
the length of a generalized jump path starting from the point (p, q) and ending at (0, 0), when
this path is chosen uniformly at random from all such paths. From Theorem 3.1, we have

Xp,q = Ap,q +Bp,q, (4.1)

where A and B are independent random variables, proportional to a binomial coefficient and
a product of binomial coefficients, respectively; in particular,

P (A = k) ∝
(
p

k

)
, P (B = k) ∝

(
q

k

)(
p+ k

k

)
. (4.2)

Note that A is just the well-studied binomial random variable, which converges to a Gaussian
with mean p/2 and variance p/4 as p→∞.

In this light, we restate Theorem 1.1 by using the notation above.

Theorem 4.1. Suppose p = m and q = cm for m ∈ N+ and c ≥ 1 fixed. Then, Xp,q converges

to a Gaussian as m→∞, with mean
q+p+
√
p2+6pq+q2

4 and variance p+q
8 + (p+q)2

8
√
p2+6pq+q2

.

By our definition of Xp,q in (4.1), it suffices to show B also converges to a Gaussian with

mean
q−p+
√
p2+6pq+q2

4 and variance q−p
8 + (p+q)2

8
√
p2+6pq+q2

for the aforementioned choices of p

and q. The proof of this result will use similar techniques to those found in [11], although in
our case, the algebra will be more involved because of the more complicated structure of the
formulas for the number of paths.

First, we have that P (B = k) is proportional to a ratio of factorials:

P (B = k) ∝ q!

p!

(p+ k)!

k!k!(q − k)!
=

q!

p!

(m+ k)!

k!k!(cm− k)!
. (4.3)

Applying Stirling’s formula to approximate the factorials in (4.3), we find for p, q, and k large
that

P (B = k) ∝ q!

p!

(m+ k)m+k+ 1
2

2πk2k+1(cm− k)cm−k+
1
2

. (4.4)

We now define

M =
(m+ k)m+k+ 1

2

k2k+1(cm− k)cm−k+
1
2

(4.5)

(i.e., we remove the terms in (4.4) that are constant with respect to k). Taking the logarithm
of both sides of (4.5), we find

logM =
(
m+ k +

1

2

)
log(m+ k)−

(
2k + 1

)
log(k)−

(
cm− k +

1

2

)
log(cm− k). (4.6)

Now, we write k as am + t
√
m, where a = c−1+

√
c2+6c+1
4 . The factor of a is such that

M is maximized near the point k = an, where this value of k is the positive solution to
(m+k)(cm−k)

k2
= 1. This decomposition allows us to introduce a more natural variable for the
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number of steps in a path, where this number is written in terms of its distance (in natural
units) from the mean. By the Taylor Expansion of log(1 + x), we have

log(u+ x) = log(u) + log
(

1 +
x

u

)
= log(u) +

x

u
− 1

2

(x
u

)2
+O

(
x3

u3

)
. (4.7)

We do this expansion because later, in Lemma 4.2, we show that k = am is the center of the
distribution, and almost all (i.e., with probability 1 in the limit) the mass of the distribution
is located where t is small. We compute

logM =
(
m+ k +

1

2

)
log
(
m
(

1 + a+
t√
m

))
−
(

2k + 1
)

log
(
m
(
a+

t√
m

))
−
(
cm− k +

1

2

)
log
(
m
(
c− a− t√

m

))
= (m− cm− 1) log(m)

+
(
m+ k +

1

2

)
log
(

1 + a+
t√
m

)
−
(

2k + 1
)

log
(
a+

t√
m

)
−
(
cm− k +

1

2

)
log
(
c− a− t√

m

)
= (m− cm− 1) log(m)

+
(
m+ k +

1

2

)(
log(1 + a) +

t

(1 + a)
√
m
− t2

2(1 + a)2m
+O

( t3

m3/2

))
−
(

2k + 1
)(

log(a) +
t

a
√
m
− t2

2a2m
+O

(
t3

m3/2

))
−
(
cm− k +

1

2

)(
log(c− a)− t

(c− a)
√
m
− t2

2(c− a)2m
+O

(
t3

m3/2

))
. (4.8)

After standard but tedious computations, the details of which are in Appendix A, we obtain

logM = −χt2 + f(m) +O

(
t3√
m

)
, (4.9)

where

χ =
2c2 + 10c3 − 10c4 − 2c5 + 2c2

√
1 + c(6 + c) + 4c3

√
1 + c(6 + c) + 2c4

√
1 + c(6 + c)

8c4

(4.10)

and f(m) is independent of k and t. We also note that, because f(m) is independent of k and
t, it will necessarily be canceled when M is normalized to become a probability distribution,
so we may disregard it in our future analysis.

We now prove the following lemma, which demonstrates that the tails of this distribution
decay sufficiently quickly.

Lemma 4.2. As m→∞, P (|t| > m0.1)→ 0.
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Proof. We will demonstrate that P (t > m0.1) goes to 0 as n→∞; the proof for P (t < −m0.1)
proceeds similarly.

Note that if we increase k by 1, then the number of paths of length k increases by a factor

of approximately (p+k)(q−k)
k2

(which is strictly decreasing in k). Plugging in k = am + t
√
m,

we see that the proportion at which the number of paths increases is

1−

(
8
√
c2 + 6c+ 1

(1 + c)2 + (c− 1)
√
c2 + 6c+ 1

t√
m

)
+O

(
t2

m

)
. (4.11)

Let the coefficient of the t/
√
m term be c′. Plugging in t = 1, and ignoring the higher order

terms, for k ≥ an +
√
n, this ratio will be at most r = 1 − c′

√
n. Let B0 be the number of

paths of length k when t = 1. The number of paths with t > m0.1 is bounded above by a

geometric series with first term B0 · rm
0.6−m0.5

and ratio r, so we have

rm
0.5

=

(
1− c′√

m

)√m
≈ e−c′ < 1. (4.12)

Thus, as m goes to infinity, B0 · rm
0.6−m0.5

= B0 ·
(
e−c

′
)m0.1−1

, where the last exponent,

m0.1 − 1, goes to infinity. Now note that the total number of paths of any length is strictly
greater than B0, so the probability that t > m0.1 is at most

B0 ·
(
e−c

′
)m0.1−1

/(1− r)

B0
=

√
m

c′

(
e−c

′
)m0.1−1

, (4.13)

which goes to 0 as m grows. Thus, P (t > m0.1) goes to 0 as m→∞, as desired. �

Consequently, we know that t3/
√
m→ 0 as m→∞, so by sending p and q to ∞,

P (B = k) = Ce−χt
2

= Ce
− (am−k)2

m/χ , (4.14)

where C is a real-valued constant. Furthermore, (4.14) is the equation for a Gaussian distri-
bution with mean

am =
q − p+

√
p2 + 6pq + q2

4
, (4.15)

and variance

m

2χ
= m

(
c− 1

8
+

c2 + 2c+ 1

8
√

1 + 6c+ c2

)
=

q − p
8

+
q2 + 2pq + p2

8
√
p2 + 6pq + q2

. (4.16)

We conclude that Xp,q is a Gaussian random variable with mean

E[Xp,q] = E[Ap,q] + E[Bp,q] =
p

2
+
q − p+

√
p2 + 6pq + q2

4
=

p+ q

4
+

√
p2 + 6pq + q2

4
,

(4.17)

and variance

Var (Xp,q) = Var (Ap,q) + Var (Bp,q)

=
p

4
+
q − p

8
+

q2 + 2pq + p2

8
√
p2 + 6pq + q2

=
p+ q

8
+

(p+ q)2

8
√
p2 + 6pq + q2

. (4.18)

This completes the proof of Theorem 1.1. 2
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5. Further Work and Open Questions

We conclude with some suggestions of future continuations of the work done in this paper,
which are predominantly combinatorial in nature.

(1) Is it possible to generalize the generating function approach for points not on the
diagonal? Although empirical results suggest similar behavior, the associated Taylor
expansion becomes significantly harder to work with.

(2) How do our results generalize to higher dimensions? Our combinatorial approach
admits a natural extension to higher dimensions, although the casework becomes sig-
nificantly more cumbersome. Furthermore, note that the generating function approach
cannot be used in three or more dimensions.

(3) How quickly does our distribution converge to a Gaussian?
(4) What is the behavior if we allow a point to be used more than once? If we can use

a point arbitrarily many times it is unclear how to define the terms of our sequence;
thus, the natural question would be, what happens if each point can be used at most
T times, for some fixed T .

(5) There are even more combinatorial questions worth exploring. Many additional restric-
tions can be put on the generalized jump paths. One such restriction is prohibiting
any path from visiting any points that lie above the line y = x.

Appendix A. Gaussianity Calculations

We give the simplification of logM from (4.5). We have that

logM = − t

a
√
m

+
t

2(1 + a)
√
m

+
t

2(−a+ c)
√
m
− 2kt

a
√
m

+
kt

(1 + a)
√
m

− kt

(−a+ c)
√
m

+

√
mt

1 + a
+

c
√
mt

−a+ c
− t2

2(1 + a)2
+

ct2

2(−a+ c)2

+
t2

2a2m
− t2

4(1 + a)2m
+

t2

4(−a+ c)2m
+

kt2

a2m
− kt2

2(1 + a)2m

− kt2

2(−a+ c)2m
− log(a)− 2k log(a) +

1

2
log(1 + a) + k log(1 + a)

+m log(1 + a)− 1

2
log(−a+ c) + k log(−a+ c)− cm log(−a+ c). (A.1)
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Substituting a = c−1+
√
c2+6c+1
4 , we find that this expression, for logM , is equal to

− 4t(
−1 + c+

√
1 + 6c+ c2

)√
m

+
t

2
(
c+ 1

4

(
1− c−

√
1 + 6c+ c2

))√
m

+
t

2
(

1 + 1
4

(
−1 + c+

√
1 + 6c+ c2

))√
m

+
c
√
mt

c+ 1
4

(
1− c−

√
1 + 6c+ c2

)
+

√
mt

1 + 1
4

(
−1 + c+

√
1 + 6c+ c2

) +
ct2

2
(
c+ 1

4

(
1− c−

√
1 + 6c+ c2

))2
− t2

2
(

1 + 1
4

(
−1 + c+

√
1 + 6c+ c2

))2 +
8t2(

−1 + c+
√

1 + 6c+ c2
)2
m

+
t2

4
(
c+ 1

4

(
1− c−

√
1 + 6c+ c2

))2
m
− t2

4
(

1 + 1
4

(
−1 + c+

√
1 + 6c+ c2

))2
m

−
8t
(
1
4

(
−1 + c+

√
1 + 6c+ c2

)
m+

√
mt
)

(
−1 + c+

√
1 + 6c+ c2

)√
m

−
t
(
1
4

(
−1 + c+

√
1 + 6c+ c2

)
m+

√
mt
)

(
c+ 1

4

(
1− c−

√
1 + 6c+ c2

))√
m

+
t
(
1
4

(
−1 + c+

√
1 + 6c+ c2

)
m+

√
mt
)

(
1 + 1

4

(
−1 + c+

√
1 + 6c+ c2

))√
m

+
16t2

(
1
4

(
−1 + c+

√
1 + 6c+ c2

)
m+

√
mt
)

(
−1 + c+

√
1 + 6c+ c2

)2
m

−
t2
(
1
4

(
−1 + c+

√
1 + 6c+ c2

)
m+

√
mt
)

2
(
c+ 1

4

(
1− c−

√
1 + 6c+ c2

))2
m

−
t2
(
1
4

(
−1 + c+

√
1 + 6c+ c2

)
m+

√
mt
)

2
(

1 + 1
4

(
−1 + c+

√
1 + 6c+ c2

))2
m

− log

(
1

4

(
−1 + c+

√
1 + 6c+ c2

))
− 2

(
1

4

(
−1 + c+

√
1 + 6c+ c2

)
m+

√
mt

)
log

(
1

4

(
−1 + c+

√
1 + 6c+ c2

))
− 1

2
log

(
c+

1

4

(
1− c−

√
1 + 6c+ c2

))
− cm log

(
c+

1

4

(
1− c−

√
1 + 6c+ c2

))
+

(
1

4

(
−1 + c+

√
1 + 6c+ c2

)
m+

√
mt

)
log

(
c+

1

4

(
1− c−

√
1 + 6c+ c2

))
+

1

2
log

(
1 +

1

4

(
−1 + c+

√
1 + 6c+ c2

))
+m log

(
1 +

1

4

(
−1 + c+

√
1 + 6c+ c2

))
+

(
1

4

(
−1 + c+

√
1 + 6c+ c2

)
m+

√
mt

)
log

(
1 +

1

4

(
−1 + c+

√
1 + 6c+ c2

))
. (A.2)
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Simplifying and collecting like terms, we have that logM equals

1

8c4n

(
t2 + 6ct2 + 7c2t2 + 4c3t2 − 3c4t2 − 6c5t2 − c6t2 +

√
1 + c(6 + c)t2

+ 3c
√

1 + c(6 + c)t2 + 2c2
√

1 + c(6 + c)t2

−2c3
√

1 + c(6 + c)t2 + 3c4
√

1 + c(6 + c)t2 + c5
√

1 + c(6 + c)t2
)

+
1

8c4
√
m

(
2c2t+ 2c3t+ 10c4t+ 2c5t+ 2c2

√
1 + c(6 + c)t− 4c3

√
1 + c(6 + c)t

− 2c4
√

1 + c(6 + c)t− 2t3 − 12ct3 − 6c2t3 + 8c3t3 − 6c4t3 − 12c5t3

− 2c6t3 − 2
√

1 + c(6 + c)t3 − 6c
√

1 + c(6 + c)t3 + 4c2
√

1 + c(6 + c)t3

−4c3
√

1 + c(6 + c)t3 + 6c4
√

1 + c(6 + c)t3 + 2c5
√

1 + c(6 + c)t3
)

+
1

8c4

(
−2c2t2 − 10c3t2 + 10c4t2 + 2c5t2 − 2c2

√
1 + c(6 + c)t2 − 4c3

√
1 + c(6 + c)t2

− 2c4
√

1 + c(6 + c)t2 + 8c4 log(8)− 4c4 log
(

4 + 12c− 4
√

1 + c(6 + c)
)

−8c4 log
(
−1 + c+

√
1 + c(6 + c)

)
+ 4c4 log

(
3 + c+

√
1 + c(6 + c)

))
+

√
m

8c4

(
8c4t log

(
1 + 3c−

√
1 + c(6 + c)

)
− 16c4t log

(
−1 + c+

√
1 + c(6 + c)

)
+8c4t log

(
3 + c+

√
1 + c(6 + c)

))
+
m

8c4

(
−8c4 log(4) + 8c5 log(4)− 2c4

√
1 + c(6 + c) log(4)− 2c4 log

(
1 + 3c−

√
1 + c(6 + c)

)
− 6c5 log

(
1 + 3c−

√
1 + c(6 + c)

)
+ 2c4

√
1 + c(6 + c) log

(
1 + 3c−

√
1 + c(6 + c)

)
+ 4c4 log

(
−1 + c+

√
1 + c(6 + c)

)
− 4c5 log

(
−1 + c+

√
1 + c(6 + c)

)
− 4c4

√
1 + c(6 + c) log

(
−1 + c+

√
1 + c(6 + c)

)
+ 6c4 log

(
3 + c+

√
1 + c(6 + c)

)
+2c5 log

(
3 + c+

√
1 + c(6 + c)

)
+ 2c4

√
1 + c(6 + c) log

(
4
(

3 + c+
√

1 + c(6 + c)
)))

.

(A.3)

We now verify that the t
√
m term has coefficient 0. Our current coefficient is

log
(

1 + 3c−
√

1 + c(6 + c)
)
− 2 log

(
−1 + c+

√
1 + c(6 + c)

)
+ log

(
3 + c+

√
1 + c(6 + c)

)
. (A.4)

Exponentiating this expression, we obtain(
1 + 3c−

√
1 + c(6 + c)

)(
3 + c+

√
1 + c(6 + c)

)
(
−1 + c+

√
1 + c(6 + c)

)2 = 1 (A.5)

as desired, completing the computations.
Consequently, as claimed, we have that logM is of the form

logM = −χt2 + f(m) +O

(
t3√
n

)
, (A.6)
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where χ is defined as

χ =
2c2 + 10c3 − 10c4 − 2c5 + (2c2 + 4c3 + 2c4)

√
1 + c(6 + c)

8c4
, (A.7)

and f(m) is independent of k or t with f(m) = O
(

1√
m

)
.
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[36] A. Pethö and R. F. Tichy, On digit expansions with respect to linear recurrences, J. Number Theory, 33
(1989), 243–256.

[37] R. P. Stanley, Enumerative Combinatorics (Vol. 2), Cambridge studies in advanced mathematics, 2001.
[38] W. Steiner, The joint distribution of greedy and lazy Fibonacci expansions, The Fibonacci Quarterly 43.1

(2005), 60–69.
[39] W. Steiner, Parry expansions of polynomial sequences, Integers, 2 (2002), Paper A14.
[40] E. Zeckendorf, Représentation des nombres naturels par une somme des nombres de Fibonacci ou de nom-
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